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Self-Adaptive Multimethod Search for Global
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Abstract—Many different algorithms have been developed in the
last few decades for solving complex real-world search and opti-
mization problems. The main focus in this research has been on
the development of a single universal genetic operator for popula-
tion evolution that is always efficient for a diverse set of optimiza-
tion problems. In this paper, we argue that significant advances to
the field of evolutionary computation can be made if we embrace
a concept of self-adaptive multimethod optimization in which mul-
tiple different search algorithms are run concurrently, and learn
from each other through information exchange using a common
population of points. We present an evolutionary algorithm, en-
titled A Multialgorithm Genetically Adaptive Method for Single
Objective Optimization (AMALGAM-SO), that implements this
concept of self adaptive multimethod search. This method simul-
taneously merges the strengths of the covariance matrix adapta-
tion (CMA) evolution strategy, genetic algorithm (GA), and par-
ticle swarm optimizer (PSO) for population evolution and imple-
ments a self-adaptive learning strategy to automatically tune the
number of offspring these three individual algorithms are allowed
to contribute during each generation. Benchmark results in 10,
30, and 50 dimensions using synthetic functions from the special
session on real-parameter optimization of CEC 2005 show that
AMALGAM-SO obtains similar efficiencies as existing algorithms
on relatively simple unimodal problems, but is superior for more
complex higher dimensional multimodal optimization problems.
The new search method scales well with increasing number of di-
mensions, converges in the close proximity of the global minimum
for functions with noise induced multimodality, and is designed to
take full advantage of the power of distributed computer networks.

Index Terms—Adaptive estimation, elitism, genetic algorithms,
nonlinear estimation, optimization.

I. INTRODUCTION

M ANY real-world search and optimization problems re-
quire the estimation of a set of model parameters or state

variables that provide the best possible solution to a predefined
cost or objective function, or a set of optimal tradeoff values in
the case of two or more conflicting objectives. Locating global
optimal solutions is often painstakingly tedious, especially in
the presence of high dimensionality, nonlinear parameter inter-
action, insensitivity, and multimodality of the objective func-
tion. These conditions make it very difficult for any search al-
gorithm to find high-quality solutions quickly without getting
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stuck in local basins of attraction when traversing the search
space en route to the global optimum. Unfortunately, these dif-
ficulties are frequently encountered in real-world search and op-
timization problems. In this paper, we consider single-objective
optimization problems with decision variables (parameters),
and in which the parameter search space , although perhaps
quite large, is bounded. We denote as the de-
cision vector, and as the associated objective function
for a given function or model . Throughout this paper, we focus
on minimization problems

(1)

In the last few decades, many different algorithms have been
solved to find the minimum of the objective function in (1).
Of these, evolutionary algorithms have emerged as a revolu-
tionary approach for solving complex search and optimization
problems. These methods are heuristic search algorithms and
implement analogies to physics and biology to evolve a popu-
lation of potential solutions through the parameter space to the
global minimum. Beyond their ability to search enormously
large spaces, these algorithms possess the ability to maintain a
diverse set of solutions and exploit similarities of solutions by
recombination. In this context, four different approaches have
found widespread use: i) self-adaptive evolution strategies [3],
[19], [34]; ii) real-parameter genetic algorithms [10], [11], [24];
iii) differential evolution methods [37]; and iv) particle swarm
optimization (PSO) algorithms [13], [26]. These algorithms
share a number of common elements, and show similarities in
search principles on certain fitness landscapes [6], [27].

Despite this progress made, the current generation of op-
timization algorithms usually implements a single genetic
operator for population evolution. For example, the majority
of papers published in the proceedings of the recent special
session on real-parameter optimization at CEC-2005, Edin-
burgh, U.K., describe methods of optimization that utilize only
a single operator for population evolution. Exceptions include
contributions that use simple self-adaptive [43] or memetic al-
gorithms combing global and local search in an iterative fashion
[29], [31]. Reliance on a single biological model of natural
selection and adaptation presumes that a single method exists
that can efficiently evolve a population of potential solutions
through the parameter space and work well for a diverse set of
problems. However, existing theory and numerical benchmark
experiments have demonstrated that it is impossible to develop
a single, universal algorithm for population evolution that is
always efficient for a diverse set of optimization problems [42].
This is because the nature of the fitness landscape (objective
function mapped out as function of ) can vary considerably
between different optimization problems, and perhaps more
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importantly, can change shape en route to the global optimal
solution.

In a recent paper [41], we have introduced a new concept of
self-adaptive multimethod evolutionary search. This approach
entitled, A Multialgorithm Genetically Adaptive Multiobjective
(AMALGAM), method, employs a diverse set of optimization
algorithms simultaneously for population evolution, adaptively
favoring individual algorithms that exhibit the highest repro-
ductive success during the search. By adaptively changing
preference to individual search algorithms during the course of
the optimization, AMALGAM has the ability to quickly adapt
to the specific difficulties and peculiarities of the optimization
problem at hand. Synthetic multiobjective benchmark studies
covering a diverse set of problem features have demonstrated
that AMALGAM significantly improves the efficiency of evo-
lutionary search, approaching a factor of 10 improvement over
other available methods.

In this paper, we extend the principles and ideas underlying
AMALGAM to single objective real-parameter optimization.
We present an evolutionary search algorithm, called A Multi-
algorithm Genetically Adaptive Method for Single Objective
Optimization (AMALGAM-SO), which simultaneously utilizes
the strengths of various commonly used algorithms for popula-
tion evolution, and implements a self-adaptive learning strategy
to favor individual algorithms that demonstrate the highest re-
productive success during the search. In this paper, we consider
the Covariance Matrix Adaptation (CMA) evolutionary strategy,
Genetic Algorithm (GA), Particle Swarm Optimizer (PSO), Dif-
ferential Evolution (DE), and Parental-Centric Recombination
Operator (PCX) for population evolution. To test the numer-
ical performance of AMALGAM-SO, a wide range of exper-
iments are conducted using a selected set of standard test func-
tions from the special session on real-parameter optimization of
the IEEE Congress on Evolutionary Computations, CEC 2005.
A comparison analysis against state-of-the-art single search op-
erator, memetic, and multimethod algorithms is also included.

The remainder of this paper is organized as follows. Section II
provides the rationale for simultaneous multimethod search
with genetically or self-adaptive updating, and presents a de-
tailed algorithmic description of the AMALGAM-SO method.
Section III presents a new species selection mechanism to
maintain useful population diversity during the search. After
discussing the stopping criteria of the AMALGAM-SO algo-
rithm in Section IV, the experimental procedure used to test the
performance of this new method is presented in Section V. In
Section VI, simulation results of AMALGAM-SO are presented
in dimensions 10, 30, and 50 using the test suite of benchmark
functions from CEC 2005. Here we focus specifically on which
combination of algorithms to include in AMALGAM-SO. A
performance comparison with a large number of other evolu-
tionary algorithms is also included in this section, including
an analysis of the scaling behavior of AMALGAM-SO, and a
case study illustrating the performance of the method on a test
function with noise induced multimodality. Finally, a summary
with conclusions is presented in Section VII.

II. TOWARDS A SELF-ADAPTIVE MULTIMETHOD

SEARCH CONCEPT

Much research in the optimization literature has focused
on the development of a universal operator for population

diversity that is always efficient for a large range of problems.
Unfortunately, the No Free Lunch Theorem (NFL) of [42]
and the outcome of many different performance studies ([22]
amongst many others) have unambiguously demonstrated that
it is impossible to develop a single search operator that is
always most efficient on a large range of problems. The reason
for this is that different fitness landscapes require different
search approaches. In this paper, we embrace a concept of
self-adaptive multimethod optimization, in which the goal
is to develop a combination of search algorithms that have
complementary properties and learn from each other through
a common population of points to efficiently handle a wide
variety of response surfaces. We will show that NFL also holds
for this approach, but that self-adaptation has clear advantages
over other search approaches when confronted with complex
multimodal and noisy optimization problems.

The use of multiple methods for population evolution has
been studied before. For instance, memetic algorithms (also
called hybrid genetic algorithms) have been proposed to in-
crease the search efficiency of population based optimization
algorithms [23]. These methods are inspired by models of
adaptation in natural systems, and typically use a genetic
algorithm for global exploration of the search space (although
recently also PSO algorithms are used: [29], combined with a
local search heuristic for exploitation. Memetic algorithms do
implement multimethod search but do not genetically update
preference to individual algorithms during the search, which is
a potential source of inefficiency of the method. Closer to the
framework we propose in this paper, is the self-adaptive DE
(SaDE) algorithm developed by [43]. This method implements
two different DE learning strategies and updates their weight
in the search based on their previous success rate. Unfortu-
nately, initial results of SaDE are not convincing, receiving a
similar performance on the CEC-2005 test suite of functions as
many other evolutionary approaches that do not implement a
self-adaptive learning strategy.

Other approaches that use ideas of multimethod search are the
agent based memetic algorithm proposed by [5] and the ISSOP
commercial software package developed by Dualis GmbH IT
Solution. The work presented in [5] considers an agent based
memetic algorithm. In a lattice-like environment, each of the
agents represents a candidate solution of the problem. The
agents cooperate and compete through neighborhood orthog-
onal crossover and different types of life span learning to solve
a constrained optimization problem with a suitable constraint
handling technique. This approach is quite different from what
we will present in this paper. The ISSOP software package
uses several optimization strategies in parallel within a neural
learn and adaption system. This work has been patented and
unfortunately, it is difficult to find detailed information about
how ISSOP exactly works, and whether it performs self-adap-
tation at all. Moreover, we do not have access to the source
code severely complicating comparison against our method.

In this paper, we propose a hybrid optimization framework
that implements the ideas of simultaneous multimethod search
with genetically adaptive (or self-adaptive) offspring creation to
conduct an efficient search of the space of potential solutions.
Our framework considers multiple different evolutionary search
strategies simultaneously, implements a restart strategy with in-
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Fig. 1. Flowchart of the AMALGAM-SO optimization method. The various
symbols are explained in the text.

creasing population size, and uses self-adaptation to favor in-
dividual search operators that exhibit the highest reproductive
success. Moreover, we consider both stochastic and determin-
istic algorithms to reduce the risk of becoming stuck in a single
region of attraction.

If we adopt this concept of genetically adaptive multimethod
search, than we need to address a number of questions that natu-
rally develop when using different strategies simultaneously for
population evolution. First, which algorithms should be used in
the search? Preferably, the chosen set of algorithms should be
mutually consistent and complementary so that an optimal syn-
ergy will develop between the different search operators with an
efficient optimization as result. Second, how do we enable com-
munication between individual algorithms, so that they can effi-
ciently learn from each other? Communication facilitates infor-
mation exchange and is the key to improving efficiency. Finally,

Fig. 2. Pseudo-code of initial sampling strategy. This method creates an initial
population, � in which the individuals exhibit a maximum Euclidean distance
from each other. Calculations reported in this paper use a sample size of � of
10 000 individuals. A good choice for the population size, � depends on the
dimensionality of the problem. Recommendations are made in Section V.

how do we determine the weight of each individual algorithm
in the search? Hence, if efficiency and robustness are the main
goals then better performing search methods should be able to
contribute more offspring during population evolution. The next
few sections will address each of these issues.

A. Multimethod Search: Basic Algorithm Description

The multimethod algorithm developed in the present study
employs a population-based elitism search strategy to find the
global optimum of a predefined objective function. The method
is entitled, A Multi Algorithm Genetically Adaptive Method for
Single Objective Optimization or AMALGAM-SO to evoke the
image of a procedure that blends the best attributes of individual
search algorithms. The basic AMALGAM-SO algorithm is pre-
sented in Fig. 1, and is described below. The source code of
AMALGAM-SO is written in MATLAB and can be obtained
from the first author upon request.

The algorithm is initiated using a random initial population
of size generated by implementing a maximum Euclidean

distance Latin hypercube sampling (LHS) method. This sam-
pling method is described in Fig. 2, and strategically places a
sample of points within a predefined search space. Then, the
fitness value (objective function) of each point is computed,
and a population of offspring of size , is generated by
using the multimethod search concept that lies at the heart of
the AMALGAM-SO method. Instead of using a single operator
for reproduction, we simultaneously utilize individual algo-
rithms to generate the offspring . These
algorithms each create a prespecified number of offspring
points from using different adaptive
procedures, where denotes generation number. In practice,
this means that each individual search operator has access to
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Fig. 3. Schematic overview of the adaptive learning strategy of �� � � � � � � � in AMALGAM-SO for an illustrative example with three different search operators:
the CMA evolutionary strategy, GA en PSO algorithms. The various panels depict (a) � : the evolution of the minimum objective function value, (b) ��� �:
function value improvement—the difference between two subsequent values of � , and (c) which search operator in AMALGAM-SO has caused what respective
fitness improvement. The information contained in panels (b) and (c) is post-processed after termination of each optimization run with AMALGAM-SO and used
to update �� � � � � � � � for the next restart run.

exactly the same genetic material contained in the individuals of
the population, but likely produces different offspring because
of different approaches for evolution. After creation of the
offspring, the fitness value is evaluated, and a combined popu-
lation of size is created. Then, is sorted in
order of decreasing fitness value. Finally, members for the next
generation are chosen using the new species selection
mechanism described in Section III. Elitism is ensured because
the best solution found so far will always be included in . This
approach continues until one of the stopping criteria is satisfied,
at which time the search with AMALGAM-SO is terminated
and the method is restarted with an increased population size.
Empirical investigations using a selected set of standard test
functions from CEC 2005 demonstrated that a population
doubling exhibits the best performance in terms of efficiency
and robustness. Conditions for restarting the algorithm will be
discussed in a later section. Note that AMALGAM-SO is setup
in such a way that it can easily be parallelized on a distributed
computer network, so that the method can be used to calibrate
complex models that require significant time to run.

Before collecting any information about the response sur-
face, AMALGAM-SO algorithm starts out in the first run with
user-defined values of . These values are subse-
quently updated to favor individual algorithms that exhibit the
highest reproductive success. In principle, various approaches
to updating could be employed based
on different measures of success of individual algorithms. For
example, one could think of criteria that directly measure fit-
ness value improvement (exploitation), and diversity (explo-
ration), or combinations thereof. Moreover, we could update

after each generation within an optimiza-
tion run, or only once before each restart run, post-processing

the information collected previously. The approach developed
here is to update using information from
the previous run. The way this is done is summarized in Fig. 3,
for an illustrative example with three different operators for pop-
ulation evolution in our multimethod optimization concept.

The first panel depicts the evolution of the best fitness value,
, as function of the number of generations with

AMALGAM-SO. The curve shows a rapid initial decline, and
stabilizes around 300 generations demonstrating approximate
convergence to a region with highest probability. The middle
panel depicts the absolute function value improvement (differ-
ence between two subsequent objective function values pre-
sented in the top panel), while the bottom panel illustrates which
of the three algorithms in our multimethod search caused the
various fitness improvements. From this example, it is obvious
that the PSO and CMA algorithm have contributed most to min-
imization of the objective function, and hence the next restart
run should be able to contribute more offspring during popula-
tion evolution. The information contained in Fig. 3, is stored
in memory, and postprocessed after termination of each run
with AMALGAM-SO. A two-step procedure is used to update

. In the first step, we compute how much each in-
dividual algorithm contributed to the overall improvement in ob-
jective function. We denote this as , with
in this illustrative example. Then, we update ac-
cording to

(2)

Authorized licensed use limited to: Univ of Calif Irvine. Downloaded on February 14,2010 at 13:01:17 EST from IEEE Xplore.  Restrictions apply. 



VRUGT et al.: SELF-ADAPTIVE MULTIMETHOD SEARCH FOR GLOBAL OPTIMIZATION IN REAL-PARAMETER SPACES 247

The learning mechanism in (2) ensures that the most productive
search algorithms in AMALGAM-SO are rewarded in the next
restart run by allowing them to generate more offspring. This
method should result in the fastest possible decline of the objec-
tive function, as algorithms that contribute most in the reduction
of the objective function will receive more emphasis during pop-
ulation evolution. Potentially, there are other metrics, however
that could be used to determine the success and thus weighting
of the individual search methods within AMALGAM-SO. How-
ever, our simulation results using the CEC-2005 testbed of prob-
lems, demonstrates that the suggested approach works well for
a range of problems.

To avoid the possibility of inactivating algorithms that may
contribute to convergence in future generations, minimum
values for are assigned. These minimum values
depend on the particular algorithm and population size used,
and will be discussed later. To further increase computa-
tional efficiency, AMALGAM-SO explicitly includes the best
member found in the previous run in the population of the next
restart run, replacing one random member of the initial LHS
sample. However, to avoid possible stagnation of the search,
this approach is taken only if is at least (in rel-
ative terms) better than the minimum function value obtained
from the previous run.

B. Multimethod Search: Which Search Algorithms to Include?

In principle, the AMALGAM-SO method is very flexible
and can accommodate any biological or physical model for
population evolution. This implies that the number of search al-
gorithms that potentially could be included in AMALGAM-SO
is very large. For illustrative purposes, we here consider
only the most popular and commonly used, general-pur-
pose, evolutionary optimization algorithms. These methods
are: 1) the covariance matrix adaptation (CMA) evolution
strategy; 2) genetic algorithm (GA); 3) parental-centric re-
combination operator (PCX); 4) particle swarm optimization
(PSO); and 5) differential evolution (DE). However, note that
the AMALGAM-SO method is not limited to these search
strategies. Search approaches that seek iterative improve-
ment from a single starting point in the search domain, such
as quasi-Newton and Simplex search can also be used. These
methods are frequently utilized in memetic algorithms, but have
the disadvantage of requiring sequential evaluations of the ob-
jective function, complicating implementation and efficiency of
AMALGAM-SO on distributed computer networks. Moreover,
these search techniques are more likely to get stuck in a local
solution, if the objective function contains a large number of
local optima. In the following five sections, we briefly describe
each of the individual evolutionary search strategies used as
potential candidates in AMALGAM-SO. Detailed descriptions
of these algorithms, including a discussion of their algorithmic
parameters, can be found in the cited references. Note that we
made no attempt to optimize the algorithmic parameters in
each of these individual search methods: the values described
in the cited references are used in AMALGAM-SO without
adjustment.

1) CMA Evolution Strategy (ES): The CMA is an evolution
strategy that adapts a full covariance matrix of a normal search
(mutation) distribution [18]–[20]. The CMA evolution strategy

begins with a user-specified initial population of individuals
. After evaluating the objective function, the best

individuals are selected as parental vectors, and their center
of mass is computed using a prespecified weighting scheme:

, where the weights are
positive, and sum to one. In the literature, several different
weighting schemes have been proposed for recombination. For
instance, one approach is to assign equal weighting to each of
the CMA selected individuals, irrespective of their fitness. This
is termed intermediate recombination. Other schemes imple-
ment a weighted recombination method to favor individuals
with a higher fitness. After selection and recombination, an
updated population is created according to

(3)

where are independent realizations of an -di-
mensional standard normal distribution with zero-mean and a
covariance matrix equal to the identity matrix . These base
points are rotated and scaled by the eigenvectors and the
square root of the eigenvalues of the covariance matrix

. The covariance matrix, and the global step-size,
are continuously updated after each generation. This approach
results in a strategy that is invariant against any linear transfor-
mation of the search space. Equations for initializing and up-
dating the strategy parameters are given in [21]. On convex-
quadratic functions, the adaptation mechanism for and
allow log-linear convergence to be achieved after an adaptation
time which can scale between 0 and .

The default strategy parameters are given in [2] and [21].
Only and have to be derived independently of the
problem. In all calculations presented herein, a weighted re-
combination scheme is used: ,
where is the index of order of the best indi-
viduals per generation, sorted in ascending order with respect
to their fitness. In addition, is derived from the initial
Latin hypercube sample, and the initial-step size, is set to

, where and represent the
upper and lower boundaries of the feasible search space.

2) Genetic Algorithm (GA): Genetic algorithms (GAs)
were formally introduced in the 1970s by John Holland at the
University of Michigan. Since its introduction, the method has
found widespread implementation and use, and has success-
fully solved optimization and search problems in many fields
of study. The GA is an adaptive heuristic search algorithm
that mimics the principles laid down by Charles Darwin in his
evolution theory and successively applies genetic operators
such as selection, crossover (recombination) and mutation to
iteratively improve the fitness of a population of points and find
the global optimum in the search space. While the crossover
operation leads to a mixing of genetic material in the offspring,
no new allelic material is introduced. This can lead to lack of
population diversity and eventually “stagnation” in which the
population converges to the same, non-optimal solution. The
GA mutation operator helps to increase population diversity by
introducing new genetic material.

In all GA experiments reported in this paper, a tournament se-
lection scheme is used, with uniform crossover and polynomial
mutation. Tournament selection involves picking a number of
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strings at random from the population to form a “tournament”
pool. The two strings of highest fitness are then selected as par-
ents from this tournament pool. Uniform crossover creates a
random binary vector and selects the genes where the vector is a
1 from the first parent, and the genes where the vector is a 0 from
the second parent, to generate offspring. To increase population
diversity, and to enable the search to escape from local optimal
solutions, the method of polynomial mutation, described in de-
tail in [9], is implemented, with default values for crossover ,
and mutation probability, of 0.90 and , respectively using
a value of the mutation distribution index of [9].

3) Parental-Centric Recombination Operator (PCX): The
PCX operator has recently been proposed by [11] as an effi-
cient recombination operator for creating offspring from an ex-
isting population of points within the context of GAs. System-
atic studies have shown that this parent centric recombination is
a good alternative to other commonly used crossover operators,
and provides a meaningful and efficient way to solving real-pa-
rameter optimization problems.

The method starts by randomly initializing a population of
points using Latin hypercube sampling. After this, the fitness of
each individual is calculated and parents are randomly se-
lected from the existing population of points. The mean vector

of these parents is computed, and one parent from this set
is chosen with equal probability. The direction vector of

is then computed to measure the distance and angle
between the selected parent and . From the remaining
parents, perpendicular distances to the line are com-
puted, and their average is calculated. The offspring is
created as follows:

(4)

where denote the orthonormal bases that span
the subspace perpendicular to . The parameters and
are zero-mean, normally distributed variables with variance
and , respectively.

In contrast to other crossover operators, the PCX operator
assigns a higher probability for an offspring to remain closer
to the parents than away from the parents. This should result in
an efficient and reliable search strategy, especially in the case
of continuous optimization problems. In all our PCX runs, we
have used the default values , and ,

as recommended in [11], and is set to be the best parent in
the population.

4) Particle Swarm Optimization (PSO): PSO is a popula-
tion-based stochastic optimization method whose development
was inspired from the flocking and swarm behavior of birds and
insects. After its introduction in 1995 [13], [26], the method has
gained rapid popularity in many fields of study. The method
works with a group of potential solutions, called particles, and
searches for optimal solutions by continuously modifying this
population in subsequent generations. To start, the particles are
assigned a random location and velocity in the -dimensional
search space. After initialization, each particle iteratively ad-
justs its position according to its own flying experience, and ac-
cording to the flying experience of all other particles, making

use of the best position encountered by itself, , and the
entire population, . In contrast to the other search algo-
rithms included in AMALGAM-SO, the PSO algorithm com-
bines principles from local and global search to evolve a popula-
tion of points toward the global optimal solution. The reproduc-
tive operator for creating offspring from an existing population
is [13], [26]

(5)

where and represent the current velocity and location of
a particle, is the inertia factor, and are weights reflecting
the cognitive and social factors of the particle, respectively, and

and are uniform random numbers between 0 and 1. Based
on recommendations in various previous studies, the values for

and were set to 2, and the inertia weight was linearly de-
creased between 0.9 at the first generation and 0.4 at the end of
the simulation. To limit the jump size, the maximum allowable
velocity was set to be 15 of the longest axis-parallel interval in
the search space [40]. In addition, we implement a circle neigh-
borhood topology approach and replace in (5) with the
best individual found within the closest 10% of each respective
particle as measured in the Euclidean space.

5) Differential Evolution (DE): While traditional evolu-
tionary algorithms are well suited to solve many difficult
optimization problems, interactions among decision variables
(parameters) introduces another level of difficulty in the evo-
lution. Previous work has demonstrated the poor performance
of a number of evolutionary optimization algorithms in finding
high quality solutions for rotated problems exhibiting strong
interdependencies between parameters [37]. Rotated problems
typically require correlated, self-adapting mutation step sizes
in order to make timely progress in the optimization.

DE has been demonstrated to be effective in dealing with
strong correlation among decision variables, and, like the
CMA-ES, exhibits rotationally invariant behavior [37]. DE is
a population-based search algorithm that uses fixed multiples
of differences between solution vectors of the existing popu-
lation to create children. In this study, the version known as
DE/rand/1/bin or “classic DE” [37], [38] is used to generate
offspring

(6)

where is a mutation scaling factor that controls the level
of combination between individual solutions, and , , and

are randomly selected indices from the existing population
; . Next, one or more parameter

values of this mutant vector are uniformly crossed with
those belonging to to generate the offspring

if

otherwise
(7)

where is a uniform random label between and de-
notes the crossover constant that controls the fraction of parame-
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ters that the mutant vector contributes to the offspring. In all DE
runs in this study, default values of and are
used [33]. Note that the value of is similar to the crossover
probability used in the GA algorithm.

III. MULTIMETHOD SEARCH: PRESERVING

POPULATION DIVERSITY

Preserving population diversity is crucial for successful and
efficient search of complex multimodal response surfaces. A
lack of diversity often results in premature convergence to a sub-
optimal solution, whereas too much diversity often results in an
inability to further refine solutions and more closely approxi-
mate the location of the global optimum. In multiobjective opti-
mization, population diversity is easily maintained because the
tradeoff between the various objectives naturally induces diver-
sity in the population, enabling the algorithm to locate multiple,
Pareto optimal solutions. In contrast, maintaining diversity in
single-objective optimization is much more difficult because in
the pursuit of a single, optimal solution, an algorithm may relin-
quish occupation of the regions of the search space with lower
fitness. This genetic drift, in which the population is inclined
to converge toward a single solution, is typical of many evolu-
tionary search algorithms.

To prevent the collapse of evolutionary algorithms into a rel-
atively small basin of highest attraction, numerous approaches
have been devised to help preserve population diversity. Sig-
nificant contributions in this direction are fitness sharing [16],
crowding [25], local mating [8] and niching [30]. Many of these
methods employ a distance measure on the solution space to en-
sure that members of the population do not become too similar
to one another. In this study, a modified version of the specia-
tion method presented in [28] is developed to improve diversity
and search capabilities. The algorithm is presented in Fig. 4 and
described below.

At each generation, the algorithm takes as input the combined
population with size 2 , sorted in order of decreasing fit-
ness. Initially, the best member of (first element) is included
as first member in . Then, in an iterative procedure, the next in-
dividual in is compared to the species currently present in .
If the Euclidean distance of this individual to all points present
in is larger than a user-defined distance, , then this member
of will be added to . This process is repeated until all the
slots in are filled, and the resulting population is of size .
In this approach, the parameter controls the level of diversity
maintained in the solution.

It is impossible to identify a single generic value of that
works well for a range of different optimization problems. Cer-
tain optimization problems require only a small diversity in the
population to efficiently explore the space (and thus small values
for ), whereas other problems require significant variation in
the population to prevent premature convergence to local op-
timal solutions in multimodal fitness landscapes. To improve
the species selection mechanism, the value of is therefore se-
quentially increased from to with a factor of 10,
where . The upper and lower boundaries of the
search space are fixed at initialization. For each different value
of an equal number of points is added to . This proce-
dure preserves useful diversity in the population at both small
and large distances, and improves the robustness and efficiency
of AMALGAM-SO.

Fig. 4. Illustration of species selection approach to select � from � . This
procedure prevents the collapse of AMALGAM-SO into a relatively small basin
of highest attraction. The selection of � is explained in the text.

IV. MULTIMETHOD SEARCH: STOPPING CRITERIA AND

BOUNDARY HANDLING

To implement the restart feature of the AMALGAM-SO
method, the stopping criteria listed below are used. The first
five stopping criteria only apply to the CMA-ES, and are quite
similar to those described and used in [2]. The second list of
stopping criteria applies to the GA/PCX/PSO/DE algorithms,
and is different than those used for the CMA algorithm to be
consistent with a difference in search approach.

CMA-ES:

1) Stop if the range of the best objective function values of
the last generations is zero, or the ratio of
the range of the current function values to the maximum
current function value is below . In this study,

is used.
2) Stop if the standard deviation of the normal distribution is

smaller than in all coordinates and the evolution path
from (2) in [21] is smaller than in all components. In
this study, is used.

3) Stop if adding a 0.1–standard deviation vector in a
principal axis direction of does not change

4) Stop if adding a 0.2-standard deviation in each coordinate
does not change

5) Stop if the condition number of the covariance matrix
exceeds .
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TABLE I
MATHEMATICAL TEST FUNCTIONS USED IN THIS STUDY, INCLUDING A SHORT DESCRIPTION OF THEIR PECULIARITIES. A DETAILED DESCRIPTION OF

THE INDIVIDUAL FUNCTIONS AND THEIR MATHEMATICAL EXPRESSIONS CAN BE FOUND IN [39]

GA/PCX/PSO/DE-algorithms:

1) Stop if the standard deviation of is smaller than
in all coordinates.

2) Stop if the ratio of the range of the best function values
found so far (associated with ) to the maximum
function value of is below .

3) Stop if the acceptance rate of new points in is lower
than AcceptRate. In this study, AcceptRate .

4) Stop if the range of the best objective function values of
the last generations is zero.

The criteria above determine when to restart the algorithm.
The overall stopping criteria of the AMALGAM-SO are: stop
after function evaluations or stop if the best objective
function value found so far is smaller than a predefined tolerance
value.

V. NUMERICAL EXPERIMENTS AND PROCEDURE

The performance of the AMALGAM-SO algorithm is tested
using a selected set of standard test functions from the spe-
cial session on real-parameter optimization of the IEEE Con-

gress on Evolutionary Computations, CEC 2005. These func-
tions span a diverse set of problem features, including multi-
modality, ruggedness, noise in fitness, ill-conditioning, nonsep-
arability, interdependence (rotation), and high-dimensionality,
and are based on classical benchmark functions such as Rosen-
brock’s, Rastrigin’s, Swefel’s, Griewank’s and Ackley’s func-
tion. Table I presents a short description of these functions with
their specific peculiarities. A detailed description of these func-
tions appears in [39], and so will not be repeated here. In sum-
mary, functions 1–5 are unimodal, functions 6–12 are multi-
modal, and functions 13–25 are hybrid composition functions,
implementing a combination of several well-known benchmark
functions.

Each test function is solved in 10, 30, and 50 dimensions,
using 25 independent trials to obtain statistically meaningful
results. To prevent exploitation of symmetry of the search
space, the global optimum is shifted to a value different from
zero [15]. In all our experiments, the initial population size of
AMALGAM-SO was set to 10, 15, and 20 in dimensions 10,
30, and 50, respectively. The minimum number of children an
algorithm needs to contribute was set to
5% of the population size for the GA/PCX/PSO/DE methods,
and to 25% of the population size for the CMA-ES. These
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numbers were found most productive for a diverse set of prob-
lems. However, in the first trial with lowest population size, the
value of is set to 80% of the population size, to improve
efficiency of AMALGAM-SO on simple problems that do not
require a restart run to find the global minimum within the
desired tolerance limit.

For each function, a feasible search space of
of is prescribed at initialization. To make sure that the off-
spring remains within these bounds, two different procedures
are implemented. For the GA/PCX/PSO/DE algorithms, points
generated outside the feasible region are reflected back from
the bound by the amount of the violation [33]. For the CMA
algorithm, the boundary handling procedure implemented in
the MATLAB code of the CMA-ES algorithm: (Version 2.35:
http://www.bionik.tu-berlin.de/user/niko/formersoftwarever-
sions.html) is used to penalize infeasible individuals.

To evaluate the numerical performance of AMALGAM-SO,
we use two different measures. Both these measures are pre-
sented in [1]. The first criterion, hereafter referred to as
measures the probability of success of AMALGAM-SO. This
measure simply calculates as the ratio between the number of
successful runs, and the total number of runs ( in this par-
ticular case). The second criterion, entitled measures the
average number of function evaluations needed to solve a par-
ticular optimization problem. This is calculated as

(8)

where signifies the expected number of function eval-
uations of AMALGAM-SO during a successful run, which is
identical to the ratio between the number of function evalua-
tions in a successful run and the total number of successful runs.
A successful optimization run is defined as one in which the
AMALGAM-SO algorithm achieves the fixed accuracy level
within function evaluations. Consistent with previous
work, was set to .

VI. RESULTS AND DISCUSSION

In this section, we present the results of our numerical ex-
periments with AMALGAM-SO. In the first two sections, we
present an analysis to determine which search algorithms to in-
clude in AMALGAM-SO, followed by simulation results in di-
mensions , 30 and 50 using the CEC-2005 test suite
of functions. In this part of the paper, we are especially con-
cerned with a comparison analysis of AMALGAM-SO against
current state-of-the-art evolutionary algorithms. The final two
sections focus on the empirical efficiency of AMALGAM-SO
by providing plots that illustrate scaling behavior for various
functions, and highlight the robustness of the method for a test
function with noise induced multimodality.

A. Which Search Algorithms to Include in AMALGAM-SO?

Table II presents simulation results for benchmark functions
1–15 of CEC-2005 for dimension , using various combi-
nations of the CMA, GA, PCX, PSO, and DE evolutionary algo-
rithms within AMALGAM-SO. The table summarizes the suc-
cess rate, and average number of function evaluations needed
to reach convergence, . These numbers represents averages
of 25 different optimization runs.

The presented statistics in Table II highlight several important
observations regarding algorithm selection. In the first place,
notice that there is significant variation in performance of the
various multimethod search algorithms. Some combinations of
search operators within AMALGAM-SO have excellent search
capabilities and consistently solve many of the considered test
functions, whereas other combinations of algorithms exhibit a
relatively poor performance. For instance, the DE-PSO algo-
rithm has an overall success rate of 0, consistently failing to
locate good quality solutions in all problems. On the contrary,
the CMA-GA-DE algorithm demonstrates robust convergence
properties across the entire range of test problems, with the ex-
ception of function 8. This benchmark problem is simply too dif-
ficult to be solved with current evolutionary search techniques.

Second, among the algorithms included in this study, the
CMA evolution strategy seems to be a necessary ingredient
in our self-adaptive multimethod optimization algorithm. The
performance of AMALGAM-SO with CMA is significantly
better in terms of and than any other combination of
algorithms not utilizing this method for population evolution.
This finding is consistent with previous work demonstrating the
superiority of a restart CMA-ES over other search approaches
for the unimodal and multimodal functions considered here
[22]. This highlights that the success of AMALGAM-SO
essentially relies on the quality of individual algorithms, thus
maintaining scope for continued effort to improve individual
search operators.

Third, increasing the number of adaptive strategies for
population evolution in AMALGAM-SO does not necessarily
lead to better performance. For instance, the performance of
the CMA-GA-PCX-DE-PSO variant of AMALGAM-SO is
significantly worse on the unimodal (in terms of number of
function evaluations) and multimodal test functions (success
rate) than other, simpler strategies. It is evident, however
that the CMA-GA-DE and CMA-GA-PSO search strategies
generally exhibit the best performance. Both these methods,
implement three individual algorithms for population evolution,
and show nearly similar performance on the unimodal (1–6),
and multimodal test functions (7–12). Their results have been
highlighted in gray in Table II.

Fourth, it is interesting to observe that similar search opera-
tors as selected here for single objective optimization, were se-
lected for population evolution in the multiobjective version of
AMALGAM [41]. In that study, a combination of the NSGA-II
[12], DE, PSO, and adaptive covariance sampling [17] methods
was shown to have all the desirable properties to efficiently
evolve a population of individuals through the search space and
find a well distributed set of Pareto solutions. The similarity be-
tween search operators selected in both studies suggests that it
is conceivable to develop a single universal multimethod opti-
mization algorithm that efficiently evolves a population of indi-
viduals through single and multiobjective response surfaces.

There are two main reasons that explain the relative poor per-
formance of AMALGAM-SO in the absence of CMA for popu-
lation evolution. First, the initial population of as used
in AMALGAM-SO is too small for the PSO, PCX, DE, and GA
search strategies to be productive and appropriately search the
space. If , then convergence of these methods essentially
relies on the choice and efficiency of the mutation operator used
to increase diversity of the population, because the points lie
in an dimensional space. Even though the restart strategy
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TABLE II
PERFORMANCE OF VARIOUS MULTIMETHOD SEARCH ALGORITHMS IN DIMENSION � � �� FOR TEST FUNCTIONS 1–15. THE TWO NUMBERS IN EACH COLUMN

REPORT THE SUCCESS RATE �� � AND AVERAGE NUMBER OF FUNCTION EVALUATIONS NEEDED TO REACH CONVERGENCE �����, EXCEPT FOR FUNCTIONS

13 AND 14 WHERE THE SECOND NUMBER (IN PARENTHESES) DENOTES THE MEAN FINAL FUNCTION VALUE. THE LISTED NUMBERS REPRESENT AVERAGES

OVER 25 DIFFERENT OPTIMIZATION RUNS. A RUN IS DECLARED SUCCESSFUL IF IT REACHES THE PREDEFINED TOLERANCE LIMIT (IN COLUMN TOL)
BEFORE � � �� FUNCTION EVALUATIONS

implemented in AMALGAM-SO successively increases popu-
lation size, it will take quite a number of function evaluations
to reach a population size, that is considered reason-
able for the PSO, PCX, DE, and GA algorithms. For instance,
a population size of at least individuals is commonly
used with population based global search methods. Starting out
with a larger initial population might resolve at least some con-
vergence problems, but at the expense of requiring many more
function evaluations to find solutions within the tolerance limit
of the global minimum, when compared to the CMA-ES algo-
rithm. The covariance adaptation strategy used in this method is
designed in such a way that it still performs well when
and the population lies in a reduced space.

Second, many of the test functions considered here are diffi-
cult to solve because they contain numerous local optimal solu-
tions. The population evolution strategy used in the PSO, PCX,
DE, and GA evolutionary algorithms will exhibit difficulty in
the face of many local basins of attraction, because local optimal
solutions tend to persist in the population from one generation to
the next. This not only deteriorates the efficiency of the search,
but also frequently results in premature convergence. Various
contributions to the optimization literature have therefore pro-
posed extensions such as fitness sharing, speciation, chaotic mu-
tation, and use of simulated annealing for population evolution
to increase the robustness of the PSO, PCX, DE, and GA evolu-
tionary algorithms on multimodal problems. The CMA-ES al-
gorithm, on the contrary implements a different procedure for
population evolution that is less prone to stagnation in a local
solution. This method approximates the orientation and scale of
the response surface indirectly by continuously morphing and
adjusting the covariance matrix of the parameters to be esti-
mated. The population in CMA-ES is always sampled from this
information, and it is therefore unlikely that exactly similar so-
lutions will propagate from one generation to the next. This type
of search strategy is more robust and efficient when confronted

TABLE III
DEFAULT VALUES OF ALGORITHMIC PARAMETERS

USED IN CMA-PSO-GA MULTIMETHOD SEARCH

with difficult response surfaces that contain many local solu-
tions. The CMA method is therefore indispensable for popula-
tion evolution in AMALGAM-SO.

To simplify further analysis in this paper, we carry the
CMA-GA-PSO forward, as this version of AMALGAM-SO
exhibits the highest success rate on composite function 15.
The other multimethod search strategies discussed in Table II
are therefore eliminated from further consideration. Table III
summarizes the algorithmic parameters in the CMA-GA-PSO
version of AMALGAM-SO, including their default values as
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TABLE IV
FUNCTIONS 1–17 IN DIMENSION � � ��: NUMBER OF FUNCTION EVALUATIONS (MIN, 7TH, MEDIAN, 19TH, MAXIMUM, MEAN AND STANDARD DEVIATION)
NEEDED TO FIND A FUNCTION VALUE THAT IS WITHIN TOL FROM THE GLOBAL OPTIMUM. SUCCESS RATE �� � AND PERFORMANCE MEASURE SP1 HAVE

BEEN DEFINED IN THE TEXT. BECAUSE NONE OF THE OPTIMIZATION RUNS HAVE CONVERGED FOR FUNCTIONS 8, 13, 14, 16, AND 17 (INDICATED WITH AN

ASTERISK), WE REPORT THE FINAL OBJECTIVE FUNCTION VALUES (IN PARENTHESES) FOR THESE FUNCTIONS. TO FACILITATE COMPARISON AGAINST THE

STATE-OF-THE-ART, THE PERFORMANCE OF THE RESTART CMA-ES (FROM [2]) IS ALSO INCLUDED

used in this study. As highlighted earlier, these default values
are taken from standard implementations of the individual
CMA, GA, and PSO algorithms in the literature. No attempt
was made to tune them to further improve the performance of
AMALGAM-SO on the test functions considered here.

B. Simulation Results in 10, 30, and 50 Dimensions

This section presents results of AMALGAM-SO for the con-
sidered benchmark problems in dimensions 10, 30, and 50. Re-
sults are tabulated in Tables IV–VI, and empirical distributions
of normalized success performance are compiled in Figs. 5–7.
Statistics are provided only for functions 1–17; the other func-
tions (18–25) remain unsolved, and similar performance of the
CMA-GA-PSO algorithm is observed as with existing search al-
gorithms.Tables IV–VI (dimensions , 30 and 50, respec-
tively) present detailed information on the number of function
evaluations needed to reach the tolerance limit (defined in the
column labeled Tol), the success rate, and performance criteria

defined in (8). For functions indicated with an asterisk, the
final objective function values are reported because none of the
optimizations runs reached convergence within the maximum
number of function evaluations. To benchmark the performance
of AMALGAM-SO, the last four columns in each table sum-
marize the performance of the G-CMA-ES [2]. This method is
included here, because it receives the best performance on these
various test functions, as demonstrated in previous comparison
studies using CEC-2005 [22]. The following conclusions can be
drawn.

1) For unimodal problems 1–6 and multimodal problems
6 and 7, the performance of AMALGAM-SO and the
G-CMA-ES are quite similar, although the G-CMA-ES
is a bit more efficient in terms of the number of function
evaluations to reach convergence. Note however, that the
G-CMA-ES fails to locate the global minimum for prob-
lems 4 and 5 in case of , whereas AMALGAM-SO
successfully solves these problems as well.

2) Function 8 remains unsolved in all dimensions: neither al-
gorithm is able to locate the needle in the haystack. Perhaps

the only strategy that will be successful for this problem
is exhaustive uniform sampling of the search space. How-
ever, this approach is computationally very demanding and
inefficient.

3) For all the other problems, the AMALGAM-SO method is
generally superior to G-CMA-ES. This conclusion is true
for all dimensions. For test functions in which both al-
gorithms are unable to find solutions within the tolerance
limit, the fitness values obtained with the AMALGAM-SO
method are significantly smaller than those derived with
the G-CMA-ES. This is most notable for test functions 15
and 17 in dimension 30 and 50, respectively.

The results presented in Tables IV–VI demonstrate that for rel-
atively simple problems, single search operators will generally
suffice and be efficient. In those cases, multimethod search is an
overkill, and therefore about 10%–15% less efficient in terms
of the number of function evaluations than the G-CMA-ES. For
more complex optimization problems, however, self-adaptive
multimethod search seems to have desirable advantages as it can
switch between different operators to maintain efficiency and
robustness of the search when confronted with multimodality,
numerous local optima, significant nonlinearity, ruggedness,
interdependence, etc. For these problems, a single operator is
simply not powerful enough to efficiently and reliably handle
all these difficulties.

So far, we have compared the performance of
AMALGAM-SO against the G-CMA-ES only. To
compare the performance of the AMALGAM-SO method
against a variety of other search techniques, consider Figs. 5
and 6, which present empirical distribution functions of the
success performance of individual algorithms divided by

of the best performing algorithm for the unimodal and
multimodal test functions in dimension (A) , and
(B) . The different color lines distinguish between
the results of the BLX-GL50 [14], BLX-MA [31], CoEVO
[32], DE [33], DMS-L-PSO [29], EDA [44], G-CMA-ES [2],
K-PCX [36], L-CMA-ES [1], L-SaDE [43], and SPC-PNX [4]
algorithms on the same functions. These various algorithms
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TABLE V
FUNCTIONS 1–17 IN DIMENSION � � ��: NUMBER OF FUNCTION EVALUATIONS (MIN, 7TH, MEDIAN, 19TH, MAXIMUM, MEAN AND STANDARD DEVIATION)

NEEDED TO FIND A FUNCTION VALUE THAT IS WITHIN TOL FROM THE GLOBAL OPTIMUM. BECAUSE NONE OF THE OPTIMIZATION RUNS HAVE CONVERGED FOR

FUNCTIONS 8, 13, 14, 16, AND 17 (INDICATED WITH AN ASTERISK), WE REPORT THE FINAL OBJECTIVE FUNCTION VALUES (IN PARENTHESES) FOR THESE

FUNCTIONS. PERFORMANCE OF THE RESTART CMA-ES (FROM [2]) IS ALSO INCLUDED

TABLE VI
FUNCTIONS 1–17 IN DIMENSION � � ��: NUMBER OF FUNCTION EVALUATIONS (MIN, 7TH, MEDIAN, 19TH, MAXIMUM, MEAN AND STANDARD DEVIATION)

NEEDED TO FIND A FUNCTION VALUE THAT IS WITHIN TOL FROM THE GLOBAL OPTIMUM. BECAUSE NONE OF THE OPTIMIZATION RUNS HAVE CONVERGED FOR

FUNCTIONS 8, 13, 14, 16, AND 17 (INDICATED WITH AN ASTERISK), WE REPORT THE FINAL OBJECTIVE FUNCTION VALUES (IN PARENTHESES) FOR THESE

FUNCTIONS. THE PERFORMANCE OF THE RESTART CMA-ES (FROM [2]) IS ALSO INCLUDED

represent the current state-of-the-art, and are based on
commonly used search methods, such as the CMA, PSO,
DE, and GA algorithms. Moreover, they represent a broad
array of optimization techniques, including single search
operator (CoEVO, DE, EDA, G-CMA-ES, L-CMA-ES,
K-PCX, SPC-PNX), and multimethod memetic (BLX-GL50,
BLX-MA, DMS-L-PSO), and self-adaptive (L-SaDE)
evolutionary algorithms. The performance of these algorithms
on the CEC-2005 test bed of functions considered here has
been extracted from tables presented in [22]. The steeper
the cumulative distribution function (CDF), the better the
performance of an algorithm across the range of test functions
examined. In other words, small values for the ratio of
to and large associated cumulative frequency values
are preferred. Similar plots have been used in [22] to compare
performance of individual algorithms.

The results presented in Figs. 5 and 6 demonstrate that
AMALGAM-SO receives consistently good performance over
a large range of problems and dimensions. As demonstrated
earlier, the G-CMA-ES restart method is slightly more efficient
than AMALGAM-SO for the unimodal problems of CEC-2005
in dimension 10 and 30. The CDF of G-CMA-ES reaches
its maximum of one at a smaller ratio of than
AMALGAM-SO, demonstrating a higher efficiency in solving
these unimodal problems. This difference in efficiency is
however, generally small and approximates about 10%–15% in
terms of function evaluations as determined previously from
the numbers listed in Tables IV and V. On the contrary, for the
multimodal test functions presented in Fig. 6(a) and (b), the
empirical CDF of AMALGAM-SO is significantly sharper than
the CDF of any of the other algorithms. Not only sharper, but
AMALGAM-SO also successfully solves all problems consid-
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Fig. 5. Unimodal functions: Empirical distribution functions of ��� divided by ��� of the best performing algorithm for test functions 1–6 in dimensions
(a) � � �� and (b) � � ��. Equation (8) describes how to derive ��� from the numbers listed in Tables IV–VI. Small values of ������� and large values
for the associated CDF are preferred.

Fig. 6. Multimodal functions: Empirical distribution functions of ��� divided by ��� of the best performing algorithm for test functions 7–12 in dimensions
(a) � � �� and (b) � � ��. Small values of ������� and large values for the associated CDF are preferred.

Fig. 7. Empirical distribution functions of G-CMA-ES and AMALGAM-SO
on test functions 1–15 in dimension � � ��. Values of �� and ��� are
derived from Table VI.

ered in these graphs, resulting in a cumulative value of 1. These
results illustrate superior performance of AMALGAM-SO over
existing algorithms in case of complex multimodal response
surfaces. This is further evidenced in Table VI that compares
the performance of the G-CMA-ES and AMALGAM-SO for

in a way similar as done in the other Tables for
and 30. Notice that AMALGAM-SO can successfully solve
unimodal problems 4 and 5, and multimodal function 15. These
functions have not been solved previously in this dimension.

The advantages of AMALGAM-SO are further illustrated in
Fig. 7, that presents a graphical interpretation of the results pre-
sented in Table VI by plotting the cumulative distribution func-
tions of the G-CMA-ES and AMALGAM-SO methods for func-
tions 1–15 for . This figure only compares AMALGAM
to the G-CMA-ES, as the best results in this dimension have
been obtained with this latter algorithm. The CDF derived for
AMALGAM-SO is significantly steeper than its counterpart for
the restart G-CMA-ES, indicating both an improved efficiency
and robustness of AMALGAM-SO over previous methods. This
is a significant result, and further highlights the advantages of
multimethod search for solving complex multimodal and high-
dimensional optimization problems.

To explore why the AMALGAM-SO method achieves a con-
sistently good performance, Fig. 8 presents diagnostic informa-
tion on the behavior of the multimethod approach of genetically
adaptive (or self-adaptive) offspring creation for test functions
[Fig. 8(a)] 1 (unimodal), [Fig. 8(b)] 9 (multimodal), [Fig. 8(c)]
13 (composite), and [Fig. 8(d)] 15 (composite) in dimension

. The boxplots were derived by computing the average
fraction of children, each al-
gorithm is allowed to contribute during offspring creation in
AMALGAM-SO for each optimization run, using information
from all restarts runs, after which the boxplot is derived from
the outcome of the 25 individual optimization trials. Hence, for
each separate optimization trial the fractions sum up to 1.

For unimodal function 1, the boxplots fall on a single point
without any variability between the 25 different optimization
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Fig. 8. Virtue of genetically or self-adaptive offspring creation within a multimethod search concept. Average fraction of children each individual search operator
is allowed to contribute to population evolution in AMALGAM-SO in dimension � � �� for test functions (a) 1, (b) 9, (c) 13, and (d) 15. The presented values
denote averages of all restart runs (if needed) and 25 independent optimization trials.

trials. For this function, a single run is required to find solutions
that are within the specified tolerance limit of the global op-
timum. The mean of the boxplots simply represents the number
of children each algorithm is allowed to create in the first run,
prior to any information about the response surface is collected.

For multimodal function 9, the boxplots clearly illustrate the
importance of the GA algorithm for population evolution. For
this particular problem, the CMA evolutionary search strategy
is not very efficient, and needs to be augmented with other
search operators to find the global minimum within the prede-
fined number of function evaluations. This result illuminates
AMALGAM-SO’s superior performance over the G-CMA-ES,
achieving a 100% success rate on this optimization problem.
Note also that there is relative small dispersion around the
mean of the boxplots, reflecting that the 25 different trials
depict similar information about the search space. Thus, the
inferred peculiarities of the problem are very similar, irrespec-
tive of the properties of the initial population, its size, and the
optimization trial.

For composite function 13, a large variation appears in de-
rived child fractions between the different optimization runs:
small variations in initial population between restart runs and
optimization trials causes significant variations in the fraction
of children each of the individual algorithms is allowed to con-
tribute to the offspring population. This finding is characteristic
for complex fitness landscapes whose properties vary consider-
ably within the considered search domain. In the presence of so
many distinct difficulties, it is unlikely that a single genetic op-
erator will be able to conduct an efficient search. Efficient search
results for this optimization problem are obtained by the simul-
taneous use of multiple search methods, with a selection method
to enable adaptation to the specific peculiarities at hand.

Finally, for composite test function 15, both the CMA-ES and
GA receive significant preference for population evolution. This
explains the relatively high success rate of a multimethod search
algorithm for this particular problem , and provides

an explanation why the restart G-CMA-ES alone has been un-
able to locate solutions close to the global optimum. In this case,
AMALGAM-SO uses the GA algorithm to “boost” the perfor-
mance of CMA.

Note that for all problems considered in Fig. 8, the PSO algo-
rithm seems to receives very little emphasis. This might indicate
that the method is not very important for population evolution,
and thus could be removed from AMALGAM-SO. However,
a detailed comparison of the performance of CMA-GA with
CMA-GA-PSO using the listed statistics presented previously
in Table I, reveals that the PSO strategy is indispensable for
population evolution for composite function 15. Thus, it is not
only the weight of individual algorithms, but also the synergy
between various search procedures that improves the efficiency
and robustness of evolutionary optimization.

C. Scaling Analysis

The previous section considered only three different dimen-
sions ( , 30, and 50) for the various benchmark functions.
To better understand the scaling behavior of AMALGAM-SO,
we follow the investigations of [20] and derive the relationship
between dimensionality of the test problem, and the average
number of function evaluations needed to find solutions with
the tolerance limit. Fig. 9 presents the results of this analysis
for test problems 1, 6, 9, and 11. These graphs were generated
using 100 different optimization trials for each individual func-
tion and allow a rough determination of the measured efficiency
of AMALGAM-SO. The presented results are representative
for the other functions as well, and therefore we only present
a subset that covers the range of difficulties involved. These re-
sults were obtained using , i.e., the size of the initial pop-
ulation used in AMALGAM-SO is similar to the dimensionality
of the problem. Note that the depicted lines illustrate an approx-
imate linear scaling of AMALGAM-SO between and

for each of the individual test functions. This is an
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Fig. 9. Average number of function evaluations versus the problem dimension
for test functions 1, 6, 9, and 11 of CEC-2005. Results correspond to an initial
population size of� � � using 100 different optimization trials. Dots represent
the observations that are connected with the line � � � to facilitate graphical
interpretation and understand the complexity order. The optimized values for �
and � are given in the legend. The error bars represent the standard deviations
of each individual observation.

encouraging result, demonstrating that the algorithm is efficient
and scales well with increasing dimension. In addition, the pre-
sented lines appear quite smooth, suggesting that our multi-
method search strategy is well designed.

D. Test Function With Noise Induced Multimodality

The test functions considered so far have been restricted to
deterministic problems whose objective function returns the
same value each time the same is evaluated. Functions 4 and
17 explicitly include a noise term, but this noise vanishes when
approaching the global minimum. Many real-world problems,
however exhibit some form of noise in the estimation of the
objective function that is persistent and can significantly alter
the shape of the response surface. That is, given a fixed param-
eter vector , the resulting objective function, becomes
a random variate. Such problems can confuse optimization
algorithms considerably. Some functions can even change
their topology from unimodal to multimodal depending on the
noise strength, . In the optimization literature, these functions
have been called functions with noise induced multimodality
(FNIM). In this final section, we test the robustness and effi-
ciency of AMALGAM-SO on this class of problems.

We consider test function that is described in detail in [35]

(9)

where

(10)

Fig. 10. Sampled �� � � � parameter space with AMALGAM-SO for test
function � using � � �, � � �, � � ��, � � �	, � � 	
, and 	 � 	.
The black circle depicts the true optimum, whereas the gray circle illustrates the
average radial distance estimated with CMA-ES.

and

(11)

with values of , , , , ,
and to result in significant multimodality. The global
optimizer is found at

(12)

where are located on a hypersphere of radius
and origin at in the

subspace. Results presented in [7] demonstrate that this func-
tion cannot be adequately solved with CMA-ES. This study
therefore provides an excellent test case for AMALGAM-SO.
Fig. 10 shows the sampled parameter space with
AMALGAM-SO using 10 different optimization trials with a
total of 20 000 function evaluations each. The graph depicts
the results for the final 10% of the states sampled in each
individual run. The black line denotes the global minimum in
the space, whereas the grey line represents the best
approximation found with the CMA-ES, as reproduced from
[7].

The presence of noise in avoids AMALGAM-SO to
converge to a single best solution, but instead to find multiple
different solutions. These solutions center closely around the
global minimum, and occupy the entire circle quite evenly.
The average radial distance of the AMALGAM-SO sampled
solutions to the origin is about 3.29, which is in very close
agreement with the optimum value radius of and
much better than the average distance of approximately 4.3 de-
rived with the CMA-ES. Our numerical results demonstrate that
the GA generates about 50% of the offspring during the search
for this particular function, explaining why AMALGAM-SO
finds solutions that more closely approximate the true op-
timum. These findings provide further support for the claim
that self-adaptive multimethod search has important advantages
over search methods that use a single operator for population
evolution.
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VII. CONCLUSION

In the last few decades, the field of evolutionary computation
has produced a large number of algorithms to solve complex,
real world search and optimization problems. Most of these al-
gorithms implement a single universal operator for population
evolution. In this paper, we have shown that improvements to
the efficiency of evolutionary search can be made by adopting
a concept of self-adaptive, multimethod optimization. A hy-
brid multimethod optimization framework has been presented
that can handle a wide variety of response surfaces efficiently.
This approach is called A MultiAlgorithm Genetically Adaptive
Method for Single Objective Optimization (AMALGAM-SO),
to evoke the image of a search algorithm that blends the at-
tributes of the best available individual optimization methods.
A comparative study of different combinations of commonly
used evolutionary algorithms has demonstrated that the best per-
formance of AMALGAM-SO is obtained when the covariance
matrix adaptation (CMA) evolution strategy, genetic algorithm
(GA), and particle swarm optimizer (PSO) are simultaneously
used for population evolution. Benchmark results in 10, 30, and
50 dimensions using synthetic functions from the special ses-
sion on real-parameter optimization of CEC 2005 show that
AMALGAM-SO obtains similar efficiencies as existing algo-
rithms on relatively simple problems, but is increasingly supe-
rior for more complex higher dimensional multimodal optimiza-
tion problems. In addition, AMALGAM-SO scales well with
increasing number of dimensions, and converges in the close
proximity of the global minimum for functions with noise in-
duced multimodality

The results presented herein demonstrate that self-adap-
tive multimethod optimization uncovers important new ways
to further improve the robustness and efficiency of evolu-
tionary search. Of course, the NFL theorem will still hold
for AMALGAM-SO (as was demonstrated on the simpler
problems), but initial results in this paper are very encouraging,
demonstrating a significant speed up in efficiency for more
complex (multimodal) higher dimensional optimization prob-
lems. The success of a multimethod search concept, however
essentially relies on the quality and efficiency of individual
algorithms. Thus, there is sufficient scope to further improve
individual search operators.

In this study, we have not made any attempt to tune the al-
gorithmic parameters in the AMALGAM-SO search algorithm.
Instead, the various evolutionary methods were implemented
using default values for their algorithmic parameters. It seems
likely that further efficiency improvements of AMALGAM-SO
can be made if we optimize the values of the algorithmic param-
eters in AMALGAM-SO using the outcome of the test suite of
functions considered in this study. Moreover, theoretical anal-
ysis is needed to increase understanding why some combina-
tions of search algorithms exhibit good convergence properties,
and others show poor compatibility. We hope that the analysis
presented in this paper stimulates theoreticians to develop new
theories for self-adaptive multimethod search algorithms. The
source code of AMALGAM-SO is written in MATLAB and can
be obtained from the first author upon request.
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