
Validity of First-Order Approximations to Describe Parameter Uncertainty
in Soil Hydrologic Models

Jasper A. Vrugt* and Willem Bouten

ABSTRACT system under study. Confidence intervals on the cali-
brated model parameters can be used to express theModel nonlinearity and parameter interdependence violate the use
degree of uncertainty in these quantities, but calculationof a first-order approximation to obtain exact confidence intervals of
of confidence intervals is far from straightforward be-parameters in soil hydrologic models. In this study, the posterior

distribution of parameters in soil water retention and hydraulic con- cause the solution of Richards’ equation is generally
ductivity functions is examined using observed water retention data a highly nonlinear function of the model parameters
and a laboratory transient multistep outflow experiment. Parameter (Christensen and Cooley, 1999). Without a realistic as-
uncertainties obtained with traditional first-order approximations and sessment of parameter uncertainty, it is not wise to un-
uniform grid sampling strategies were compared with those obtained dertake with any confidence tasks such as evaluating
using the Metropolis algorithm, a Markov Chain Monte Carlo (MCMC) confidence limits on future hydrological responses orsampler. A diagnostic measure, based on multiple sequences gener-

assessing the relationships between model parametersated in parallel, was used to test whether convergence of the Metropo-
and easily measurable basic soil properties.lis sampler to the posterior distribution had been achieved. Most signifi-

A frequently employed approach, which is particu-cantly, as the Metropolis algorithm can cope with rough response surfaces
larly popular in the area of vadose zone hydrology, isgenerated by the objective function used, it not only successfully infers

the multivariate posterior probability distribution of the model param- to obtain confidence intervals of parameters by utilizing
eters, but also provides valuable insights in parameter interdepen- a first-order approximation to the model function near
dence in the full parameter space. its minimum (see Carrera and Neuman [1986] in ground-

water hydrology; Kool and Parker [1988] in unsaturated
soil water flow; Kuczera and Parent [1988] in rainfall-

Numerical simulation models of water flow and so- runoff modeling). As this classical first-order approxi-
lute transport in the vadose zone are important mation does not account for correlations between the

tools in environmental research. The accuracy of predic- parameter estimates, computed standard errors can ap-
tions with these models heavily relies on accurate esti- pear too favorable (Hollenbeck and Jensen, 1998; Chris-
mates of the unsaturated soil hydraulic parameters. Be- tensen and Cooley, 1999). Indeed, case studies have
cause direct assessment of the hydraulic parameters is shown that these linearly calculated confidence intervals
generally impossible, estimation is usually based on fit- are generally smaller than their corresponding nonlinear
ting a numerical solution of the Richard’s equation to counterparts (Cooley, 1993; Christensen and Cooley,
observations collected during an experiment. In recent 1999). In general, the first-order approximation yields
years, much effort has been directed to finding the most reasonable results provided that the estimated parame-
likely parameter set from experimental laboratory ex- ter uncertainty does not extend beyond the range for
periments, such as Multi-step outflow (Eching and Hop- which a first-order approximation of the model equation
mans, 1993; Van Dam et al., 1994), evaporation experi- applies. In soil hydrologic models, however, parameter
ments (Šimunek et al., 1998a; Romano and Santini, 1999) interdependence and model nonlinearity violate the use
and from field data (Abbaspour et al., 1999; Musters and of this first-order approximation to obtain exact confi-
Bouten, 2000; Vrugt et al., 2001b,c; among many others). dence intervals of the parameter.
Surprisingly, relatively little attention has been given to Alternatively, a robust but computationally intensive
a realistic assessment of parameter uncertainty under method for the calculation of confidence intervals, con-
the different types of experimental conditions. We share trasting the classical first-order approach, is the genera-
the recent opinion by Durner et al. (1997) that improved tion of contour plots (Toorman et al., 1992; Gribb, 1996;
interpretation of parameter uncertainty can yield valu- Romano and Santini, 1999; Vrugt et al., 2001a). This kind
able information to enable a better judgment of the of exhaustive uniform grid sampling requires discretizing
limits of our theoretical understanding of unsaturated the parameter space and computing the objective func-
water flow in soils. tion for each grid point, which is a rather primitive

Parameter estimates obtained from calibrated soil hy- method. Recently, Abbaspour et al. (1997, 1999) used a
drologic models are generally error-prone, because the similar kind of sampling strategy, entitled the Sequentual
data used for calibration contain measurement errors Uncertainty Fitting algorithm (SUFI) for estimating sub-
and because the model never perfectly represents the surface flow and transport parameters. However, as sim-

ple this approach might be, it requires massive comput-
ing resources for highly dimensioned parameter spaces.Jasper A. Vrugt and Willem Bouten, Institute for Biodiversity and
For example, if we wish to sample, on average, a param-Ecosystem Dynamics, Section Physical Geography, Univ. of Am-
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eter within a hypercube with resolution equal to one
p(�|D) � exp �� 1

2� 2
(� � �opt)T XT X (� � �opt)� [2]tenth of the parameter range in a six-parameter space,

we need 106 model runs. Moreover, failure to maintain
where, �opt is the vector of most probable parameters,an adequate sampling density may result in undersam-

pling or too course sampling in certain regions of the �opt � (X T X)�1 XT ŷ [3]
parameter space. Consequently, this may lead to errors

Applying the profile likelihood ratio concept (Kalbfleish andin the computed parameter confidence intervals. Sprott, 1970) yields the confidence intervals (1 � �) of the
The objective of the present study is two-fold. First parameters,

we present an effective and efficient MCMC sampler
for assessing parameter uncertainty in soil hydrologic �2log� p(�|D)

p(�opt|D)� � �2
p,1�� [4]

models. The Metropolis algorithm has received consid-
erable attention in the last decade in the Bayesian statis-

Note that the profile likelihood ratio concept is similar totics literature and is intimately related to a probabilistic confidence intervals generated using the asymptotic �2-distri-
optimization technique known as simulated annealing bution approach (e.g., Hollenbeck and Jensen, 1998). All rele-
(Kirkpatrick et al., 1983). Additionally, we present a vant inferences about � can be made from the knowledge
diagnostic measure to test whether convergence of the that the posterior distribution of � is the multivariate normal
MCMC sampler to a stationary target distribution has distribution Np [�opt, � 2 √(X2 X)�1]. Hence, the marginal pos-
been achieved. A second objective is to compare the terior distribution of �i is the multivariate normal distribu-

tion, Ni (�i,opt, � 2�ii), where �ii is the ith diagonal element ofsize of the confidence intervals computed using the Me-
√(XT X)�1.tropolis sampler with those obtained using traditional

This posterior probability region is exact for linear models,first-order approximations and uniform grid sampling
but only approximate for nonlinear models. Model nonlinear-strategies. Two case studies of increasing complexity
ity and parameter interdependence undermine the use of thisserve to illustrate the potentials of the presented algo-
first-order approximation to obtain exact confidence intervalsrithm. The first case considers estimation of soil water of model parameters in nonlinear models. The first-order ap-

retention parameters and their posterior distribution in proximation only yields reasonable results provided that the
the commonly used soil water retention model of van linearization of the objective function near its minimum is
Genuchten (1980). The second case involves estimation valid over the domain of � for which there is significant un-
of the posterior distribution of the unsaturated soil hy- certainty. However, such an approximation is often not valid.

Besides strong parameter interdependence, the surface ofdraulic parameters using a laboratory multistep outflow
p(�|D) can deviate remarkably from the multinormal distribu-experiment. In this study, we are especially concerned
tion. It may have multiple optima, discontinuous first deriva-with the value of additional soil water pressure head
tives and curving multidimensional ridges in the response sur-measurements within the soil core for the identification
face, that is often the case when dealing with soil hydrologicalof the soil hydraulic parameters. models (e.g., Rasiah, 1992; Duan et al., 1992; Musters and
Bouten, 2000). Moreover, the ellipsoid region, defined by Eq.
[2] may represent a very poor approximation of parameterMATERIALS AND METHODS
uncertainty, especially in the case of a strong hyperbolic-ba-

Experiments often aim at assessing the relationship be- nana-shaped curvature in the p(�|D) surface. This is indicative
tween a response or output variable ŷ, subject to error, and for strong parameter interdependency.
input variables. Consider the linear regression model,

Monte Carlo Sampling of Posterior Distributionŷ � X� � e [1]

A MCMC method for assessing parameter confidence inter-where ŷ � (ŷ1, ŷ2,..., ŷm) is a m 	 1 vector of model outputs,
vals in nonlinear models is based on the idea that rather thanX � (X11,..., Xmp) is an m 	 p matrix of input values, � � (�1,
compute a probability density, p(�|D), it is sufficient to have�2,..., �p) is a vector of p unknown parameters and e is a vector
a large random sample drawn from p(�|D) that approximatesof statistically independent errors with zero expectation and
the form of the density. Diagnostic measures of central ten-constant variance � 2.
dency and dispersion of the posterior distribution can be com-We assume that the mathematical structure of the model
puted, using the mean and standard deviation of the largeis known to be correct and fixed and that a uniform prior
sample. Using the profile likelihood ratio concept, p(�|D) candistribution between the realistic upper and lower bounds on
be approximated by finding those parameter sets for whicheach of the model parameters is specified a priori (thereby
Eq. [4] holds. This directly leads to the question of how todefining the feasible parameter space). Taking a Bayesian
efficiently sample from p(�|D). Two generic approaches toperspective, the objective of model calibration is to infer the
sampling from the density are considered, namely uniformposterior probability distribution, p(�|D), which describes
grid and a Metropolis sampling scheme.what is known about the model parameters � given the Data

D and specified prior information.
Uniform Grid Sampling

One sampling strategy that is especially popular in the fieldTraditional First-Order Approximation
of vadose zone hydrology is the uniform sampling strategy.

Let’s assume that little is known about the model parmeters To not favor any initial distribution of the parameters, a uni-
� a priori relative to what the experimental data will tell us, form prior distribution is used. The algorithm proceeds ac-
that is, p0(�|D) is uniform on the parameter space. For the cording to the following steps:
linear regression model, the posterior distribution of � is exact
and then expressed as (Box and Tiao, 1973), Step 1: Discretize the domain for each parameter �i, i �
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1,2,..., p into N equidistant discrete points. Thus, if Z 
 � then remain at the current position, that is,
�(n�1) � �(n).Np parameter sets are sampled.

6. Increment n. If n is less than a prespecified number of
Step 2: Set n � 1, and evaluate the posterior density for draws N, then return to Step 2.

parameter set �n according to (Box and Tiao, 1973),
The Metropolis algorithm will always accept candidate

points (jumps) into a region of higher posterior probability but
p(�n|D)� exp��1

2 �
m

j�1

�Mj (�n)
�

�2

� [5] will also explore regions with lower posterior probability with
probability �. This algorithm is a MCMC sampler generating
a sequence of parameter sets, {�(0), �(1),.., �(n)} that convergesand
to the stationary distribution, p(�|D) for large n (Gelman et

Mj (�n) � g(yj) � g(ŷj) [6] al., 1997). Thus, if the algorithm is run sufficient long, the
samples generated can be used to estimate statistical measureswhere yj is the measurement and ŷj the corresponding model
of the posterior distribution, such as mean, variance, etc. Toprediction. The transformation g(·) allows to handle the non-
speed up the convergence rate of the Metropolis sampler toconstant error variance situations which are common in soil
the posterior target distribution, the covariance matrix of thehydrology, where the variance of the measurement error asso-
proposal distribution, �� was periodically updated using aciated with y often varies with magnitude, that is heteroscedas-
sample of the �’s generated in the Markov Chain (Kuczeratic (Sorooshian and Dracup, 1980). Notice, that when squared,
and Parent, 1998).M is simply the familiar ‘sum of squared residuals’ function

that is commonly minimized in model calibration. Specific
Creating a Proposal Distributioninformation about the applied transformations can be found

in the Case Study section. To increase computational efficiency, it is recom-
Step 3: Increment n. If n is less than Np, return to step 2. mended to initialize the Metropolis sampler with a pro-

posal distribution, Eq. [7], which is as close as possibleStep 4: Use Eq. [4] to compute which of the Np sampled
to the posterior target distribution, p(�|D). We approxi-parameter sets are acceptable within a prespecified
mated such a distribution in two steps. First, we locatedconfidence level (1 � �). These samples are used
the most likely parameter set of the multivariate poste-to estimate statistical measures of the posterior dis-
rior target distribution, using the Shuffled Complextribution for each of the parameters, such as mean,

variance, etc. Evolution (SCE) global optimization algorithm (Duan
et al., 1992, 1993) to ensure that our initial �(0) valuesThe method of uniform grid sampling is a rather primitive
for the Metropolis sampler come from the posteriormethod, as it requires massive computing times for large p.
distribution. Second, once one or multiple optima areThis may be overcome by using a small N, but this then results
found using the optimization algorithm, at each modein inaccurate measures of central tendency and dispersion for
the first-order approximation, Eq. [2], is used to gener-the computed posterior probability distribution.
ate the proposal distribution.

In brief, the SCE algorithm takes an initial populationMarkov Chain Monte Carlo Samplers
of parameter sets, randomly spread out over the feasible

Markov Chain schemes represent a general method for parameter space and proceeds by successively applyingsampling from the posterior distribution p(�|D). A Markov
the evolution process, until the termination criteria isChain is generated by sampling �(n�1) � z(�|�(n)). This z is
met. The sampled points constitute a population. Thecalled the transition kernel of the Markov Chain. Conse-
population is portioned into several communities (com-quently, �(n�1) depends only on �(n) and not on �(0), �(1),...,
plexes), each of which is permitted to evolve indepen-�(n�1). The MCMC sampler will converge to its stationary

distribution as n → ∞. dently using the downhill simplex geometric shape as a
The Metropolis Algorithm. The most general and earliest search direction. After a certain number of generations,

MCMC algorithm, known as the Metropolis algorithm (Me- the communities are mixed and new communities are
tropolis et al., 1953), is given as follows, formed through a process entitled shuffling. This en-

hances the survivability by a sharing of information1. Randomly start at a location in the feasible parameter
about the search space, gained independently by eachspace, �(n) � �(0) and compute the posterior density of this

point, p(�n|D) using Eq. [5] and [6]. community. Duan et al. (1992, 1993) has shown that this
2. Sample a new parameter set �(n�1) using the multi-normal series of operators results in a effective, efficient, and

distribution as proposal distribution, robust global optimization algorithm.
The two steps presented here for creating a proposal�(n�1) ← N(�(n), c 2��) [7]

distribution help avoid pitfalls in a wide variety of appli-
where �(n) is the mean, �� is the covariance matrix of � and cations. Finding the modes is helpful in enabling the
c is an scaling factor, typically in the range of 1 to 3 to ensure MCMC samplers to begin roughly centered around the
that one can sample from regions of p(�|D) which are not most likely parameter set of the posterior target distri-
adequately approximated by the multinormal distribution in bution.Eq. [7].

3. Calculate p(�(n�1)|D) and compute the ratio � � p(�(n�1) Monitoring Convergence of the MCMC Sampler
|D)/p(�(n)|D),

An important issue in MCMC sampling is conver-4. Randomly sample a label Z from a uniform distribution
gence of the sampler to the stationary posterior distribu-over the interval 0 to 1.

5. If Z � � then accept the new configuration. However, tion. Theoretically, the sampler converges in the limit
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as n → ∞, but in any applied problem one must deter- current variance estimate, V̂, to the within-se-
quence variance, W. Because of its minor contribu-mine how many draws to make with the sampler. The

study by Kuczera and Parent (1998) has not explored tion, the factor to account for the extra variance of
the Student’s t distribution is omitted from Eq. [10].the issue of convergence of the Metropolis algorithm.

Many authors have addressed the problem of drawing If the potential scale reduction is high, then we
have reason to believe that proceeding with furtherinferences from MCMC samplers, including Ripley

(1987), Gelfland and Smith (1990), Geweke (1992), and draws may improve our inference about the poste-
rior target distribution.Raftery and Lewis (1992) in the recent statistical litera-

ture. Gelman and Rubin (1992a) demonstrated that it 5. Once R is near 1 for each of the parameters �i, we
can conclude that each of the q sequences of nis generally impossible to monitor convergence of an

MCMC sampler using a single sequence (one random draws is close to the target distribution, p(�|D).
Since a score of 1 is typically difficult to achieve,walk). A strategy recommended by Gelman and Rubin

(1992b) is therefore to generate several independent Gelman and Rubin (1992b) recommended using a
value of 1.2 and less to declare convergence.parallel sequences, with starting points, �(0)’s sampled

from the proposal distribution. Convergence of the
MCMC sampler can then be monitored using between Inferences Concerning the Error Variance Term (�)
sequences as well as within sequence information.

A problem that is often overlooked in the use of BayesianHence, early on, after performing only a limited amount
estimators is the assignment of the value of the error varianceof draws, distributional estimates (mean and variance)
of the measurements, �, in Eq. [2] and [5]. Assigning eachof the various parameters between the parallel se- residual a weight relative to the reliability of the corresponding

quences will differ substantially, as the individual se- measurement preserves all statistically relevant information.
quences have explored different parts of the parameter However, there is no unambiguously correct way in which to
space, presumably close to their initialized starting select an appropriate value of the error variance. We briefly
value. After increasing the number of draws within each discuss three different approaches for assessing a value for �2,
sequence, a larger part of the posterior target distribu-

1. The value of the measurements error variance is fixedtion is explored. Consequently, distributional estimates
to the instrumental error of the measuring device. Thisof the various parameters within and between individual approach was used by Hollenbeck and Jensen (1998) and

sequences will tend to convergence to stationary values. applied to retention and transient unsaturated outflow
Mathematically we proceed in five steps (Gelman and observations. However, for the outflow observations, none

Rubin, 1992b), of the model simulations was within the band of the mea-
surement errors of the outflow observations, suggesting1. Independently simulate q � 2 sequences with the that even the optimal set of parameters does not provide

Metropolis sampler outlined in The Metropolis an adequate fit to the data. In such as case, parameter
Algarithm section, each of length 2n, with starting estimates and any statements on their confidence are
points drawn from the proposal distribution. To meaningless.
diminish the effect of the initial draws, discard the 2. The value of the error variance of the measurements is
first n draws of each sequence, and focus the atten- inferred posteriori from the quality of the fit. Approach

1 and 2 are classical and an implicit assumption of zerotion on the last n.
model error.2. For each parameter of interest, calculate the mean

3. The value of the measurements error variance is takenvalue, using the qn drawn values for parameter �i.
as a fixed percentage of the mean value of the observa-3. For each parameter �i of interest, calculate the
tions used for parameter identification. This approach isvariance between the q sequence means, �i, each
especially popular in the field of rainfall-runoff modelingbased on n samples �i (see for example, Thiemann et al., 2001).

On the basis of these propositions we are faced with theB � n �
g

j�1

(�i. � �i..)2

q � 1
[8]

possibility that there may not exist an objective statistically
correct choice for the value of � and therefore no statistically

and calculate the average of the q within-sequence correct size and shape of the posterior distributions of the
variances, s2

�i, each based on n � 1 degrees of free- model parameters. For each of the case studies, the error
dom, variance of the measurements was inferred posteriori from

the quality of the most optimal fit (Option 2) derived using
the SCE global optimization algorithm, outlined in CreatingW � �

q

j�1

s2
�i

q
[9]

a proposal distribution section.

4. Monitor convergence of the MCMC sampler by
Case Studiesestimating the factor by which the scale of the

current distribution of �i might be reduced if n → The first-order approximation, uniform grid, and MCMC
sampling strategy for estimating parameter uncertainty were∞. This potential scale reduction is estimated by
tested for two different case studies of increasing complexity.
The first case concerns a simple water retention model,√R̂ ≈ �n � 1

n
�

q � 1
qn

B
W

[10]
whereas the second case study explores the utility of the Me-
tropolis algorithm for identifying unsaturated soil hydraulic
parameters, using a laboratory multistep outflow experiment.and declines to 1 as n → ∞. R̂ is the ratio of the
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Table 1. Prior parameter ranges used with the Metropolis algo- the optimal soil hydraulic parameters are found by fitting a
rithm for assessing the posterior distribution of the water reten- numerical solution of Richard’s equation to observations of
tion parameters for the sandy and clayey soil. measured variables during the experiment. When a joint para-

metric description of retention and unsaturated hydraulic con-Sandy soil Clayey soil
ductivity is assumed, inversion of the Richard’s equation will

Parameter Min. Max. Min. Max. Unit yield parameter estimates that apply to both characteristics
�s 0.300 0.600 0.500 0.600 L3 L�3 simultaneously.
�r 0.000 0.300 0.000 0.400 L3 L�3

The experimental work by Eching and Hopmans (1993) and
� 0.100 10.000 0.100 10.000 L�1

Eching et al. (1994) confirmed the suitability of the multistepn 1.050 10.000 1.050 10.000 L
outflow method in combination with soil water pressure head
measurements during drainage of the soil core for assessing

Case Study I: Water Retention Model the soil water retention and unsaturated soil hydraulic con-
ductivity curve by numerical inversion. Observed outflowOne of the most commonly used models of capillary pres-
measurements combined with soil water pressure head mea-sure saturation in soils is the water retention function of VG
surement within the soil core were taken from the multistep(van Genuchten, 1980),
outflow project (Example 7) stored in the HYDRUS-1D proj-
ect manager (Šimůnek et al., 1998b). The parameters of the(�) � r � (s � r)�1 � (�|�)n	

1
n

� 1
[11]

unsaturated soil hydraulic functions in Eq. [11] and [12] were
inversely estimated using the HYDRUS-1D model (Šimůnekin which  (L3 L�3) denotes water content, s and r (L3 L�3) are
et al., 1998b), which numerically solves Richard’s equation inthe water content at full and residual saturation respectively, �
one-dimension using a Galerkin-type linear finite element(L) is the soil water pressure head, � (L�1) is the inverse of
scheme. As this case study explores the usefulness of addi-the air-entry value and n is a unitless pore-size distribution
tional experimental pressure head data for parameter iden-index (van Genuchten, 1980).
tification purposes, we examined the posterior target distribu-The parameters s, r, �, and n were calibrated on observed
tion for each of the parameters in Eq. [11] and [12] using twowater retention measurements for a sandy and clayey soil by
different data sets. First, observed outflow measurements weremaximizing the posterior density defined in Eq. [5] using the
translated to average soil water contents within the soil coreSCE-University of Arizona (UA) algorithm (Duan et al.,
using the initial soil water content, to increase the identifiabil-1992b; Vrugt et al., 2001d). Experimental data of a sandy (4520)
ity of the saturated and residual water content (Vrugt et al.,and a clayey soil (2362) were taken from the UNSODA soil
2001a). Subsequently, this data set was used separately and inhydraulic properties database (Leij et al., 1996). The number
a joint combination with the soil water pressure head measure-between parentheses refers to the UNSODA code. For the
ments to infer the posterior target distribution of the parame-uniform grid and Metropolis algorithm, prior ranges for each
ters. We assumed that the soil water pressure head measure-of the retention parameters were defined in Table 1.
ments errors have a heteroscedastic (nonconstant) variance
that is linearly related to its magnitude, which can be stabilizedCase Study II: Laboratory Multistep Outflow Experiment
by the Box-Cox transformation (Box and Cox, 1974),

A more demanding test of the Metropolis algorithm can
be devised by identifying the unsaturtated soil hydraulic pa- g(y) �

(y � 1)�

�
[13]rameters from a laboratory multistep outflow experiment. The

two basic soil hydraulic characteristics controlling flow in un-
where � is a transformation parameter, assumed to be 0.8 (seesaturated porous media are the retention characteristic, (�)
Sorooshian and Dracup, 1980). For each measurement set,in Eq. [11], and the unsaturated hydraulic conductivity charac-
the measurement errors were set identical to the root meanteristic, K(�),
square error (RMSE) of the most optimal fit derived using
the SCE global optimization algorithm (Duan et al., 1992;
Vrugt et al., 2001d). This approach seemed most appropriateK(�) � Ks

�1 � (��)n�1�1 � (��)n

1
n

�1�
2

�1 � (��)n	l �1�
1
n�

[12] as adapting the relatively small measurement errors reported
in literature for either soil water pressure head (Romano and
Santini, 1999) or water content measurements (Vrugt et al.,where Ks (LT�1) is the saturated hydraulic conductivity and
2001a), would lead to rejection of the applied HYDRUS-1Dl (-) is the exponent parameter in Mualem’s equation (Mua-
model, making even the optimal parameter values virtuallylem, 1976). As direct methods for determination of the (�)
meaningless (see Inferences concerning the error variance termand K(�) curve require rather restrictive initial and boundary
[�]). To avoid that the Metropolis algorithm, progressivelyconditions and are therefore, relatively tedious. Numerical in-
samples outside realistic physical bounds of the model parame-version is an attractive alternative as a means of determining
ters, prior parameter ranges for each of the soil hydraulicboth curves from a single experiment. In such an approach,
parameters were defined in Table 2.

Table 2. Prior parameter ranges used with the Metropolis algo-
rithm for assessing the posterior distribution of the unsaturated RESULTS AND DISCUSSION
soil hydraulic parameters from a laboratory multistep out-
flow experiment. Case Study I: Water Retention Functions

Parameter Min. Max. Unit Figure 1 shows the water retention observations and
�s 0.300 0.600 L3 L�3 optimized soil water retention curves for the sandy and
�r 0.000 0.300 L3 L�3 clayey soil using the VG model (van Genuchten, 1980).
� 0.100 10.000 L�1

The corresponding parameter values for the differentn 1.050 10.000 L
Ks 0.010 100.000 LT�1 soils as well as the final RMSE, R 2 and model adequacy
l �10.000 20.000 � values (see Hollenbeck and Jensen, 1998) are listed in
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Table 3. Optimized soil hydraulic parameters of the sandy and
clayey soil for van Genuchten model. Also listed are the root
mean square error (RMSE), R 2, and model adequacy values
at the final solution (between parenthesis).

Sandy soil Clayey soil

�s, m3 m�3 0.352 0.554
�r, m3 m�3 0.033 0.003
�, m�1 2.122 0.082
n, � 5.665 1.113
RMSE, m3 m�3 7.4 	 10�3 3.1 	 10�3

R 2, � 1.00 1.00
Adequacy, � 0.82 1.00

the sampled r–n parameter space for the sandy soil for
each of the four sequences at two different stages during
the evolution. Fig. 3a corresponds to the sampled pa-
rameter space after 4000 samples being generated (Lo-
cation A in Fig. 2B), whereas Fig. 3B corresponds to theFig. 1. Optimized soil water retention curves for the sandy and clayey

soil, using the van Genuchten model. Measured retention observa- sampled parameter space after convergence has been
tions are indicated with symbols. achieved (Location B in Fig. 2B). We discarded the first

n � 500 draws from each sequence (burn-in), as it is
Table 3. Figure 1 and Table 3 show that the water reten- unlikely that these initial draws come from the station-
tion fit is generally very good for both soils. Although ary distribution needed to construct correct posterior
the optimized r–values for the clayey soil may not be estimates. The different sequences are coded with dif-
very accurate, it is the best r–values as seen by the model ferent symbols. The two-dimension scatter plots of the
structure when matched against the experimental data. sampled parameter space demonstrate that at early stages

Figure 2a presents the relationship between the jum- during the evolution, the individual paths tend to occupy
prate used for sampling from the proposal distribution different regions of the posterior surface. This low mix-
for the sandy soil and the number of model calls needed
to achieve convergence. The error bars depict the stan-
dard deviation in number of model calls, derived using
10 trials for each jumprate with the Metropolis sampler.
The results are generated using four individual parallel
sequences. Generally, a relatively low jumprate (c � 0.1)
is associated with a small traversing speed of the Me-
tropolis sampler through the feasible parameter space.
Therefore, Fig. 2a illustrates that, when using a small
jumprate, relatively large number of model calls are
needed before convergence can be achieved. Increasing
the jumprate will allow the sampler to move more rap-
idly move through the parameter space, and thus to ex-
plore the entire posterior target distribution more easily.
In this case, it will not take too long to obtain samples
from the Metropolis sampler that can be treated as in-
dependent realizations of the posterior target distribu-
tion. However, when using a jumprate larger than 1, the
efficiency of the Metropolis sampler systematically de-
creases, as the sampler progressively explores parts of
the parameters space, which do not belong to the poste-
rior distribution.

Figure 2b illustrates the evolution of the Gelman-Rubin
convergence diagnostic for each of the VG retention pa-
rameters. Because of random initializations of the start-
ing points of each of the parallel sequences the scale
reduction factor is quite large for the first 500 generated
samples (√R 

 2). Thereafter, the convergence diagnos-
tic for each of the parameters narrows down very quickly,
and continues to widen and narrow intermittently. Fi-

Fig. 2. (A) Relationship between the jumprate used for sampling fromnally after 6000 simulations the plot suggests that the
the proposal distribution for the sandy soil and the amount of modelparallel sequences have converged to a stationary dis- calls needed to achieve convergence of the Metropolis sampler, (B)

tribution. Evolution of the Gelman-Rubin convergence diagnostic for each
of the van Genuchten parameters of the sandy soil.This is also evident in Fig. 3a and 3b, which presents



1746 SOIL SCI. SOC. AM. J., VOL. 66, NOVEMBER–DECEMBER 2002

soil, using the first-order approximation, uniform grid,
and Metropolis sampling algorithm. For the case of uni-
form grid sampling, each parameter domain was discret-
ized in 20 equal classes within the feasible parameter
space defined in Table 1, resulting in 160 000 samples
(420). A comparison of linear and nonlinear computed
standard deviations and CV-values demonstrates that
the first-order approximation generates a valid approxi-
mation of parameter uncertainty in the case of the sandy
soil. The linear approximation is valid, because model
nonlinearity and parameter interdependency are neg-
ligible. Indeed, given the measurement range of the
UNSODA database, diagnostic measures of model non-
linearity developed by Linssen (1975) demonstrated
that the VG model behaves close to linear for sandy soil
types and is strong nonlinear for more fine-textured
soils. Consequently, the linear computed standard devi-
ations for the clayey soil, are significantly different than
their nonlinear counterparts computed with Metropolis
and uniform sampling. The relative large uncertainty of
the parameters r and n for the clayey soil derived from
first-order theory propagates in a large uncertainty for
the other retention parameters. As prior physical bounds
were defined for r and n for the Metropolis and uniform
sampling in Table 1 this significantly reduces the size
of the corresponding confidence interval for the clayey
soil. Clearly, use of prior information has a significant
effect on the sizes of the confidence intervals. The re-
sults in Table 4 demonstrate that the first-order approxi-
mation can help identify the poorly defined parameters,
but is unable to meaningfully describe the resulting pa-
rameter uncertainty. The results presented here illus-

Fig. 3. Scatter plot of �r–n samples generated by the Metropolis algo- trate that in the case of strong model nonlinearity and
rithm at two different stages during the evolution. Each sequences parameter interdependence one should be particularlygenerated with the Metropolis sampler is coded with a different

careful when applying a first-order approximation tosymbol. For more explanation see text.
obtain exact confidence intervals of parameters.

Figure 4 presents a scatter plot of 2000 �-n (A) anding of the sequences is associated with a relatively high
r–n (B) Metropolis samples generated for the clayeyvalue of the scale reduction factor, indicating no conver-
soil using the VG retention model. Based on the resultsgence. Nevertheless, after a sufficient amount of draws
in Fig. 2a, the jumprate was fixed to 0.5. The adaptive(Stage II), each of the individual sequences have been
capabilities of the Metropolis algorithm enables it toable to fully explore the posterior target distribution,
track the hyperbolically shaped r–n and �-n surface.resulting in a scale reduction factor smaller than 1.2,
However, in the case of uniform grid sampling, for theindicating convergence to a stationary distribution.
sandy and clayey soil, only 46 from the 160 000 samplesTable 4 presents the posterior mean, standard devia-
occupied the 95% probability region of the hypercubetion and coefficient of variation (CV) of the water reten-

tion parameters s, r, �, and n for the sandy and clayey from which the uniform samples were drawn. To fill the

Table 4. First order, uniform grid, Metropolis posterior mean, standard deviation, and coefficient of variation (CV) for the water
retention parameters of the sandy and clayey soil.

Linear Nonlinear

First-order approximation Uniform grid Metropolis

Parameter Unit Mean Std. CV Mean Std. CV Mean Std. CV

Sandy soil
�s m3 m�3 0.352 0.004 1.223 0.352 0.005 1.325 0.352 0.005 1.303
�r m3 m�3 0.033 0.004 11.591 0.033 0.005 14.721 0.033 0.005 14.298
� m�1 2.122 0.035 1.635 2.125 0.000 0.000 2.126 0.050 2.340
n � 5.665 0.351 6.201 5.724 0.418 7.294 5.731 0.422 7.367

Clayey soil
�s m3 m�3 0.554 0.002 0.289 0.554 0.002 0.291 0.554 0.001 0.225
�r m3 m�3 0.003 0.451 3.514·105 0.106 0.060 56.922 0.130 0.081 62.155
� m�1 0.082 0.013 15.215 0.083 0.011 13.701 0.082 0.010 11.612
n � 1.113 0.108 9.716 1.148 0.026 2.276 1.166 0.047 4.066
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Fig. 4. Scatter plot of 2000 combinations of �-n (A), and �r–n (B) parameters sampled for the clayey soil using the Metropolis algorithm.

95% region with 2000 samples it would take about 7 	 observed soil water content within the soil core. Based
on the previous results each individual sequence was gen-106 model simulations, whereas the Metropolis sampler

only needed approximately 10 000 and 90 000 function erated with jumprate equal to 0.5. With this jumprate,
the Metropolis-sampler arrived at a stationary posteriorevolutions for the sandy and clayey soil, respectively.

This demonstrates the high sampling efficiency of the target distribution of the six soil hydraulic parameters
after approximately 15 000 model evaluations. Again,Metropolis algorithm. Moreover, in situations were the

95% region is small compared with the hypercube, uni- this confirms the high sampling efficiency of the Metrop-
olis sampler as compared with hypercube sampling strat-form grid sampling is very inefficient.

The large uncertainty of the residual water content egies. A comparison between the size of the linear and
nonlinear confidence intervals suggests that the Metrop-and the strong hyperbolic shaped r–n surface depicted

in Fig. 4, demonstrates that for more fine-textured soils olis-derived standard deviations are generally smaller
than their corresponding first-order counterparts. Thisthe range of water retention measurements is not suffi-

cient for an accurate description of the water retention contradicts the idea that the first-order covariance ma-
trix, used to construct the linear confidence intervals,characteristics at the dry end. The information for r is

then beyond the range of measurements. In that case always provides a lower bound estimate of the parame-
ter confidence intervals. To understand why, considerthe parameters remain too much correlated (e.g., Fig. 4)

and the first-order approximation, is unable to meaning- Fig. 5 that presents the corresponding univariate mar-
ginal posterior probability distributions for each of thefully describe the extent of the uncertainty. The rela-

tively large standard deviations in estimated value of unsaturated soil hydraulic parameters in the Mualem–
VG model. Also indicated in Fig. 5 are the final opti-the n-parameter for the sandy soil and r, �, and n pa-

rameters for the clayey soil may inhibit our ability to mized values of the unsaturated soil hydraulic parame-
ters using the SCE global optimization algorithm of Duanrelate these model parameters to other easily measur-

able soil properties. Especially for the clayey soil, it et al. (1992, 1993). Most of the histograms of the parame-
ters not only deviate remarkably from the normal distri-would be advisable to augment the experimental water

retention measurements with additional water content bution, which is an explicit assumption when utilizing
the first-order approximation, but also exhibit multi-measurements at higher suctions to reduce parameter

uncertainty. modality. The presence of multimodality in the posterior
distribution of the parameters points at nonuniquenessAs compared with traditional statistical inference, the

Metropolis algorithm not only generates a substantial problems of the parameters, when using observed soil
water content data only. Nevertheless, the SCE algo-better description of parameter uncertainty in soil hydro-

logical models, but also provides powerful information rithm has been able to successfully identify the global
about parameter interdependency in the full parameter
space. Although the results presented here are restricted Table 5. First order and Metropolis posterior mean, standard

deviation and coefficient of variation (CV) values using theto two different sets of retention observations (sandy
observed soil water content dynamics during the outflow ex-and clayey soil) similar conclusions were drawn using
periment.other sets of water retention observations, taken from

Linear Nonlinearthe UNSODA database.
First-order approximation Metropolis

Case Study II: Laboratory Multistep Parameter Unit Mean Std. CV Mean Std. CV
Outflow Experiment

�s m3 m�3 0.445 0.003 0.709 0.446 0.002 0.346
�r m3 m�3 0.080 0.065 79.033 0.082 0.017 20.856Table 5 presents the posterior mean, standard devia-
� m�1 1.295 0.101 7.702 1.305 0.067 5.107

tion and CV values for the unsaturated soil hydraulic n � 1.232 0.052 4.149 1.241 0.011 0.866
Ks m d�1 0.510 0.310 62.916 0.492 0.080 16.146parameters, derived from utilizing a classical first-order
l � 7.237 2.119 27.665 7.661 0.946 12.353approximation and from Metropolis sampling using the
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Fig. 5. Univariate posterior probability distributions of the soil hydraulic parameters �s, �r, �, n, Ks and l using observed soil water content
dynamics during the outflow experiment. The arrows indicate the most likely parameter values, derived using the Shuffled Complex Evolution
global optimization algorithm.

optimum within this high-density region. Hence, the contents and soil water pressure head observations si-
multaneously, according to Eq. [5]. Figure 6 shows themodes of the univariate posterior target distributions of

the various parameters, obtained using the Metropolis observed and simulated soil water content dynamics (I)
as well as the measured and simulated soil water pres-sampler, coincide with the most optimal parameter val-

ues, identified using the SCE algorithm. sure heads (II) during the MSO experiment, using either
soil water contents (A), or a joint identification usingThe results in this section illustrate two important find-

ings. Firstly, results show the limitations of traditional soil water pressure head data and soil water contents si-
multaneously (B). When using Dataset A only for iden-inference regarding parameter uncertainty based on first-

order approximations. One should therefore be particu- tification purposes, the HYDRUS-1D model generates
an excellent fit to the observed soil water contents, atlarly careful when applying a first-order approximation

to obtain confidence intervals of parameters. Secondly, the expense of overestimating the measured soil water
pressure heads in the lower water content range. Addingthe shape of the univariate probability distributions (his-

tograms) of the parameters derived with the Metropolis measured soil water pressure heads as an extra objective
in the likelihood function, increases the quality of thesampler provide valuable information with respect to

the uniqueness of the identified parameters. fit to observed soil water pressure heads, but simultane-
ously worsens the quality of the fit to observed soil wa-As the Bayes theorem provides a mathematical for-

mulation of how previous knowledge maybe combined ter contents. Because of errors in the model structure
(and other possible sources), it is usually not possiblewith new knowledge it allows to continually update in-

formation about a set of parameters � as different sets of to find a single unique solution that simultaneously mini-
mizes all objectives. Instead, it is common to have a setobservations are taken. Therefore, the Bayes theorem

is suited to study the effect of pooling observed soil of solutions with the property that moving from one
solution to another results in the improvement of onewater contents and soil water pressure head observa-

tions in one likelihood function on the identifiability of objective while causing a deterioration in one or more
others. This multi-objective equivalence of parameterthe soil hydraulic parameters. In this case, the conditional

likelihood is defined as the multiplicative constraint of sets is more commonly referred to as pareto optimal
in literature.the probabilities for describing the observed soil water
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Table 6. Metropolis posterior mean, standard deviation and coef-
ficient of variation (CV) values using the observed soil water
content dynamics and measured soil water pressure heads dur-
ing the outflow experiment in one likelihood function, (B). For
completeness we also included the Metropolis results (A) using
the observed soil water content dynamics (Table 5).

A B

Parameter Unit Mean Std. CV Mean Std. CV

�s m3 m�3 0.446 0.002 0.346 0.459 0.003 0.564
�r m3 m�3 0.082 0.017 20.856 0.110 0.011 9.717
� m�1 1.305 0.067 5.107 1.646 0.093 5.654
n � 1.241 0.011 0.866 1.251 0.012 0.917
Ks m d�1 0.492 0.080 16.146 2.087 0.483 23.133
l � 7.661 0.946 12.353 7.612 0.362 4.759

direct search optimization method, known as the Leven-
berg–Marquardt algorithm, for identification of the soil
hydraulic parameters. Notwithstanding the progress made,
it has been shown that local search methodologies are
not powerful enough to successfully find the globally
optimal parameter values with any reasonable degree
of confidence (Ibbitt, 1970; Johnston and Pilgrim, 1976;
Sorooshian and Gupta, 1983; Gan and Burges, 1990a,b).

Fig. 6. Observed and simulated soil water content dynamics (I) as well The effectiveness of local search type optimization algo-
as the measured and simulated soil water pressure heads (II) during rithms is highly dependent on the nature of the responsethe multistep outflow (MSO) experiment, using either observed soil

surface generated by the objective function used. As suchwater contents (A), or a joint identification using soil water pressure
head data and soil water contents simultaneously (B). algorithms are not designed to handle the presence of

multimodality (Fig. 5) or discontinuous derivatives, they
Diagnostic measures of central tendency and disper- are not able to survive through rough response surfaces

sion, using the mean, standard deviation, and CV values and will therefore terminate their search prematurely.
for the unsaturated soil hydraulic parameters derived Results of this study show that uniqueness problems can
from Metropolis sampling, using both data sets simulta- be clarified using global optimization methodologies,
neously for identification are presented in Table 6. A which are capable of handling rough response surfaces
joint calibration of the parameters to observed soil water and parameter interdependence (see Vrugt et al., 2001d).
contents and soil water pressure head observations sig- In this regard, the SCE global optimization algorithm
nificantly decreases the uncertainty in the residual water developed by Duan et al (1992, 1993) has shown to be ef-
content and pore-connectivity parameter, but increases fective, efficient, and consistent in locating the globallythe uncertainty of the other soil hydraulic parameters. optimal parameter values.The explicit presence of model errors when pooling ob- Finally, we would like to emphasize that one shouldserved soil water content data and soil water pressure be particularly careful to draw conclusions about param-head data in one likelihood function increases the uncer-

eter inequivalance without recourse to examination oftainty of some of the hydraulic parameters. Recently in
the uncertainty associated with the parameters (Durnerthe field of rainfall-runoff modeling, Kuczera and Mrocz-
et al., 1997; Wildenschild et al., 2001). For instance, al-kowski (1998) yielded similar results, as they showed
though the most optimal � values for Scenario A andthat augmenting streamflow data with other response
B outlined in Table 6 differ substantially the 95% confi-time series data might not reduce parameter uncer-
dence intervals of � suggests that this parameter mighttainty. Nevertheless, inspection of the multivariate pos-
be equivalent in describing both soil water content andterior surface demonstrated one single mode for each
soil water pressure head dynamics in the soil core simul-parameter, being associated with the most likely param-
taneously.eter set, derived using the SCE algorithm. This suggests

that a joint identification of the hydraulic parameters
using observed soil water content and soil water pres- SUMMARY AND CONCLUSIONS
sure head data might not reduce parameter uncertainty,

In this paper, we have considered the Metropolis algo-but increases the identifiability of the global minimum
rithm as an effective and efficient MCMC sampler forin the parameter space.
assessment of parameter uncertainty in nonlinear mod-Using laboratory outflow experiments, it has been
els. Parameter uncertainties obtained with traditionalargued by many authors that the use of cumulative out-
first-order approximations and uniform grid samplingflow observations only leads to uniqueness problems,
strategies were compared with those obtained using theregarding the identified soil hydraulic parameters (Kool
Metropolis algorithm, an effective and efficient Markovand Parker, 1988; van Dam et al., 1994; Toorman et al.,
Chain Monte Carlo sampler. A diagnostic measure, based1992; Eching and Hopmans, 1993; Eching et al., 1994).

These studies all employed a gradient-based local-type on multiple sequences generated in parallel, was usedto
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Cooley, R.L. 1993. Exact Scheffé-type confidence intervals for outputerates a substantial better description of parameter un- from groundwater flow models, 2. Combined use of hydrogeologic
certainty in soil hydrological models, as compared with information and calibration data. Water Resour. Res. 29:35–50.

Duan, Q., S. Sorooshian, and V.K. Gupta. 1992. Effective and efficienttraditional statistical inference, but also provides power-
global optimization for conceptual rainfall-runoff models. Waterful information about parameter interdependency in the
Resour. Res. 28:1015–1031.full parameter space. We illustrated how the structure

Duan, Q., S. Sorooshian, and V.K. Gupta. 1993. A shuffled complex
that is induced in the joint distributions of the Metropo- evolution approach for effective and efficient global minimization.
lis samples, can be used to assess the suitability of experi- J. Optimization Theory Application 76:501–521.
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