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Abstract

Many problems in combinatorial linear algebra require upper bounds on the number of so-
lutions to an underdetermined system of linear equations Ax = b, where the coordinates of the
vector z are restricted to take values in some small subset (e.g. {£1}) of the underlying field.
The classical ways of bounding this quantity are to use either a rank bound observation due to
Odlyzko or a vector anti-concentration inequality due to Halasz. The former gives a stronger
conclusion except when the number of equations is significantly smaller than the number of
variables; even in such situations, the hypotheses of Halasz’s inequality are quite hard to verify
in practice. In this paper, using a novel approach to the anti-concentration problem for vector
sums, we obtain new Halész-type inequalities which beat the Odlyzko bound even in settings
where the number of equations is comparable to the number of variables. In addition to being
stronger, our inequalities have hypotheses which are considerably easier to verify. We present
two applications of our inequalities to combinatorial (random) matrix theory: (i) we obtain the
first non-trivial upper bound on the number of n x n Hadamard matrices, and (ii) we improve
a recent bound of Deneanu and Vu on the probability of normality of a random {£1} matrix.

1 Introduction

1.1 The number of Hadamard matrices

A square matrix H of order n whose entries are {£1} is called a Hadamard matriz of order n if its
rows are pairwise orthogonal i.e. if HHT = nl,. They are named after Jacques Hadamard, who
studied them in connection with his maximal determinant problem. Specifically, Hadamard asked for
the maximum value of the determinant of any n x n square matrix all of whose entries are bounded
in absolute value by 1. He proved [8] that the value of the determinant of such matrices cannot
exceed n™2. Moreover, he showed that Hadamard matrices are the only ones that can attain this
bound. Since their introduction, Hadamard matrices have been the focus of considerable attention
from many different communities — coding theory, design theory, statistical inference, and signal
processing to name a few. We refer the reader to the surveys [10, 19] and the books [1, 11] for a
comprehensive account of Hadamard matrices and their numerous applications.

Hadamard matrices of order 1 and 2 are trivial to construct, and it is quite easy to see, by
considering the first few rows, that every other Hadamard matrix (if exists) must be of order 4m
for some m € N. Whereas Hadamard matrices of infinitely many orders have been constructed, the
question of whether one of order 4m exists for every m € N is the most important open question on
this topic, and remains wide open.
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Conjecture 1.1 (The Hadamard conjecture, [15]). There exists a Hadamard matriz of order 4m
for every m € N.

In this paper, we study the question of how many Hadamard matrices of order n = 4m could
possibly exist for a given m € N. Let us denote this number by H(n). Note that if a single
Hadamard matrix of order n exists, then we immediately get at least (n!)? distinct Hadamard
matrices by permuting all the rows and columns. Thus, if the Hadamard conjecture is true, then
H(n) = 2%"1gn) for every n = 4m, m € N. On the other hand, the bound H(n) < 2("3")
easy to obtain, as we will discuss in the next subsection.

This bound also appeared in the work of de Launey and Levin [3| on the enumeration of partial
Hadamard matrices (i.e. kx4m matrices whose rows are pairwise orthogonal, in the limit as m — c0)
using Fourier analytic techniques; notably, while they were able to get a very precise answer to this
problem (up to an overall (1+0(1)) multiplicative factor), their techniques still did not help them to
obtain anything better than the essentially trivial bound for the case of square Hadamard matrices.
As our first main result, we give the only known non-trivial upper bound on the number of square
Hadamard matrices.

is quite

(1—c )'n.2
Theorem 1.2. There exists an absolute constant cy > 0 such that H(n) < 2 3 for all suffi-

ctently large n that is a multiple of 4.

Remark 1.3. In our proof of the above theorem, we have focused on the simplicity and clarity of
presentation and have made no attempt to optimize this constant, since our proof cannot give a
value of ¢y larger than (say) % whereas we believe that the correct value of ¢y should be close (as
a function of n) to 1.

Conjecture 1.4. For any n = 4m,m € N, H(n) = 20(nlogn),

We believe that proving a bound of the form H(n) = 20(n*) will already be very interesting, and
will likely require new ideas.

1.1.1 The approach

n+1
We now discuss the proof of the trivial upper bound H(n) < 2("3") The starting point is the
following classical (and almost trivial to prove) observation due to Odlyzko.

Lemma 1.5 (Odlyzko, [14]). Let W be a d-dimensional subspace of R™. Then, |W N {£1}"| < 24.

Sketch. As W is a d-dimensional space, it depends only on d coordinates. Therefore, it spans at
most 27 vectors with entries from {#£1}. O
The bound H(n) < 2(n;1) is now immediate. Indeed, we construct the matrices row by row,
and note that by the orthogonality of the rows, the first k£ rows span a subspace of dimension k to
which the remaining rows are orthogonal. In particular, once the first k rows have been selected,
the (k 4+ 1)t row lies in a specified subspace of dimension n — k (the orthogonal complement of the
vector space spanned by the first k£ (linearly independent) rows), and hence, by Lemma 1.5, is one
of at most 2" vectors. It follows that H(n) < H?:_OI gn—i — 9("3").

The weak point in the above proof is the following — while Odlyzko’s bound is tight in general, we
should expect it to be far from the truth in the average case. Indeed, working with vectors in {0, 1}"
for the moment, note that a subspace of dimension k spanned by vectors in {0, 1}" has exactly on—k
vectors in {0, 1}" orthogonal to it viewed as elements of Fy. However, typically, the inner products



will take on many values in 2Z \ {0} so that many of these vectors will not be orthogonal viewed as
elements of R™.

The study of the difference between the Odlyzko bound and how many {£1}" vectors a subspace
actually contains has been very fruitful in discrete random matrix theory, particularly for the out-
standing problem of determining the probability of singularity of random {£1} matrices. Following
Kahn, Komlés and Szemerédi [13], Tao and Vu |20] isolated the following notion.

Definition 1.6 (Combinatorial dimension). The combinatorial dimension of a subspace W in R",
denoted by di (W), is defined to be smallest real number such that

W N {£1}7] < 2%V,

Thus, Odlyzko’s lemma says that for any subspace W, its combinatorial dimension is no more
than its dimension. However, improving on another result of Odlyzko [14|, Kahn, Komlés and
Szemerédi showed that this bound is very loose for typical subspaces spanned by {+1}" vectors:

Theorem 1.7 (Kahn-Komlos-Szemerédi, [13|). There exists a constant C > 0 such that ifr <n—C,
and if v1,...,v, are chosen independently and uniformly from {£1}", then

r 3\"
Pr[d4 (spanf{vi,...,v.}) > logy(2r)] = (1 +o(1))4 (3> <4> .
In other words, they showed that a typical r-dimensional subspace spanned by r vectors in {£1}"
contains the minimum possible number of {+1}" vectors i.e. only the 27 vectors consisting of the
vectors spanning the subspace and their negatives.
Compared to the setting of Kahn, Komlés and Szemerédi, our setting has two major differences:

(i) We are interested not in the combinatorial dimension of subspaces spanned by {£1}" vectors
but of their orthogonal complements.

(ii) The {£1}™ vectors spanning a subspace in our case are highly dependent due to the mutual
orthogonality constraint — indeed, as the proof of the trivial upper bound at the start of the
subsection shows, the probability that the rows of a random k x n {41} matrix are mutually
orthogonal is 2*9(]“2); this rules out the strategy of conditioning on the rows being orthogonal
when k& = Q(y/n), even if one were to prove a variant of the result of Kahn, Komlos and
Szemerédi to deal with orthogonal complements.

Briefly, our approach to dealing with these obstacles is the following. For k < n, let Hy, , denote
a k x n matrix with all its entries in {£1} and all of whose rows are orthogonal. We will show that
there exist absolute constants 0 < ¢; < ¢a < 1 such that if k € [c1n, can] and if n is sufficiently large,
then Hj,, must have a certain desirable linear algebraic property; this is the only way in which we
use the orthogonality of the rows of Hj, ,,, and takes care of (ii). Next, to deal with (i), we will show
that for any k£ x n matrix A which has this linear algebraic structure, the number of solutions z
in {£1}" to Az = 0 is at most on—(+Ck  where C' > 0 is a constant depending only on ¢; and
ca. Using these improved bounds with the same strategy as for the trivial proof, we see that for n
sufficiently large,

n—1 can
H(n) < H gn—i H 2—C’k
1=0 i=cin
0222
< oy oyt

— i

which gives the desired improvement. We discuss this in more detail in the next subsection.



1.2 Improved Halasz-type inequalities

As mentioned above, our goal is to study the number of {+1}" solutions to an underdetermined
system of linear equations Az = 0 possessing some additional structure. This question was studied
by Haléasz, who proved the following:

Theorem 1.8 (Halasz, [9]). Let ai,...,a, be a collection of vectors in R®. Suppose there erists
a constant § > 0 such that for any unit vector e € R, one can select at least on vectors aj, with
<1

|{(ak,e)| > 1. Then,
1\?
< -
) _C((S,d) <\/ﬁ> )

where €1, ..., €, are independent Rademacher random variables i.e. they take the values £1 with
probability 1/2 each.

n

E €a; —U

i=1

sup Pr
ucRd

The constant ¢(d, d), which is crucial for our applications, was left implicit by Halasz. However,
explicit estimates on this constant may be obtained, as was done by Howard and Oskolkov [12].

Theorem 1.9 ([12]). Let a1, ...,an be a collection of vectors in RY. Suppose that there exists some
m € N such that for every unit vector e € R?, one can select at least m vectors @iy s -y @, With
[(ai;,e)| > 1/(2V/d) for all j € [m]. Then,

n

d
1 1
sup Pr ga; —ul| < =| <C(d) () ,
uERd ; o o 2 \/m
_ (=324 d
where C(d) = (“\/5 ) :
Remark 1.10. When ay, ..., a, and u belong to Z%, as will be the case in our applications, the event

N30 €ai—ulloo < 1/27is equivalent to the event ‘37 | €;a; = w’. In this case, it was noted by Tao
and Vu (Exercise 7.2.3 in [21]) that the condition |(a;,, )| > 1/(2v/d) may be relaxed to [(ai;,e)| > 0.
However, as stated, their proof still gives a constant C'(d) = ©(d)? due to a ‘duplication’ step, which
we will show is unnecessary.

There are two drawbacks to using the results mentioned above for the kinds of applications
we have in mind. Firstly, a constant of the form C(d) = ©(d)? does not give any non-trivial
information when d = Q(n), whereas as discussed in the proof outline, we require an improvement
over the Odlyzko bound for d = ©(n). Secondly, the hypotheses of these theorems, which involve
two quantifiers (‘for all’ followed by ‘there exists’), are quite stringent and not easy to verify; in fact,
we were unable to find any direct applications of Theorem 1.8 in the literature.

Our key structural observation is that a ‘pseudorandom’ rectangular matriz contains many dis-
joint submatrices of large rank. This motivates replacing the double quantifier hypothesis by a
(weaker) hypothesis involving just one existential quantifier which, as we will see, is readily verified
to hold in pseudorandom situations. Moreover, while our hypothesis is weaker, we are able to obtain
conclusions with asymptotically much better constants, since our structural setting allows us to
efficiently leverage the existing rich literature on anti-concentration of sums of independent random
variables and anti-concentration of linear images of high dimensional distributions. In particular,
we are able to give short and transparent proofs of our inequalities for very general classes of dis-
tributions; in contrast, Theorems 1.8 and 1.9 hold only for (vector)-weighted sums of independent
Rademacher variables, and their proofs involve explicit trigonometric manipulations. We discuss
this in more detail in Sections 2.2 and 3.1.

Our first inequality is a strengthening of Theorem 1.9 in the setting of Remark 1.10, both in
terms of the hypothesis and the conclusion. A more general statement appears in Theorem 3.1.



Theorem 1.11. Let aq, ..., a, be a collection vectors in R% which can be partitioned as A, ..., Ay
with ¢ even such that dimga(span{a : a € A;}) =: r;. Then,
Lty

ape[So < () < (VE (0 (1))

Remark 1.12. This inequality is tight, as can be easily seen by taking (assuming n is divisible by

d) a; to be €; mod 4, Where e, ..., eq denotes the standard basis of R, in which case we can take
{=n/dandri=---=r;=d.

To see how Theorem 1.11 strengthens Theorem 1.9, note that the assumptions of Theorem 1.9
guarantee that there exist £ := |m/d] disjoint subsets A, ..., A; such that r; = --- =ry = d. Such
a collection of disjoint subsets can be obtained greedily by repeating the following construction ¢
times: let v1 € {a1,...,a,} be any nonzero vector that has not already been chosen in a previous
iteration. Having chosen vy, ..., v, for s < d, let u, € (span{vy,...,vs})", and let v, 1 be any vector

satisfying [(vs41,us)| > 0 which has not already been chosen in a previous iteration — such a vector
is guaranteed to exist since there are at least m choices of vsy1 by assumption, of which at most
(¢ —1)d < m could have been chosen in a previous iteration. It follows that under the assumptions
of Theorem 1.9, when ay,...,a, € Z%, we have:

n d
1
sup Pr cai—ul| < =| <C'(d) () ,
u€Rd ; o o Vi
d
where C'(d) < %d . In particular, we now have a non-trivial bound all the way up to d = ©(m),

as opposed to just d = O(y/m) as before.
Our second inequality is a ‘small-ball probability’ version of Theorem 1.11. In order to state it,
we need the following definition.

Definition 1.13. The stable rank of A, denoted by rs(A), is defined as

HAH%ISJ

rs(A) == { ,

1|2

where ||Al|us denotes the Hilbert-Schmidt norm of A, and ||A| denotes the operator norm of A.

Remark 1.14. Recall that [|A|| = s1(A) and [|A[|3g = 3525 5,(4)2, where s1(A), sa(A), . .. denote
the singular values of A arranged in non-increasing order. Hence,

= )

Sl(A)2

in particular, for any non-zero matrix A, 1 < ry(A) < rank(A), with the right inequality being an
equality if and only if A is an orthogonal projection up to an isometry.

We can now state our inequality. A more general version appears in Theorem 3.2.
Theorem 1.15. Let ay,...,a, be a collection vectors in R%. For some £ € 2N, let Ay, ..., Ay be a

partition of the set {ai,...,an}, and for each i € [{], let A; denote the d x |A;| dimensional matriz
whose columns are given by the elements of A;. Then, for every M > 1 and € € (0, 1),

[(1—&)rs(A;)]
[

2 ] H(ﬂA\Hs) o

where r5(A;) denotes the stable rank of A; and C' is an absolute constant.

n

E €a; — U

=1

Pr




For illustration, consider a situation like above where the set of vectors aq,...,a, can be parti-
tioned into m/d subsets, each of rank d. Assume further that each a; has norm at least one, so that
each of the m/d matrices has Hilbert-Schmidt norm at least V. Then, if the stable rank of each of
these matrices is at least dd for some 6 > 0, it follows that

n

E €a; —U

i=1

Pr

< 1] < K%,
2

where K < 2(C/ \/ﬁ)(s/ 2 which is a big improvement over the bound coming from Theorem 1.2
provided that ¢ is not too small and d is large.

1.3 Counting {+1}-valued normal matrices

Recall that a matrix M is normal if it commutes with its adjoint, i.e., MM* = M*M (for real
matrices this is the same as M M7 = M7 M). Recently, Deneanu and Vu [4] studied the number of
n x n {£1}-valued normal matrices. Since real symmetric matrices are normal, there are at least

2(n;1) {#1}-valued normal matrices. They conjectured that this lower bound is essentially sharp.

Conjecture 1.16 (Deneanu-Vu, [4]). There are 20-5+0()n* 5 5 p {41} -valued normal matrices.
As a first non-trivial step towards this conjecture, they showed the following.

Theorem 1.17 (Deneanu-Vu, [4]). The number of n x n {x1}-valued normal matrices is at most
9(epv+o(1))n? for some constant cpy < 0.698.

The problem of counting normal matrices also boils down to the problem of counting the number
of solutions to some underdetermined system of linear equations, and using our framework, it is very
easy to obtain an upper bound on the number of such matrices of the form 2(1*0‘)”2, for some a > 0.
Unfortunately, it does not seem that one can get 1 — a < ¢py using this simple method. However,
the proof of Theorem 1.17 in [4] itself uses the Odlyzko bound at a certain stage; therefore, by using
their strategy as a black-box, with the application of the Odlyzko bound at this stage replaced by
our better bound, we obtain:

Theorem 1.18. There exists some § > 0 such that the number of nxn {£1}-valued normal matrices
is at most 2(eov=0+o(DIn® “yhere ¢y denotes the constant in [},

2 Tools

2.1 The Fourier transform

For p € [1,00), let £P(R?) denote the set of functions f: R? — C such that [, |f(z)Pdz < co. For
f € LY(R?), the Fourier transform of f — denoted by .]/c\* is a function from R? to C given by:

fie) = [ s rieaa,

where (z,£) = 21&; + -+ 4 24€4 denotes the standard inner product on RY. For the reader’s
convenience, as well as to establish notation, we summarize the following basic properties of the
Fourier transform which may be found in any standard textbook on analysis (see, e.g., [18]).



(Parseval’s formula) Let f,g € £'(R%) N £2(R9). Then, the Fourier transforms .3 are also in
L£2(R%). Moreover,

f(@)g(@)de = / 7@ de.
R4 Rd

(Convolution formula) For f,g € LY(R?), let f * g: R? — C denote the convolution of f and
gie.

f*g(x) =/ f(x—y)g(y)dy.
]Rd
Then, f * g € LY(R?), and for any ¢ € R?
Frg(€) = F(©)g(e).

e (Fourier inversion) Let f € £L'(R?) be such that f is also in L' (R?). Then, for any 2 € R?

fl@)= [ F@emindc.

(Fourier transform of autocorrelation) Let f € £!(R?) be real-valued, and let h denote the
autocorrelation of f i.e.

h(z) := y fW)f(z+y)dy.
Then, for all £ € RY,
he) = |
The notion of Fourier transform extends more generally to finite Borel measures on R¢. For such
a measure 1, the Fourier transform is a function from R to C given by:

) = /R ey ().

To see the connection with the Fourier transform for functions in £!(R%), note that if the measure p
is absolutely continuous with respect to the Lebesgue measure A, then the density (more precisely,
the Radon-Nikodym derivative) f, := du/dX is in £!(R?), and we have fi(¢) = ﬁ(g)

The only finite Borel measures we will deal with are those which arise as distributions of random
vectors valued in RY. For a d-dimensional random vector X, let py denote its distribution. Then,
we have (see, e.g., [5]):

e (Fourier transform of independent random variables) Let X7, ..., Xy be independent d-dimensional
random vectors, and let Sy := X + - - - + X, denote their sum. Then, for all £ € R,

4
15, (6) = [[ % (€).
i=1

e (Inversion at atoms) Let X be a d-dimensional random vector. For any x € R?,

1

z}) = lim 2w 5 (1) dt,
MX({ }) T1,....,.Tq—o0 VO](B[Tl, R ,Td]) /B[Tl,...,Td] 'uX( )

where B[T, ..., Ty] denotes the box [—T1,T] x --- x [Ty, Tq].

e (Fourier transform of origin-symmetric random vectors) Let X be a d-dimensional, origin-
symmetric random vector i.e. ux(z) = ux(—z) for all z € R%. Then, fix is a real-valued
function.



2.2 Anti-concentration

Definition 2.1. For a random vector X valued in R?, its (Euclidean) Lévy concentration function
L(X,-) is a function from RZY to R defined by:

L(X,0) := sup Pr[|| X — ulj2 < 9].
u€Rd

Anti-concentration inequalities seek to upper bound the Lévy concentration function for various
values of 4. In the discrete setting, a particularly important case is 6 = 0, which corresponds to the
size of the largest atom in the distribution of the random variable X. The proofs of our Halész-type
inequalities will exploit two very general anti-concentration phenomena.

The first principle states that sums of independent random variables do not concentrate much
more than sums of suitable independent Gaussians. In particular, for the weighted sum of inde-
pendent Rademacher variables, Erdés gave a beautiful combinatorial proof to show (improving on
a previous bound of Littlewood and Offord) the following.

Theorem 2.2 (Erdés, [6]). Let a = (a1, ...,ayn) be a vector in R™ all of whose entries are nonzero.
Let S, denote the random sum e1ay +- - -+ €,ay,, where the €;’s are independent Rademacher random
vartables. Then,

(LnT}zJ) 2

~ _

Pr[S, =] <
pPrise = < S5 5

Up to a constant, this was subsequently generalized by Rogozin to handle the Lévy concentration
function of sums of general independent random variables.

Theorem 2.3 (Rogozin, [16]). There exists a universal constant C > 0 such that for any independent
random variables X1, ..., X,, and any r > 0, we have

C
L(Sy,0) < ,
)< S =%, 0)

where S, := X1 + -+ X,,.

The second anti-concentration principle concerns random vectors of the form AX, where A is
a fixed m x n matrix, and X = (Xy,...,X,) is a random vector with independent coordinates. It
states roughly that if the X;’s are anti-concentrated on the line, and if A has large rank in a suitable
sense, then the random vector AX is anti-concentrated in space [17].

As a first illustration of this principle, we present the following lemma, which may be viewed as
a ‘tensorization’ of the Erdgs-Littlewood-Offord inequality.

Lemma 2.4. Let A be an m x n matriz (where m < n) of rank r, and let X be a random vector
distributed uniformly on {£1}". Then for any { € N,

/ r
sup Pr AX(1)++AX(€) =l < <2€< >> 7
uER™ [ ] LE/QJ

where XV X© qre i.i.d. copies of X.

Proof. By relabeling the coordinates if needed, we may write A as a block matrix < g Z )Where

E is an r x r invertible matrix, F' is an r X (n — r) matrix, G is a (m — ) X r matrix, and H is a



E1 0

(m—r) x (n—r) matrix. Let B denote the invertible m x m matrix ( 0 I
m—r

), and note that

I : .
BA = < : I > For a vector v € R® with s > r, let Q,(v) € R" denote the vector consisting of

the first r coordinates of v. Also, let X; () denote the " coordinate of the random vector XU ) let R

denote the collection of random Varlables {Xr+)1’ .. ,XT(Ll), . Xr(i)l, . ,X,(f)}, and let S denote the
collection of random variables {X1 - ,Xﬁl), . ,ng), . Xy)}. Then for any u € R™, we have:
Pr [AX@) +o+ AXO = u] — Pr [BAXU) 4+ BAX® = Bu}

< Pr[Q(BAXW)+ -+ Q. (BAXY) = @ (Bu)]

~ Eg |Br [QT(BAX“)) 4o+ QuBAXO) = QT(Bu)|RH

= [Br[QX) ++ QX ) = JRIR]]

— Eg HPr RERERHED G fi(R)m}]

<

= R H (10)

- ()

where the third line follows from the law of total probability; the fourth line follows from the explicit
form of BA mentioned above; the fifth line follows from the independence of the coordinates of X (7);
and the sixth line follows from the Erdds-Littlewood-Offord inequality (Theorem 2.2). Taking the
supremum over u € R completes the proof. O

Remark 2.5. By using Rogozin’s inequality (Theorem 2.3) instead of the Erdgs-Littlewood-Offord
inequality, we may generalize the lemma to handle any random vector X = (X,...,X,) with
independent coordinates X;, provided we replace the conclusion by

C ’!’/2
sup Pr[AXM + ...+ AX® = 4] < <>
uERI’)“ | < ¢ lC[n] m H

where C is a universal constant.

For the Lévy concentration function for general §, a version of Lemma 2.4 was proved by Rudelson
and Vershynin in [17].

Theorem 2.6 (Rudelson-Vershynin, [17]). Consider a random vector X = (X1,...,Xq) where X;
are real-valued independent random variables. Let §,p > 0 be such that for all i € [d],

L(Xi,0) < p.
Then, for every m x n matriz A, every M > 1 and every € € (0,1), we have
L(AX, M5|[Allns) < (CeMp)! AT,
where C; = C/+/e for some absolute constant C > 0.

More general statements of a similar nature may be found in [17].



2.3 The replication trick

In this section, we present the ‘replication trick’, which allows us to reduce considerations about anti-
concentration of sums of independent random vectors to considerations about anti-concentration of
sums of independent identically distributed random vectors. This will be useful since the ‘correct’
analog of Rogozin’s inequality for general random vectors with independently coordinates is not
available; to our knowledge, the best result in this direction is due to Esseen [7|, who proved an
inequality of this form for such random vectors satisfying additional symmetry conditions, which will
not be available in our applications. The statement /proof of the ‘atomic’ version of the replication
trick (Proposition 2.7) is similar in spirit to Corollaries 7.12 and 7.13 in [21| with an important
difference: we have no need for the lossy ‘domination’ and ‘duplication’ steps in [21]; instead, we
ensure the non-negativity of the Fourier transform at various places by using the previously stated
simple fact that the Fourier transform of the distribution of an origin-symmetric random vector is
real valued, and restricting ourselves to even powers thereof.

Proposition 2.7. Let Xi,..., X, be independent random vectors valued in R?. For each i € [n],
let X; := X; — X], where X’ is an independent copy of X;. Let S, := X1 + -+ X,,, and for any

i € [n], meN, let Szm = X( ) + . .Xi(m), where X( ) X( ™) are independent copies of X;.
Then for any v € R,

n 1
= SH |:Zai/2:0:|al
for any ay,...,an € 4-N such thataf —|—~--+a;1 = 1.
Here, 4 - N denotes the subset of natural numbers given by {4m: m € N}.

Proof. As before, we let ux denote the distribution of the d-dimensional random vector X. We
have:

1 .
_ li —i(t,v) t)dt
HSn (U) Tl,...,ITI“SHoo VO]B[Tl, ce ,Td] ~/B[T1, T c MSn( )

1 .
= lim e " T 1x; (#)dit
Th,....Tqg—00 VOlB[Tl, . ,Td] /B[T17~-~7Td] H MXZ( )

=1
n 1
1 a;
= T, Taseo vOIB[TY, .. ., Tg] 1;[1 </B[T1,...,Td] |ix;, (t)] )
1
" nf LTI () )
Tl,-..,Td—N)O VOlBI:Tl, P ,Td] i1 B[Tl,...,Td] X,L
1
! 1 ﬂ / iz (tdt
= im -
Ty,....Tqg—00 VOlB[Tl, . ,Td] iy BTy, T] Iu’Si,ai/Q
n 1 a%
= lim 1= (t)dt
il;[l <T1,...,Td—>oo VOIB[Tl7 - 7Td] /B[T1,-..,Td] IUS,L-’%,&( ) )
n 1
= 11 (Ms /2(0)) b
=1

where the first line follows from the Fourier inversion formula at atoms; the second line follows
from the independence of X7, ..., X,,; the third line follows from Hoélder’s inequality; the fourth line
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follows from the fact that pg () = |fzx, (t)|? (since the distribution of X; is the autocorrelation of

the distribution of X;); the fifth line follows from the independence of Xi(l) e ,Xi(ai/ 2); and the last
line follows again from the Fourier inversion formula at atoms. O

Remark 2.8. The same proof shows that when X7y, ..., X,, are independent origin symmetric random
vectors, then for any v € R?

8|

i

Pr[S, =v] < H Pr[S;a, = 0]
i=1

for any ay,...,a, € 2N such that afl +---+a,! =1, where Si.a; denotes the sum of a; independent
copies of X;.

The next proposition is a version of Proposition 2.7 for the Lévy concentration function. Es-
sentially the same proof can also be used to prove variants for norms other than the Euclidean
norm.

Proposition 2.9. Let Xi,..., X, be independent random vectors valued in Re. For each i € [n],
let X; := X; — X[, where X! is an independent copy of X;. Let S, := X1 + -+ X,,, and for any
i € [n], meN, let S’lm = XZ.(I) + ...)~(i(m), where Xi(l),...,f(i(m) are independent copies of X;.
Then for any § > 0,

n

L(Sn,0) < 2] £(Si 0572, 40)"

i=1

for any ay,...,a, € 4N such that afl +-ta,l =1,

Proof. Let 1p ) denote the indicator function of the ball of radius ¢ centered at the origin. We
will make use of the readily verified elementary inequality

vol(Bs(0))1p,(0)(7) < 1p,500) * 1,5(0)(2) < vol(Bas(0))1p,,(0)(7)- (1)

By adding to each X; an independent random vector with distribution given by a ‘bump function’
with arbitrarily small support around the origin, we may assume that the distributions of all the
random vectors under consideration are absolutely continuous with respect to the Lebesgue measure
on R%, and thus have densities. For such a random vector Y, we will denote its density with respect
to the d-dimensional Lebesgue measure by fy. Then, for any v € R¢, we have:

Prlisy—vla <8 = [ Lpo@fs (o oo
z€RI
< VOI(BJ(()))_I/ y (15(2s) * 1p(2s)) (2)fs, (x4 v)dz
S

= vol(B5(0)) ™! /E L ©TE (Lo L) (s, ()

2

= Vol(Ba(O))l/ e27”'<f*“>f[ ((%(é))“iﬁc\i(f)) d¢

7_1 (/gERd (13(25)(5))2 G dg) @

IA
<
Q
~
S/
S9)
—~
=
1
—




=

— vol(B;(0)) !

</§6Rd (:5(2\5)(5))2 (?}Z(S))‘g dg) L

(/geRd (Los) * 1p02s)" (f)fgi’%m(g)d.f>

=1

— vol(B;(0))"!

.

=1

= vol(B5(0))~"

.

(/ (1B(2s) * 1B2s)) () fs, . (x)dl‘> '
rER4 %i/2

=1

vol(B5(0) (B [T ([ 1oan (@, (@)’
i=1 T

€Rd

IN

1

ZQqﬁ@ﬂwwﬂbSMD”,
=1

where the second line follows from (1); the third line follows from Parseval’s formula; the fourth
line follows from the convolution formula and the independence of X1, ..., X,; the sixth line follows
from Holder’s inequality, along with the fact that 1/3\(25)(5) is real valued for all ¢ € R?; the seventh
line follows from the fact that |?)Z(§) 2 = fg(ﬁ) for all ¢ € R?; the ninth line follows again from

Parseval’s formula; and the tenth line follows from (1). Taking the supremum over all v € RY gives
the desired conclusion. O

Remark 2.10. As in Remark 2.8, if X1, ..., X, are origin-symmetric, then the same conclusion holds
with S 4, /2 replaced by S;,,, for any ay,...,a, € 2N with afl +otart =1

3 Proofs

3.1 Proofs of Halasz-type inequalities

By combining the tools from Sections 2.2 and 2.3, we can now prove our Haldsz-type inequalities.
All of them follow the same general outline. We begin by proving Theorem 1.11.

Proof of Theorem 1.11. Let Ay, ..., Ay be the partition of {aj,...,a,} as in the statement of the
theorem. For each i € [¢], let A; denote d X |4;| dimensional matrix whose columns are given by
the elements of A;. With this notation, we can rewrite the random vector Y 1 | €;a; as Z§:1 A;Y;,
where Y} is uniformly distributed on {:tl}‘Ajl and Y7,...,Y, are independent.

Since the random vectors X := A1Y1,..., X, := A,Y,, are origin-symmetric, and since £ € 2N,
it follows from Proposition 2.7 and Remark 2.8 that for any u € R¢,

y4
Prlzn:eiai:u] = Pr ZXj:u
j=1

=1

l 1
< Ire -]
i=1
where X](l), . ,X](D are i.i.d. copies of X;. Further, since rank(A;) = r; by assumption, it follows
from Lemma 2.4 that
1 0 _ _ 1) 0 _
Prix(V 4w x =0 = Prigy e+ 4 =0
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= (7))

Substituting this bound in the previous inequality completes the proof. O

By using Remark 2.5 instead of Lemma 2.4, we can use the same proof to obtain the following
more general statement.

Theorem 3.1. Let a1,...,a, be a collection vectors in R% which can be partitioned as Ax, ..., Ay
such that dimga(span{a : a € A;}) =: ;. Let x1,...,x, be independent random variables, and for
each i € [n], let T; == x; — x}, where x} is an independent copy of x;. Then,

L T4
n O\ 2i=1 26
i =u| <27 inf N ;
Zx “ u] - (bl,}.r,lbg)eB <£)\>

=1

sup Pr
ueRd

where A := min;ep, (1 — Lz,(0)) and B = {(b1,...,b) € @AN) o 4 b =1

We now state and prove the general small-ball version of our anti-concentration inequality.

Theorem 3.2. Let ai,...,ay be a collection vectors in R®. Let Ay, ..., As be a partition of the set
{a1,...,an}, and for each i € [{], let A; denote the d x |A;| dimensional matriz whose columns are
given by the elements of A;. Let x1, ...,y be independent random variables, and for each i € [n], let

T; := x; —xj, where x; is an independent copy of x;. Let 6, A > 0 be such that min,cp, (1 —L(Z;,9)) =
A. Then, for every M > 1 and € € (0,1),

‘ [(1—2)rs(A)]

i CM b
L ia;, Mo | <  inf T )
(;” ‘ ) o e 1] (mnAian)

i=1
where r5(A;) denotes the stable rank of A;, C is an absolute constant, and B = {(by,...,bs) € (4N)’ :
byt b =10

Proof. As before, we begin by rewriting the random vector ) ;" | z;a; as Zle A;Y;. From Proposi-
tion 2.9, it follows that for any (b1,...,by) € B,

n l
L (Z xiai,McS) = L <Z A%M&)
=1

=1

IA

. 1
21 ¢ (Ai (ffim St ﬁ(bm)) ,4M6) o
i=1
Next, since 1 — L(Z;,d) > X for all i € [n], it follows from Theorem 2.3 that

£(¢}+---+:E§bi/2),5) < Z)\’

where C' is an absolute constant. In particular, all of the (independent) coordinates of the random

vector ffi(l) 4+ 4 f/i(bi/ 2 have 0-Lévy concentration function bounded by C'/v/b;\. Hence, it follows
from Theorem 2.6 that

r (Ai (177;(1) +m+}7i(bi/2)> ,4M5) < <\/<W§|]!WAZHHS

where C' is an absolute constant. Substituting this in the first inequality completes the proof. O

Y

) [(1—e)rs(Ai)]
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Remark 3.3. When the x;’s are origin symmetric random variables, we may use Remark 2.10 instead
of Proposition 2.9 to obtain a similar conclusion — with the infimum now over the larger set B’ =
{(b1,....b)) € @N) 1 b7 " + -+ + b1 =1} — under the assumption that min;ep, (1 — L(2,0)) = A.
In particular, if £ is even, then taking by = --- = by = £ gives Theorem 1.15.

3.2 Proof of Theorem 1.2

As in Section 1.1.1, let Hy,,, denote a k x n matrix with all its entries in {£1} and all of whose rows
are orthogonal. For convenience of notation, we isolate the following notion.

Definition 3.4. For any 7,/ € N, a matrix M is said to admit an (r,¢)-rank partition if there
exists a decomposition of the columns of M into ¢ disjoint subsets, each of which corresponds to a
submatrix of rank at least r.

Note that the existence of an (r, £)-rank partition is a uniform version of the condition appearing
in Theorem 1.11. The next proposition shows that any Hj,, with k admits an (7, £)-rank partition
with r and ¢ sufficiently large.

Proposition 3.5. Let r,{ € N such that 2 < £,r < k and (¢20)F < (n/r)*=". Then, Hy,, admits an
(r, £)-rank partition.

Proof. The proof proceeds in two steps — first, we show that Hj, contains many non-zero k x k
minors, and second, we apply a simple greedy procedure to these non-zero minors to produce an
(r, £)-rank partition for the desired values of r and /.
The first step follows easily from the classical Cauchy-Binet formula (see, e.g., [2]), which asserts
that:
det(Hy o Hy,) = Y det(A)?,
AeMy

where M, denotes the set of all k x k submatrices of Hy ,,. In our case, Hk’nlen = nldg, so that
det(Hka,Zn) = n*. Moreover, since each A € M, is a k x k {£1}-valued matrix, det(4)? < k*
(with equality attained if and only if A is itself a Hadamard matrix). Hence, it follows from the
Cauchy-Binet formula that H,, ; has at least (n/k)* non-zero minors.

Next, we use these non-zero minors to construct an (r, £)-rank partition in ¢ steps as follows: In
Step 1, choose r columns of an arbitrary non-zero minor — such a minor is guaranteed to exist by
the discussion above. Let Ci denote the union of the columns chosen by the end of Step k, for any
1<k</{¢—1. In Step k+ 1, we choose r linearly independent columns which are disjoint from Cp.
Then, the ¢ collections of  columns chosen at different steps gives an (r, £)-rank partition of Hy, .

Therefore, to complete the proof, it only remains to show that for each 1 < k < /£ — 1, there is a
choice of r linearly independent columns which are disjoint from Cj. Since |C| = rk, this is in turn
implied by the stronger statement that there is a choice of r linearly independent columns which are
disjoint from any collection C of at most ¢ columns. In order to see this, we note that the number
of k x k submatrices of Hj, ,, which have at least k — r columns contained in C is at most:

S ()0 = (D))
(%) (2
O

IN
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where the first inequality uses 2 < £ and the final inequality follows by assumption. Since there are
at least (n/k)* non-zero minors of H, kn, it follows that there exists a k x k submatrix A1 of Hy, s
of full rank which shares at most k — r columns with Cy. In particular, Ay, contains r linearly
independent columns which are disjoint from Cg, as desired. O

The previous proposition essentially completes the proof of Theorem 1.2. Indeed, recall from
Section 1.1.1 that it suffices to show the following: there exist absolute constants 0 < ¢; < ¢o < 1
and C' > 0 such that for all k& € [cin,con], the number of solutions x € {£1}" to Hy,z = 0 is
at most 21+ The previous proposition shows that Hy, ,, admits an (r, £)-rank partition with
r = |k/2] and ¢ = |\/n/ke*|. Hence, from Theorem 1.11, it follows that for k € [1,7/15000], the
number of solutions z € {£1}" to Hy ,z = 0 is at most on—(1+1/10)k  which completes the proof.

Remark 3.6. For our problem of providing an upper bound on the number of Hadamard matrices,
we could have used the somewhat simpler Proposition 3.8 (instead of Proposition 3.5), which shows
that there are very few Hj, which do not admit an (7, ¢)-rank partition for sufficiently large 7, Z.
However, we used Proposition 3.5 to show that it is easy to find such a rank partition even for a
given k X n system of linear equations A — indeed, the proof of Proposition 3.5 goes through as long
as det(AAT) is ‘large’ (which is indeed the case for random or ‘pseudorandom’ A), and all k x k
minors of A are uniformly bounded (which is guaranteed in settings where A has restricted entries,
as in our case).

3.3 Proof of Theorem 1.18

In this section, we show how to obtain a non-trivial upper bound on the number of {+1}-valued
normal matrices using our general framework. As mentioned in the introduction, this bound by itself
is not stronger than the one obtained by Deneanu and Vu [4]; however, it can be used in their proof
in a modular fashion to obtain an improvement over their bound, thereby proving Theorem 1.18.
As the proof of Deneanu and Vu is quite technical, we defer the details of this second step to
Appendix A.

Following Deneanu and Vu, we consider the following generalization of the notion of normality:

Definition 3.7. Let N be a fixed (but otherwise arbitrary) n x n matrix. An n x n matrix M is
said to be N-normal if and only if

MMT — MTM = N.

For any n x n matrix N, we let N'(IV) denote the set of all n x n, {£1}-valued matrices which are
N-normal. In particular, A'(0) is the set of all n x n, {£1}-valued normal matrices. The notion of
N-normality is crucial to the proof of Deneanu and Vu, which is based on an inductive argument —
they show that the quantity 2(epv+o())n® i Theorem 1.17 is actually a uniform upper bound on the
size of the set N'(N) for any N. While this general notion of normality is not required to obtain some
non-trivial upper bound on the number of normal matrices, either using our framework or theirs,
we will state and prove the results of this section for N-normality, since this greater generality will
be essential in Appendix A.

We begin by introducing some notation, and discussing how to profitably recast the problem of
counting N-normal matrices as a problem of counting the number of solutions to an underdetermined
system of linear equations. Given any matrix X, we let 7;(X) and ¢;(X) denote its i*" row and column
respectively. With this notation, note that for a given matrix M, being N-normal is equivalent to
satisfying the following equation for all i, j € [n]:

T‘Z(M)TJT(M) — Ci(M)TCj(M) = Nl] (2)
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In particular, writing M in block form as:

| Ax By
M_[Ck Dk]’

where Ay is a k X k matrix, we see that (2) amounts to the following equations:
(i) For all 4,5 € [k]:
) . T ) ) T ) T,.. ) T,.. — N..
ri(Ap)ri(Ak)” +ri(Br)ri(Be)" — ci(Ag)” ¢j(Ax) — ci(Cr)" ¢j(Cr) = Nij.
(1) For all i € [k],j € [n —k]:
ri(Ar)ri (Ci) T +1i(Bi)rj(Di)" — ei(Ar) e (Br) — ¢i(Cr)"ej(Dk) = Nijgj-
(131) For alli,j € [n — k:
ri(Ci)ri(Ck)" + ri(Di)rj(Di)" — ci(Bx)"¢;(Br) — ei(Di)"¢;(Dy) = Nitikoj-

We now rewrite this system of equations in a form that will be useful for our application.
Following Deneanu and Vu, we will count the size of N'(NN) by constructing N-normal matrices in
n + 1 steps, and bounding the number of choices available at each step. The steps are as follows:
in Step 0, we select n entries dy, . ..,d, to serve as diagonal entries of the matrix M; in Step k for
1 < k < n, we select 2(n—k) entries so as to completely determine the k%" row and the k™ column of
M — of course, these 2(n — k) entries cannot be chosen arbitrarily, and must satisfy some constraints

coming from the choice of entries in Steps 0,...,k — 1.
More precisely, let M, denote the structure obtained at the end of Step k. Then,

Ay | By,
dp+1 % %
M. =
F Ck * L% ’ 3)
* * dp,

where the *’s denote the parts of Dy which have not been determined by the end of Step k. Observe
that the matrix Ay, together with the first column of Bj, the first row of Cj, and the diagonal
element dy,1 forms the matrix Agyq1; in particular, the matrix Ag,q is already determined at the
end of Step k. Moreover, both By, and Cjy1 are determined at the end of Step k up to their last
row and last column respectively.

In Step k + 1, we choose 7;4+1(Bg+1) and ¢x11(Cg+1). In order to make this choice in a manner
such that the resulting M}, admits even a single extension to an N-normal matrix, it is necessary
that for all ¢ € [k]:

Pt (A )75 (Aps1) T 7551 (B )17 (Brg1) =it (A1) ¢i(Apg1) — g1 (Cri1) T ¢i(Crs1) = Nigr i

Since Ajy1 is completely determined by the end of Step k, and since N is fixed, we can rewrite
the above equation as: for all i € [k],

a1 (Brs1)r] (Big1) — cha1(Crr) " €i(Crgr) = Niy 4 (4)

for some Nj_ ,; which is uniquely determined at the end of Step k. Let N be the k-dimensional
column vector whose " entry is given by Niy1 4 let Ty, == [U V] be the k x 2(n — k — 1) matrix
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formed by taking U to be the matrix consisting of the first k& rows of By and V7 to be the matrix
consisting of the first k& columns of Cj41, and let zj be the 2(n — k — 1)-dimensional column vector

F.(B
given by xj := [ P41 (Bri) } . With this notation, (4) can be written as:
—Ch1(Crt1)

Tkxk =N ]Ic (5)
The next proposition is the analogue of Proposition 3.5 in the present setting.

Proposition 3.8. Let 0 < v < 1 be fized, and let M be a random m x n' {+1}-valued random
matriz. Let €, denote the event that M does not admit a (ym,£)-rank partition. Then,

Pr(&, ] < 9—(1=7)*mn/+(1=7)*(m2e+m?)+0(n’)

The proof of this proposition is based on the following lemma, which follows easily from Odlyzko’s
lemma (Lemma 1.5).

Lemma 3.9. Let 0 < v < 1 be fized, and let M be a random m x m {£1}-valued random matriz.
Then,
Pr[rank(M) < ym] < 9—(1=7)2m?+0(m)

Proof. For any integer 1 < s < m, let R denote the event that rank(M) = s. Since
m ym
Pr[rank(M) < ym| = Pr [\/ RS] < ZPr[RS],
s=1 s=1

it suffices to show that Pr[R,] < 2-(1=*m*+0(m) for all s € [ym]. To see this, note by symmetry

that
m

Pr[R,] < ( )Pr [Rs ANTg]

S

where 7 is the event that the first s rows of M are linearly independent. Moreover, letting
Tls+1,n) (M) denote the set {rs41(M),...,r(M)} of the last m — s rows of M, and Vs denote the
random vector space spanned by the first s rows of M, we have:

Pr[RsATZig] < Prlraiim C Vi

= > Prlrjpa(M) C Vilrd(M) = v;,1 < i < 5] Pr[r(M) = v;,1 <i < s
v1,...,0sE{E£1}™

= > [T Priry(M) € Vilrs(M) =vi,1 < i < s] | Prir(M) =v;,1 < i <5
V1,..,0s€{E£1}™m \J=s+1

Z 2(5=m)M=5) Pr [ (M) = v;,1 < i < 5]
V1,0 €E{E1}™

2
)

IN

- 99— (m—s)

where the second line follows from the law of total probability; the third line follows from the
independence of the rows of the matrix M; and the fourth line follows from Odlyzko’s lemma
(Lemma 1.5) along with the fact that conditioning on the values of r (M), ..., rs(M) fixes V5 to be
a subspace of dimension at most s.

Finally, since m — s > (1 — v)m and (rg) < 2™ we get the desired conclusion. O
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Proof of Proposition 3.8. For each i € [t], where t = [n//m], let A; denote the m x m submatrix of
M consisting of the columns ¢(;_1)p41(M), ..., cim(M). Then,

Pri&, ] < Pr[|{i € [t] : rank(A;) < ym}| >t —{].
By Lemma 3.9, we have for each ¢ € [t] that
Prrank(A4;) < ym]| < 9~ (1=7)*m*+0(m)

Therefore, since the entries of the different A;’s are independent, the probability of having more
than t — ¢ indices i € [t] for which rank(4;) < ym is at most:

t
3 (t) (2—<1—7>2m2+o<m>)’“ < golg-(—)Im2(t—0)+0(m)
k=t—(+1 k
< 27(177)2m2t+(177)2m2f+0(tm)
< 2*(1*’Y)2mn/+(1*7)2(m2€+m2)+0(n’)7
which completes the proof. O

We need one final piece of notation. For 1 < k < n, we define the set of k-partial matrices —
denoted by Py — to be {£1, *}-valued matrices of the form (3). For any n x n {£1}-valued matrix
M, let My, denote k-partial matrix obtained by restricting M. For any 1 < k < n and any n X n
matrix IV, we define:

Sk(N) :={P € Py : P = M, for some M which is N-normal}.

In words, Si(N) denotes all the possible k-partial matrices arising as restrictions of N-normal
matrices. The following proposition is the main result of this section.

Proposition 3.10. There exist absolute constants 5,0 > 0 such that for any n X n matriz N,
‘Sﬂn(N)‘ < 2(257ﬁ2)n276n2+0(n2)‘

Given this proposition, it is immediate to obtain a non-trivial upper bound on the number of
{£1}-valued N-normal matrices. Indeed, any N-normal matrix must be an extension of a matrix in
San(IN); on the other hand, any matrix in Sg, (V) can be extended to at most 2(1=)*n* N_normal
matrices (as Dg, is an n(1 — ) x n(1 — ) {£1}-valued matrix). Hence, the number of N-normal
matrices is at most 2(26-F)n*=n*+(1=5)*n* _ 9(1-0)n*+o(n?)

Proof. For any m-partial matrix P and for any 1 < k < m, let Ti(P) denote the k x 2(n — k — 1)
matrix obtained from P as in (5). We will estimate the size of Sg,,(IV) by considering the following
two cases.

First, we bound the number of partial matrices P in Pg, such that for some fn/2 < k < fn,
Ti(P) does not admit a (vk, £ )-rank-partition, where ¢ = n'/2k,n’ =2(n—k—1),and 0 <y < 1
is some constant to be chosen later. For this, note that Proposition 3.8 shows that there are at most

2k’n’—(1—7)2kn’+(1—'y)2(k2£k+k2)+0(n’) _ 2kn’—(1—7)2kn’/4+0(n’)

choices for such a Ty (P), provided k < n’/4, which holds for (say) 8 < 1/4. Since the remaining
unknown entries of P which are not in T (P) are {£1}-valued, this shows that the number of gn
partial matrices satisfying this first case is bounded above by

9(26—B2)n?—n2(1-7)2B(1-B) /4-+o(n?)

)
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for all 8 < 1/4.

Second, we bound the number of partial matrices P € Sgy,(N) which have the additional property
that Ty (P) admits a (vk, £ )-rank-partition for all fn/2 < k < fn. In this case, Theorem 1.11 shows
that for any n/2 < k < fn, the number of {£1}-valued solutions to (5) Ty(P)xr = N’ is at most

22(n—k—1)€’;7k/2 < 22(”—]@)_%’C log, 2%7 (6)

where in the last inequality, we have used 2(n — k — 1) > n for all k£ < fn, which is certainly true

for B < 1/4. In other words, for a fixed Tj(P), there are at most 92(n—k—1)= log, 35 ways to extend
it to Ti41(P’) for some P’ € Sg,(N). Hence, it follows that the number of matrices in S, (N) with
this additional property (stated at the beginning of the paragraph) is at most:

g@B—B? =75 o B log 5t o(26—F2)n? —ny 52 logy(1/28)/8-+o(n?)

for 5 < 1/4. Combining these two cases completes the proof. O

Remark 3.11. In particular, if we take v = 3/4, it follows that for 3 sufficiently small (say 8 < 2719),
we can take § > (2.
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A Completing the proof of Theorem 1.18

We now show how to combine the strategy of Deneanu and Vu with Section 3.3 in order to prove
Theorem 1.18. We begin with a few definitions.

Definition A.1. Let S, denote the symmetric group on n letters. For any o € S,, and for any n xn

matrix M, we define
M, := P,MPT,

where P, is the permutation matrix representing ¢. In other words, M, is the matrix obtained from

M by permuting the row and columns according to o.

The previous definition motivates the following equivalence relation ~ on the set of nxn matrices:
given two n X n matrices M and M’, we say that M ~ M’ if and only if there exists o € S,, such
that M’ = M,. The next definition isolates a notion of normality which is invariant under this
equivalence relation.

Definition A.2. Let N be a fixed n X n matrix. We say that an n x n matrix M is N-normal-
equivalent if and only if there exists some o € S, such that MMT — MTM = N,.
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By definition, it is clear that for any N and for any M ~ M’, M is N-normal-equivalent if
and only if M’ is N-normal equivalent. On the other hand, as we will see below, one can find a
permutation pys for any matrix M such that for the matrix M’ := M,,,, the ranks of many of the
matrices Tp(M'),1 < k < n are large, where Ty(M') denotes the matrix from (5). Therefore, by
Odlyzko’s lemma, we will be able to obtain good upper bounds on the probability of the random
matrix M’ := M,,, being C-normal, for any fixed C, which then translates to an upper bound on

the probability of N-normality of M as follows: for any fixed N,

Pr[M is N-normal] < Pr[M is N-normal-equivalent]

= Pr[M,,, is N-normal-equivalent]
< Z Pr[M,,, is Ny-normall
UESn
< nlsup Pr[M,,, is Ny-normal]
gESy
< 220 qup Pr [M,,, is C-normal],
CeMnxn

where M, «., denotes the set of all n x n matrices, and we have used the fact that n! = 20(n?) Hence,
it suffices to provide a good uniform upper bound on the probability that the random matrix M,,,
is N-normal for any fixed V.

To make the special property of the matrix M, precise, we need the following functions, defined
for all integers 1 < s <t < n:

i if0<i<s

s ifs<i<t
s+t—i ift<i<2n-—s—t
2n—2i if2n—s—t<i<n.

Rsyt(i) =

The next proposition is one of the key ideas in the proof of Deneanu and Vu.

Proposition A.3 (Permutation Lemma, Lemma 3.5 in [4]). Let M be any (fized) n x n matriz.
Then, there exist s,t € N and pyr € Sy, such that M,,, satisfies:
rank(7; (M,

PM

)) = Rs+(i) for all 1 <i <n.

For a fixed matrix N, let N +(N) denote the set of {£1}-valued n x n matrices M such that M is
N-normal, and rank(7;(M)) = Rs.(i) for all i € [n]. Then, it follows from the previous proposition
that M,,, is N-normal if and only if M,,, € |J;<s<;<, Ns¢(IN). This, in turn, can happen only if M
itself is one of the at most n!>__, [N (V) matrices obtained by permuting the rows and columns
of Ns+(N). Hence, it suffices to provide a good upper bound on [N (N)| uniformly in N, s and ¢.

Deneanu and Vu note (Observation 3.7 in [4]) that N, is empty unless the following restrictions

on s and t are met:
o 1 <s<2n/3, and
e S <n—t<s.

Then, letting ,
B = sup{c > 0: [N (N)| < 270 for all 5,¢, N},

and for some small fixed (but otherwise arbitrary) e > 0, letting

a:=0—¢,
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they show (Lemmas 5.1 and 5.4 in [4]) the following:

) min (29 (n,s,t)—&-o(nz)’ 2f(a,n,s,t)+o(n2)) 5 < %
<n N
"/\/’S,t(N)’ > 2 X min 292(n,k,t)+0(n2)7 2f(a,n,k,t)+o(n2)) s Z % ) (7)
where
flaym,s,t) == (1—a)t?—s?/2—n>+ns
gi(n,s,t) = t>—3s%+2sn+ st — 2nt
g2(n,s,t) = n?+ s> +t>+ st — 2sn — 2nt.

Finally, they analyze (7) to obtain their bound on /. For this, they note that since for fixed s, both
g1 and go are decreasing functions of ¢ while f is an increasing function of ¢, the worst restrictions
on f3 (i.e. those requiring S to be small) can only be obtained in one of the following six cases:

1. t=n—s and s < n/2, which places the restriction 5 < 0.425;

2. t =n—s/2 and s < n/2, which places the restriction 8 < 0.307,;

3. t=n—s/2 and s > n/2, which places the restriction 8 < 0.3125;

4. t = s and s > n/2, which places the restriction 8 < 0.323,;

5. fla,n,s,t) = ga(n,s,t) and s > n/2, which places the restriction § < 0.307; and finally,
6. f(a,n,s,t) =gi(n,s,t) and s < n/2, which places the worst restriction 5 < 0.302.

Hence, any improvement in Case 6 translates to an overall improvement in their bound. Moreover,
note that for 1 < s < g, Case 6 only leads to the restriction 3 < 0.7. Therefore, it suffices to
improve Case 6 for {5 < s < 5. We will do this using Proposition 3.10.
We start by showing how to deduce the upper bound g;(n, s,t), as in [4]. For any 0 < k < n, we
define
Sk (s,1)(N) := {P € Py : P = My, for some M € Ny (N)},

where recall that P; denotes the set of k-partial matrices, and M} denotes the k-partial matrix
associated to M. By definition, the number of ways to extend any k-partial matrix in Sy, (54 (N)
to a (k + 1)-partial matrix in Sy, (s4) (V) is at most the number of {£1}-valued solutions to :
Tyxr = N, which is at most gmax{2(n—k—1)—rank(Tk).0} 1y Odlyzko’s lemma (Lemma 1.5). Hence, it
follows that the total number of matrices in Ny (V) is at most

‘Ns’t(Nﬂ S 20(n2) H QmaX{z(TL—k—1)—rank(Tk)70}
k=0

n
_ 20(17,2) H 2max{2(n—k)—Rs7t(i),0}
k=0
2
_ 2gl(n,s,t)+o(n )’
where the second equality follows from the definition of N, +(IN) and the last equality follows by
direct computation.
To obtain our improvement, we note that above computation may be viewed in the following
two steps:
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o N1 (N)| < 20("2)|Sﬁn7(37t) (M T k=pns1 gmax{2(n—k—1)—rank(Tk).0} " which is true for any 0 <
6<1

e For 0 < 8 < 1 such that fn < s,

Bn
|S[3n,(s,t)(N)| < 20(”2) H QmaX{Q(nfkfl)—rank(Tk),o}
k=0

Bn
_ 20(n2) H 22(n—l~c)—rank(Tk)
k=0

Bn
_ 20(n2) H22n—3k
k=0
_ 92820 24o(n?)

In particular, by our assumption on s, we know that this holds for (say) 8 = 2710,

However, by Proposition 3.10 and Remark 3.11, we already know that for 8 = 2719,

Spn sty (V)] < [Spn(N)]
< 9(2B=B*)n*—f?n+o(n?)
Using this improved bound in the previous computation, we get that |[N;(N)| < oh(n.s,t)+o(n?) ,
where 5
h(n,s,t) = gi(n,s,t) — 5; :

Hence, we have showed that Case 6 can be replaced by the following two cases:

Case 6.1 f(a,n,s,t) =gi(n,s,t) and s <n/10
Case 6.2 f(a,n,s,t) = h(n,s,t) and n/10 < s <n/2,

each of which place a restriction on 8 which must be larger than the constant cpy obtained in [4].
This completes the proof of Theorem 1.18.
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