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How	does	Poincaré	argue	for	his	conventionalism	about	geometry?	In	particular,	

what	features	of	geometry	does	his	argument	rely	on?	According	to	some	common	

interpretations,	Poincaré’s	argument	depends	on	features	that	are	not	unique	to	

geometry.	For	instance,	on	one	recent	reading	(Gimbel	2004),	Poincare’s	

conventionalism	amounts	to	nothing	more	than	trivial	semantic	conventionalism:		

the	truth	of	a	geometrical	sentence	such	as		“the	distance	from	A	to	B	>	the	distance	

from	C	to	D”	depends	inter	alia	on	the	meaning	of	the	word	“distance”;	but	which	

meaning	we	assign	to	the	word	“distance”	is	simply	a	conventional	fact	about	our	

language;	so	the	truth	of	the	sentence	is	a	matter	of	convention.	Since	it	is	clear	that	

this	argument	could	be	run	for	any	sentence	(this	is	why	it	is	“trivial”),	this	

interpretation	of	Poincaré’s	conventionalism	turns	only	on	the	mundane	fact	that	

sentences	of	geometry	are	composed	of	words.		

	 Interpretations	that	assimilate	Poincaré’s	argument	to	Duhemian	arguments1	

based	on	underdetermination	also	turn	on	a	feature	that	is	not	unique	to	geometry:	

1.The	metric	of	space	is	underdetermined	by	our	a	priori	and	empirical	

evidence.	

                                                             
1	For	examples	of	interpreters	who	attribute	this	argument	to	Poincaré,	see	Stump	
1989,	note	52;	Ben	Menahem	2006	presents	a	more	sophisticated	version	of	this	
reading.		
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2.Given	such	underdetermination,	only	convention	can	be	used	to	decide	on	a	

metric.	

3.Matters	of	convention	are	not	matters	of	fact.2	

So,	the	metric	of	space	is	not	a	matter	of	fact,	but	of	convention.				

Poincare’s	famous	sphere	argument	in	“Space	and	Geometry”	(1895/1913)3	might	

be	cited	in	support	of	premise	1.	Poincare	imagines	beings	living	in	the	interior	of	a	

sphere	with	a	temperature	field	that	decreases	to	absolute	zero	at	the	boundary	of	

the	sphere	according	to	the	formula	R2-r2,	where	R	is	the	radius	of	the	sphere	and	r	

is	the	distance	of	a	point	from	the	center.	If	the	sizes	of	bodies	contract	

proportionately	to	their	temperature,	no	body	could	travel	in	finite	time	and	at	finite	

speed	from	the	center	of	the	sphere	to	its	boundary,	since	the	body	will	get	smaller	

and	smaller	as	it	travels	toward	the	boundary.	It	would	be	consistent	with	all	of	our	

a	priori	and	empirical	evidence	to	say	of	such	beings	that	they	live	in	an	infinite	

world	where	the	metric	is	hyperbolic.	Alternately,	it	would	be	consistent	with	the	

empirical	and	a	priori	evidence	to	claim	that	they	live	in	a	finite	region	within	a	

space	where	the	metric	is	Euclidean,	as	long	as	we	modify	our	usual	physical	laws	to	

include	the	temperature	field	I	described	above.	Furthermore,	Poincaré	supposes	

that	light	within	the	disc	refracts	with	an	index	of	refraction	inversely	proportional	

                                                             
2	As	Poincaré	uses	the	term	“convention,”	a	“convention”	is	not	a	truth	and	so	also	
not	a	matter	of	fact.	See,	e.g.,	(1891/1913,	39).		
3	The	original	French	version	of	this	essay	appeared	in	1895.	It	was	lightly	revised	–	
i.e.,	one	paragraph	was	removed	–	and	republished	in	1902	in	the	French	version	of	
Science	and	Hypothesis,	which	was	then	translated	into	English	in	1905,	and	then	re-
translated	into	English	(by	George	Halsted)	in	a	far	superior	translation	from	1913.	I	
cite	page	numbers	from	the	1913	English	re-translation.	But	I	also	include	the	
publication	date	of	the	original	essays	as	well,	since	the	original	publication	dates	
will	be	important	in	my	discussion	of	Russell	and	Poincaré	below.	
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to	R2-r2.	In	such	a	world,	beams	of	light	will	travel	in	circular	arcs	within	the	sphere	

(see	figure	1).	Again,	we	can	describe	the	paths	of	the	light	beams	as	straight	lines	

that	obey	hyperbolic	geometry,	or	we	can	describe	them	as	circular	arcs	that	obey	

Euclidean	geometry	–	as	long	as	we	modify	our	usual	physical	laws	to	include	this	

law	of	refraction.	Since	our	total	physical	theory	–	including	our	physical	laws	and	

our	geometry	--	faces	experience	only	as	unit,	we	get	the	usual	Duhemian	conclusion	

that	both	alternatives	are	consistent	with	all	of	our	evidence,	and	so	it	is	only	

convention	and	not	matters	of	fact	that	determine	which	geometry	to	choose	for	

such	a	world.	

	 On	the	Duhemian	reading,	the	relevant	fact	about	geometry	that	leads	to	

conventionalism	is	just	the	fact	that	geometrical	sentences	are	part	of	our	total	

physical	theory.	This	makes	the	Duhemian	reading	very	unattractive.4	It	would	seem	

then	that	every	sentence	in	every	physical	theory	would	turn	out	conventional,	

which	would	just	collapse	the	distinction	between	matter	of	fact	and	convention	and	

thereby	leave	conventionalism	without	much	interest.	Moreover,	there	are	parts	of	

our	total	science	that	Poincaré	clearly	thinks	are	not	conventional.	In	particular,	

Poincare	seems	to	believe	that	it	is	not	a	convention	that	space	allows	for	

displacements	that	form	a	group,5	and	he	also	believes	that	all	of	arithmetic	consists	

of	synthetic	a	priori	truths,	not	conventions.	

	 Because	of	the	failures	of	these	readings,	Ben	Menahem	2006	has	argued	that	

this	Duhemian	argument	needs	to	be	supplemented	by	specific	facts	about	

geometry.	On	her	reading,	what	is	important	about	the	sphere	model	of	hyperbolic	
                                                             
4	See	Stump	1989	and	Friedman	1999.	
5	1895/1913,	53.	
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geometry	is	that	it	provides	a	recipe	for	systematically	redescribing	every	fact	about	

the	geometry	of	a	Euclidean	world	in	hyperbolic	terms	and	vice	versa.	It	thus	gives	a	

convincing	case	for	the	underdetermination	of	the	geometry	of	physical	space	by	all	

possible	evidence.	Poincare’s	argument,	on	her	reading,	does	not	employ	or	require	

a	general	Duhemian	argument	(based,	say,	on	global	confirmation	holism	about	our	

total	physical	theory),	and	so	does	not	generalize	beyond	the	very	special	case	of	the	

metric	of	space.	

	 One	difficulty	with	this	kind	of	reading	–	a	difficulty	I’ll	return	to	below	–	is	

that	this	argument	for	conventionalism	depends	only	on	the	existence	of	Euclidean	

models	of	non-Euclidean	spaces,	and	these	models	predated	Poincare’s	writings	in	

the	philosophy	of	geometry.	This	reading	thus	leaves	it	unexplained	why	Poincaré	

was	led	to	conventionalism	when	other	geometers	(who	also	understood	these	

models	perfectly	well)	were	not.	

	 A	reading	that,	if	successful,	would	explain	why	Poincaré	was	led	to	

conventionalism	when	other	geometers	were	not	is	provided	by	Michael	Friedman.	

According	to	Friedman	1999,	Poincaré	argues	(on	philosophical	grounds)	that	we	

can	know	a	priori	the	synthetic	claim	that	space	has	a	group	theoretic	structure	that	

allows	for	free	mobility.	By	the	Helmholtz-Lie	theorem,6	this	requirement	restricts	

the	possible	geometries	to	those	with	constant	negative,	positive,	or	zero	curvature,	

but	does	not	privilege	one	over	another.	Moreover,	Friedman	argues	that	Poincaré	

was	committed	to	a	hierarchy	of	the	sciences,	where	the	sciences	are	ordered	by	

level	of	fundamentality	in	such	a	way	that	no	fact	in	a	more	fundamental	science	can	

                                                             
6	Stein	1977.	
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be	determined	by	a	fact	of	a	less	fundamental	science.	This	hierarchical	picture	thus	

rules	out	appealing	to	empirical	facts	to	decide	on	the	correct	geometry.			This	

reading	thus	gives	an	argument	by	elimination	for	conventionalism:	

1. Euclid's	postulate	is	either	an	analytic	truth,	a	synthetic	a	priori	truth,	an	

empirical	truth,	or	a	convention.	

2. The	existence	of	models	of	non-Euclidean	geometry	show	that	Euclid's	

postulate	is	not	analytic.	

3. Euclid’s	postulate	is	not	synthetic	a	priori,	since	we	can	know	a	priori	

only	that	space	has	a	group	theoretic	structure	that	allows	for	free	

mobility,	which	(by	Helmholtz-Lie)	does	not	decide	the	truth	of	Euclid’s	

postulate.	

4. Euclid's	postulate	cannot	be	an	empirical	truth,	since	the	sciences	are	

arranged	hierarchically.	

5. So,	it	is	a	convention.	

	 There	are	many	features	of	this	interpretation	that	are	attractive.	It	explains	

why	Poincaré	was	led	to	his	conventionalism	when	other	geometers	were	not,	and	

why	Poincaré	did	not	consider	all	of	geometry	to	be	conventional,	let	alone	all	

sciences.	Moreover,	this	reconstruction	of	the	argument	nicely	captures	the	

argumentative	structure	of	“Non-Euclidean	Geometries”	(1891/1913)	–	Poincaré’s	

first	sustained	defense	of	conventionalism	–	which	clearly	argues	in	an	eliminative	

way.7	One	might	take	issue	with	some	features	of	this	reconstruction,8	but	it	is	not	

                                                             
7	A	similar	eliminative	argument	appears	in	Poincaré	1887,	214-6.	
8	In	particular,	Dunlop	2016	argues	that	there	is	little	ground	for	attributing	a	
hierarchical	picture	of	the	sciences	to	Poincaré.	
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my	goal	in	this	paper	to	decide	on	its	fidelity.	(Indeed,	as	I’ll	claim	below,	I	do	not	

believe	that	there	is	a	unique	argument	that	Poincaré	puts	forward	for	

conventionalism.	Rather,	he	supplemented	his	arguments	and	added	new	ones	over	

the	nearly	twenty	years	of	his	writings	on	the	philosophy	of	geometry.)	What	is	not	

well	known,	is	that	there	was	a	quite	different	interpretation	of	Poincaré	that	shares	

the	same	interpretive	virtues	and	was	in	fact	offered	up	in	Poincaré’s	lifetime	by	one	

of	his	foremost	critics.	Bertrand	Russell,	in	his	early	book	Essay	on	the	Foundations	

of	Geometry,	argued	that	Poincaré	was	led	to	his	conventionalism	by	a	distinctive,	

mathematical	interpretation	of	the	models	of	non-Euclidean	geometry.	This	

mathematical	interpretation	was	common	to	Poincare,	Klein,	and	Cayley,	but	

differed	from	the	interpretation	that,	say,	Beltrami	gave	of	his	model.			

Since	these	systems	are	all	obtained	from	a	Euclidean	plane,	by	a	mere	

alteration	in	the	definition	of	distance,	Cayley	and	Klein	[though	not	

Beltrami]	tend	to	regard	the	whole	question	as	one,	not	of	the	nature	of	

space,	but	of	the	definition	of	distance.	Since	this	definition,	on	their	view,	is	

perfectly	arbitrary,	the	philosophical	problem	vanishes…,	and	the	only	

problem	that	remains	is	one	of	convention	and	mathematical	convenience.	

This	view	has	been	forcefully	expressed	by	Poincaré*:	"What	ought	one	to	

think,"	he	says,	"of	this	question:	Is	the	Euclidean	geometry	true?	The	

question	is	nonsense."	Geometrical	axioms,	according	to	him,	are	mere	

conventions:	they	are	"definitions	in	disguise."9	

                                                             
9	Russell	1897,	§33.	Russell	is	quoting	Poincaré	1891/1913,	39.	
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Russell	goes	on	to	argue	that	what	mattered	for	Poincaré	was	that	distance	was	not	

a	primitive	notion	as	it	was	for	Beltrami,	but	was	mathematically	defined	using	

intrinsically	non-metric	notions	drawn	from	a	different	area	of	mathematics	

(namely,	projective	geometry).	As	I’ll	explain	below,	Russell	claims	that	Poincaré’s	

argument	depends	on	defining	the	distance	between	two	points	in	terms	of	the	

cross	ratio	of	those	two	points	and	two	other	arbitrarily	chosen	points.	But,	Russell	

claimed,	distance	is	in	fact	a	primitive	notion	and	so	the	argument	for	

conventionalism	collapses.	

	 There	are	a	few	features	of	this	reading	that	I	would	like	to	highlight.	First,	it	

assimilates	Poincaré’s	mathematical	work	to	earlier	work	by	Cayley	and	Klein.	

Second,	it	claims	that	Poincaré’s	argument	for	conventionalism	depends	on	very	

specific	features	of	his	mathematical	work.10	Third,	the	reconstruction	depends	in	

no	way	on	Duhemian	underdetermination	arguments,	and	in	fact	does	not	turn	on	

the	application	of	geometry	to	physics.	Rather,	the	argument	turns	on	the	

application	of	one	mathematical	theory	to	another.	Instead	of	arguing	that	there	is	a	

                                                             
10	Russell	is	not	the	only	reader	to	see	Poincaré’s	conventionalism	as	dependent	on	
his	particular	mathematical	work.	Zahar	(1997,	185)	argues	that	"strictly	internal	
factors	connected	with	his	work	on	Fuchsian	functions	gave	rise	to	his	so-called	
'conventionalism.'"	Zahar's	principal	conclusion	is	that	Poincaré	did	not	employ	
Riemannian	geometry	in	his	investigations	of	the	invariants	in	Fuchsian	functions.	
This	explains	why	Poincaré	was	not	tempted	to	consider	Riemannian	geometries	of	
variable	curvature	as	legitimate	geometries	(1891/1913,	37)	–	an	important	move	
in	his	defense	of	conventionalism.	I	agree	with	Zahar's	reading	of	Poincaré's	
mathematical	worlk	on	Fuchsian	functions,	as	the	rest	of	this	paper	will	show.	
However,	I	believe	that	the	connection	between	Poincaré's	mathematical	work	and	
his	commitment	to	conventionalism	runs	deeper.	After	all,	there	were	
contemporaries	of	Poincaré's	(e.g.,	Helmholtz	and	Russell)	who	also	denied	that	
Riemannian	geometries	of	variable	curvature	were	legitimate	geometries,	and	yet	
did	not	take	the	further	step	and	embrace	conventionalism.		There	needs	to	be	some	
explanation	for	why	Poincaré	in	particular	took	this	further	step.	
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looseness	of	fit	in	the	application	of	pure	mathematics	to	the	physical	world	–	thus	

leaving	open	a	degree	of	freedom	that	has	to	be	restricted	by	convention	–	it	turns	

on	the	looseness	of	fit	in	defining	distance	(a	purely	mathematical	notion	in	metric	

geometry)	using	terms	drawn	from	another	area	of	pure	mathematics.		

	 In	this	paper,	I	want	to	explain	and	critically	evaluate	this	reading.	In	Section	

I,	I’ll	explain	Russell’s	objection	to	Poincaré,	its	philosophical	motivations,	and	why	

it	ultimately	fails	as	a	reading	of	Poincaré.	In	section	II,	I’ll	argue	that	there	is	a	

successful	modified	Russellian	reading.	That	is,	there	is	present	in	Poincaré	an	

argument	for	conventionalism	from	the	possibility	of	alternative	definitions	of	

distance	within	pure	mathematics.		This	argument	does	not	derive	from	the	

underdetermination	of	physical	geometry	by	experience,	but	by	the	application	of	

one	mathematical	theory	to	another.	

	

Section	I:	Early	Russell	versus	Poincaré	

Russell’s	criticism	of	Poincaré’s	conventionalism	appeared	in	his	1897	book,	Essay	

on	the	Foundations	of	Geometry	[EFG].	This	book	appeared	five	years	before	

Poincaré’s	classic	treatment	of	the	space	problem	in	Part	Two	of	Science	and	

Hypothesis	[SH],	which	collects	together	and	re-arranges	papers	that	were	published	

between	1891	and	1900.	In	EFG,	Russell	cites	two	papers	that	eventually	

reappeared	in	SH:	“Non-Euclidean	Geometry”	((1891/1913),	which	was	reprinted	

with	minor	–	though	significant	–	deletions	as	chapter	3),	and	“Space	and	Geometry”	

((1895/1913),	which	was	reprinted	as	chapter	4	of	SH,	with	one	paragraph	
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deleted).11	The	first	chapter	of	EFG	is	titled	“A	Short	history	of	Metageometry”	and	

argues	that	the	history	of	mathematical	work	on	non-Euclidean	geometry	should	be	

divided	into	three	periods,	with	the	second	period	characterized	by	the	use	of	

differential	geometry	by	Gauss,	Riemann,	and	Beltrami,	and	the	third	period	

characterized	by	the	use	of	projective	geometry	by	Cayley	and	Klein.	It	is	in	this	

context	that	Russell	argues	that	conventionalist	interpretations	of	models	of	non-

Euclidean	geometry	make	sense	only	when	these	models	are	constructed	using	

techniques	characteristic	of	the	third	period,	not	the	second.	

	 To	see	what	Russell	is	getting	at,	we	need	to	examine	the	different	routes	that	

Beltrami	and	Klein	took	to	constructing	their	models	of	hyperbolic	geometry.12	

Beltrami	used	methods	from	differential	geometry,	and	(in	his	1868	Saggio)	

constructed	a	model	of	2-d	hyperbolic	geometry	in	Euclidean	3-space.	Beltrami	

began	with	the	standard	way	of	projecting	the	distance	function	defined	on	points	

on	the	southern	hemisphere	of	a	sphere	onto	a	plane	(figure	2).	The	inverse	function	

                                                             
11	Russell	quotes	1891/1913	at	§33	(quoted	above).	He	mentions	1895/1913	in	a	
long	footnote	to	§100,	which	gives	a	long	list	of	the	“most	important	recent	French	
philosophical	writings	on	Geometry.”		
	 That	footnote	also	lists	Poincaré	1897,	which	is	Poincaré’s	reply	to	criticisms	
of	his	philosophy	of	geometry	leveled	by	Lechalas	and	Couturat.	This	paper	is	
devoted	largely	to	line-by-line	responses	to	specific	claims	of	Lechalas	and	Couturat,	
and	contains	no	new	claims	materially	different	from	those	in	1891/1913	and	
1895/1913.	Moreover,	there	is	no	evidence	that	Russell	engaged	with	this	paper	at	
all	in	EFG,	beyond	simply	listing	it.	So	I	will	follow	Russell’s	lead	in	ignoring	it	in	this	
paper.	
	 Two	paragraphs	are	deleted	from	1891/1913	in	ch.3	of	SH.	The	last	
paragraph	is	simply	moved	one	page	over	to	become	the	opening	of	ch.4	of	SH.	The	
penultimate	paragraph	–	a	passage	devoted	to	the	possibility	of	determining	the	
correct	geometry	empirically	by	measuring	stellar	parallaxes	–	is	moved	to	ch.5	of	
SH.	See	note	16	and	page	37	below.					
12	My	presentation	of	Beltrami	is	derived	from	Stillwell	1996.	
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that	maps	the	coordinate	of	the	point	on	the	plane	(x,	-R,	z)	back	onto	the	sphere	is	

then	

𝑥!,𝑦!, 𝑧! =
𝑅

(𝑅! +  𝑢! + 𝑣! 
(𝑥,−𝑅, 𝑧)	

Next	we	define	an	induced	distance	function	ds2	on	points	on	the	plane	so	that	the	

distance	between	(x1,	-R,	z1)	and	(x2,	-R,	z2)	is	just	the	standard	length	of	the	geodesic	

on	the	surface	of	the	sphere	connecting	(x1’,	y1’,	z1’)	and	(x2’,	y2’,	z2’).	(This	is	the	kind	

of	induced	function	that	mapmakers	are	interested	in	when	they	represent	

distances	on	a	globe	using	flat	maps	in	an	atlas.)	Beltrami	then	noticed	that	this	

induced	distance	function	depended	only	on	x1,	z1,	x2,	z2,	and	R2,	and	so	would	be	

meaningful	if	R	was	replaced	with	R√-1.	Beltrami	then	showed	that	replacing	R	with	

R√-1	induces	on	a	plane	a	non-Euclidean	metric	that	has	constant	negative	

curvature,	and	the	points	projected	from	C	onto	the	plane	are	now	all	inside	a	disk	

(figure	3).	

	 Klein	("On	the	so-called	Non-Euclidean	Geometry":	Klein	1871])	arrived	at	

the	same	model	utilizing	techniques	for	building	a	distance	function	on	the	complex	

projective	plane	using	only	resources	drawn	from	projective	geometry.	Klein	started	

with	an	idea	from	Von	Staudt.	Von	Staudt	showed	how	to	induce	a	set	of	rational	

coordinates	on	the	points	on	a	projective	line	by	repeated	application	of	the	

quadrilateral	construction,	a	purely	projective	construction	that	requires	only	pencil	

and	straightedge	(figure	4).	It	was	a	well-known	theorem	of	projective	geometry	

that	the	four	points	on	a	line	picked	out	by	the	quadrilateral	construction	have	the	

same	cross	ratio:	
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𝐶𝑅 𝑃,𝐴,𝐵,𝑄 =
𝑃𝐴
𝑃𝐵 ×

𝑄𝐵
𝑄𝐴 	

	and	it	was	well	known	that	the	cross	ratio	of	four	points	was	invariant	under	

projection.	Von	Staudt	then	showed	that	if	two	of	these	points	are	arbitrarily	labeled	

n	and	∞,	then	repeated	applications	of	this	construction	will	assign	the	standard	

Euclidean	metric	to	the	points	on	the	line.	In	general,	if	we	take	a	projective	line	

with	two	points	fixed	(such	as	PQ	in	figure	5),	we	can	define	a	function	that	assigns	a	

distance	between	two	points:	

𝑑 𝐴,𝐵 = 𝑐[log𝐶𝑅(𝑃,𝐴,𝐵,𝑄)]	

Employing	the	log	of	the	cross	ratio	ensures	that	the	distance	function	has	the	right	

additive	property	

𝑑 𝐴,𝐵 + 𝑑 𝐵,𝐶 =  𝑐[log𝐶𝑅(𝑃,𝐴,𝐵,𝑄)]+ 𝑐[log𝐶𝑅(𝑃,𝐵,𝐶,𝑄)]

=  𝑐[log𝐶𝑅(𝑃,𝐴,𝐶,𝑄)] =  𝑑(𝐴,𝐶)	

since	the	cross	ratio	of	a	line	segment	is	the	product,	not	the	sum,	of	cross	ratios	of	

its	parts:	

𝐶𝑅 𝑃,𝐴,𝐵,𝑄 ×𝐶𝑅 𝑃,𝐵,𝐶,𝑄 = 𝐶𝑅(𝑃,𝐴,𝐶,𝑄)	

	 A	distance	function	for	the	whole	plane	could	thus	be	defined	purely	

projectively,	using	no	undefined	notions	from	metric	geometry	–	if	only	we	had	a	

systematic	way	to	pick	out	two	arbitrary	points,	n	and	∞,	on	any	line	in	the	plane.	

But	every	line	intersects	a	conic	in	the	complex	projective	plane	in	two	points,	and	

so	we	can	define	distance	projectively	if	we	just	pick	an	arbitrary	conic	in	the	
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plane.13	In	fact,	Cayley	(“Sixth	Memoir	on	Quantics”:	Cayley	1859)	had	shown	how	to	

construct	the	standard	Euclidean	distance	function	in	this	way,	in	the	special	case	

where	the	conic	picked	out	is	imaginary	and	degenerates	into	a	point	pair.	Klein's	

idea	was	that	different	kinds	of	metric	geometries	would	arise	if	the	conic	(which	he	

called	the	“fundamental	conic”)	were	chosen	differently.14	In	particular,	he	showed	

that	if	the	fundamental	conic	is	imaginary	and	non-degenerate,	then	we	have	

spherical	geometry	(spaces	of	constant	positive	curvature),	and	if	the	fundamental	

conic	is	real	and	non-degenerate,	then	we	have	hyperbolic	geometry	in	the	space	

enclosed	within	the	conic	(spaces	of	constant	negative	curvature).	The	latter	case	is	

depicted	in	figure	5.	It	is	easy	to	see	that	Beltrami’s	model	is	a	model	of	this	latter	

Kleinian	kind,	where	the	disk	around	the	origin	is	a	special	case	of	a	real,	non-

degenerate	conic.		

	 Klein	and	Beltrami	thus	produced	their	model	in	two	conceptually	quite	

distinct	ways.	Beltrami	used	techniques	from	differential	geometry,	whose	

fundamental	objects	are	various	spaces	with	distance	functions	on	them;	Klein	used	

techniques	from	projective	geometry,	whose	fundamental	object	is	complex	

projective	n-space	with	projective	relations	out	of	which	can	be	constructed	various	

distance	functions.	Russell	was	absolutely	correct,	then,	to	argue	that	one	and	the	
                                                             
13	Again,	picking	a	conic	is	projectively	acceptable	as	well,	since	Steiner	had	shown	
that	conics	can	be	constructed	point-by-point	by	taking	the	intersection	points	of	
lines	that	stand	to	one	another	in	constant	cross	ratios	(Steiner	1881,	§41.I).	
14	Klein’s	advance	over	Cayley	was	twofold.	First,	he	generalized	Cayley’s	procedure	
to	distance	functions	other	than	Euclidean	ones.	Second,	he	used	the	technical	
resources	from	Von	Staudt	to	show	that	the	distance	functions	could	be	defined	in	a	
purely	projective	way.	This	removed	the	worry	of	circularity	in	defining	distance	in	
terms	of	cross	ratio,	which	was	–	after	all	–	initially	defined	as	the	product	of	
quotients	of	standard	Euclidean	distances.	A	third	advance,	discussed	below,	is	
Klein’s	interpretation	of	his	classification	of	geometries	group-theoretically.	
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same	model	can	be	understood	in	mathematically	quite	distinct	ways.	Russell	

further	assimilated	Poincaré’s	approach	to	Klein’s.	To	understand	Russell’s	claim,	

we	need	to	understand	the	relation	between	Poincaré’s	sphere	model	(a	2-d	version	

of	which	is	figure	1)	and	the	Klein-Beltrami	model.	

	 As	I’ll	show	in	section	2,	Poincaré	arrived	at	his	model	(in	Poincaré	1880a)	

while	trying	to	represent	geometrically	the	inverses	of	quotients	of	solutions	to	

second	order	linear	differential	equations.	But	though	he	produced	this	model	using	

techniques	distinct	from	both	Klein’s	projective	and	Beltrami’s	differential	methods,	

he	showed	geometrically	how	it	could	be	constructed	from	the	Klein-Beltrami	

model.		Begin	by	taking	a	sphere	whose	equatorial	disk	is	a	Klein-Beltrami	model	

(figure	6).	Project	the	equatorial	plane	onto	the	southern	hemisphere	by	parallel	

projections	orthogonal	to	the	equatorial	plane	(figure	7).	The	straight	lines	in	the	

Klein-Beltrami	model	are	now	projected	onto	circular	arcs	that	meet	the	equator	at	

right	angles.	Then	project	the	bottom	hemisphere	onto	the	plane	tangent	to	the	

south	pole	of	the	sphere,	using	as	the	center	of	projection	the	north	pole	of	the	

sphere	(figure	8).	The	circular	arcs	on	the	southern	hemisphere	will	be	projected	

onto	circular	arcs	of	the	disk,	and	the	right	angles	at	which	the	circular	arcs	on	the	

southern	hemisphere	meet	the	disk	will	be	projected	onto	right	angles	where	

circular	arcs	within	the	disk	meet	the	circumference	of	the	disk.	The	region	of	the	

plane	bounded	by	the	projection	of	the	equator	of	the	sphere	will	be	the	boundary	of	

Poincaré’s	model	(figure	1).	

	 Russell	interpreted	Poincaré’s	argument	for	conventionalism	in	such	a	way	

that	it	depended	on	Klein’s	way	of	constructing	his	model.	There	are	three	
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philosophically	significant	features	of	Klein’s	procedure	that	distinguish	it	from	

Beltrami’s.	First,	in	Klein’s	construction	the	Euclidean,	hyperbolic,	and	spherical	

metrics	are	all	defined	on	one	and	the	same	underlying	complex	projective	plane.	It	

therefore	seems	more	natural	to	describe	these	metric	geometries	as	three	different	

ways	of	talking	about	the	same	underlying	reality.	Second,	in	Klein’s	construction	

the	distance	function	is	not	primitive,	but	defined.	It	therefore	seems	natural	to	

characterize	the	choice	of	a	metric	as	a	choice	of	a	definition,	and	–	inasmuch	as	

definitions	of	words	are	arbitrary	–	as	not	a	matter	of	fact.15	Third:		

The	projective	geometer…when	he	introduces	the	notion	of	distance,	he	

defines	it,	in	the	only	way	projective	principles	allow	him	to	define	it,	as	a	

relation	between	four	points.	(EFG,	§37)	

Russell	therefore	reconstructs	Poincaré’s	argument	in	the	following	way.	The	

Cayley-Klein	metric	defines	d(A,B)	in	terms	of	the	cross	ratio	of	A	and	B,	and	two	

other	arbitrarily	chosen	points	P	and	Q.	Moreover,	the	procedures	for	picking	

arbitrary	points	P,	Q	on	a	line	correspond	to	the	three	geometries	of	constant	

curvature.	So,	the	choice	among	the	three	geometries	of	constant	curvature	is	

arbitrary.	

	 On	Russell’s	reading,	Poincaré’s	argument	for	conventionalism	does	not	

depend	on	any	facts	about	physical	geometry,	nor	on	the	underdetermination	of	total	

theories	by	physical	evidence.	This	is	not	surprising,	since	Poincaré’s	extended	

treatment	in	Science	and	Hypothesis	of	the	purported	empirical	basis	of	geometry	is	

                                                             
15	On	these	first	two	points,	see	EFG,	§33,	quoted	above.	
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ch.5	(“Experience	and	Geometry”),	which	appeared	after	Russell’s	book.16	Indeed,	as	

David	Stump	(1989,	348)	has	pointed	out,	there	is	little	indication	in	the	text	of	

1895/1913	that	Poincaré	intended	the	sphere	argument	to	be	making	a	point	about	

the	way	in	which	physical	geometry	is	underdetermined	by	our	empirical	evidence.	

Instead,	the	sphere	argument	is	supposed	to	show	that	we	can	imagine	spaces	

where	Euclid’s	axiom	fails.	(And	in	any	case,	Russell	does	not	mention	the	sphere	

argument	in	EFG,	despite	citing	1895/1905.)	In	fact,	Poincaré	introduces	the	sphere	

thought	experiment	in	this	way:	

If	geometric	space	were	a	frame	imposed	on	each	of	our	representations,	
considered	individually,	it	would	be	impossible	to	represent	to	ourselves	an	
image	stripped	of	this	frame,	and	we	could	change	nothing	of	our	geometry.	
But	this	is	not	the	case;	geometry	is	only	the	resume	of	the	laws	according	to	
which	these	images	succeed	each	other.	Nothing	then	prevents	us	from	
imagining	a	series	of	representations,	similar	in	all	points	to	our	ordinary	
representations	but	succeeding	one	another	according	to	laws	different	from	
those	to	which	we	are	accustomed.	(1895/1913,	49)	

	
So	the	point	of	the	sphere	model	is	that	the	structure	of	space	is	not	something	that	

is	intrinsic	in	any	given	representation,	but	emerges	only	from	the	laws	of	

connection	among	representations.	As	Poincaré	puts	the	point	a	few	pages	later	

(1895/1913,	59),	the	object	of	geometry	is	not	a	form	of	sensibility,	but	a	form	of	

our	intellect.	And	so	we	can	imagine	a	different	geometry	by	imagining	a	world	

where	our	sensations	relate	to	one	another	according	to	different	laws.	Using	the	

eliminative	argument	for	conventionalism	Poincaré	introduces	in	1887	and	
                                                             
16	Indeed,	the	bulk	–	i.e.	sections	4-7	–	of	Poincaré	1902/1913	(titled,	“Experience	
and	Geometry”)	consists	of	passages	from	Poincaré	1899	and	1900,	where	Poincaré	
developed	a	more	sustained	argument	against	the	claim	that	Euclid’s	postulate	is	an	
empirical	truth,	in	response	to	Russell’s	claim	in	EFG	that	its	truth	could	be	decided	
by	experiment	(EFG	§140).	The	exception	is	§3,	a	paragraph	that	originally	appeared	
at	the	end	of	Poincaré	1891/1913,	but	was	removed	when	the	chapter	was	
republished	in	SH.	See	also	p.37	below.	
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1891/1913,	the	sphere	model	is	therefore	intended	to	show	that	Euclid’s	postulate	

is	not	a	synthetic	a	priori	truth.	

	 Russell	rejects	Poincaré’s	conventionalism	because	he	rejects	the	second	and	

third	features	of	Klein’s	procedure.	In	particular,	with	respect	to	the	third	feature,	

Russell	argues:	

Distance,	in	the	ordinary	sense,	remains	a	relation	between	two	points,	not	

between	four;	and	it	is	the	failure	to	perceive	that	the	projective	sense	differs	

from,	and	cannot	supersede,	the	ordinary	sense,	which	has	given	rise	to	the	

views	of	Klein	and	Poincaré.	(EFG,	§37)	

Russell	maintains	that	distance	is	a	relation	between	two	points	because	he	wants	

geometry	to	play	a	transcendental	role:	to	provide	the	form	of	externality.	Geometry	

should	“permit	knowledge,	in	beings	with	our	laws	of	thought,	of	a	world	of	diverse	

but	interrelated	things”	(§58).	Distance,	as	a	primitive	two-place	relation,	allows	us	

to	distinguish	between	two	points	while	also	interrelating	them.	The	ability	to	

perceive	two	things	at	distance	from	one	another	is	thus	the	ability	to	perceive	

identity	in	difference	–	the	most	primitive	ability	without	which	we	could	not	

cognize	objects	of	perception.	If	distance	were	a	relation	among	four	points,	then	it	

would	presuppose	some	perceptual	way	of	distinguishing	those	four	points	from	

one	another,	and	would	thus	presuppose	the	form	of	externality	instead	of	

constituting	it.	And	so:	"Beltrami	remains	justified	as	against	Klein"	(§33).	

	 Russell’s	interpretation	is	not	correct.	In	his	review	of	EFG,	Poincaré	pointed	

out	that	Russell	had	misinterpreted	his	argument	by	making	it	dependent	on	the	
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metric	of	Cayley	and	Klein	(Poincaré	1899,	273).17	In	fact,	in	another	paper,	

published	after	Russell’s	book	but	before	Poincaré	knew	of	it,	Poincare	explicitly	

denied	that	the	proper	way	to	define	distance	from	A	to	B	is	in	terms	of	the	cross	

ratio	of	A,	B,	and	two	other	points:		

[Von	Staudt]	obtain[s]	the	metrical	properties	[by]	defining	a	harmonic	

pencil	of	four	straight	lines,	taking	as	definition	the	well-known	descriptive	

property.	Then	the	anharmonic	[i.e.	cross]	ratio	of	four	points	is	defined,	and	

finally,	supposing	that	one	of	these	four	points	has	been	relegated	to	infinity	

the	ratio	of	two	lengths	is	defined.	This	last	is	the	weak	point	of	the	foregoing	

theory,	attractive	though	it	be.	To	arrive	at	the	notion	of	length	by	regarding	

it	merely	as	a	particular	case	of	the	anharmonic	ratio	is	an	artificial	and	

repugnant	detour.	This	evidently	is	not	the	manner	in	which	our	geometric	

notions	were	formed.	(Poincaré	1899,	§XVII)	

	 Despite	the	fact	that	Russell’s	reading	misses	the	mark,	is	there	a	more	

successful	reading	of	Poincaré	that	shares	many	of	the	features	and	virtues	of	

Russell’s	theory?	Such	a	reading	would	make	Poincaré’s	argument	depend	on	

specific	features	of	his	mathematical	work	in	geometry	and	would	explain	why	

conventionalism	seemed	natural	to	him	when	it	did	not	for	other	geometers	who	

understood	the	models	of	non-Euclidean	geometry	equally	well.	It	would	depend	on	

the	specific	way	in	which	distance	is	defined	using	resources	from	a	different	area	of	

mathematics,	and	not	on	the	way	mathematics	is	applied	in	physical	science.	In	the	

next	section,	I’ll	argue	that	there	is	such	an	argument.	In	order	to	understand	
                                                             
17	Poincaré	wrote	a	review	of	Russell’s	book	(Poincaré	1899)	and	a	further	piece	
(Poincaré	1900)	in	response	to	Russell’s	reply	(Russell	1900).	
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Russell’s	reading	of	Poincaré,	we	had	to	look	at	the	different	mathematical	routes	

that	Beltrami	and	Klein	took	to	arrive	at	their	models.	In	the	next	section,	we’ll	do	

the	same	for	Poincaré.	

	

Section	II:	Fuchsian	Functions	

	

Poincaré’s	earliest	arguments	for	conventionalism,	including	1891/1913	(which	

was	the	first	sustained	philosophical	treatment	of	geometry,	and	the	work	that	

Russell	cites	and	discusses),	explicitly	draw	on	his	earlier	work	in	pure	

mathematics.	

If	geometry	is	nothing	but	the	study	of	a	group,	one	may	say	that	the	truth	of	

the	geometry	of	Euclid	is	not	incompatible	with	the	truth	of	the	geometry	of	

Lobachevsky,	for	the	existence	of	a	group	is	not	incompatible	with	that	of	

another	group.	(1887,	215)	

Nothing	remains	then	of	the	objection	[that	there	may	be	a	hidden	

contradiction	in	Lobachevskian	geometry]	above	formulated.	This	is	not	all.	

Lobachevski's	geometry,	susceptible	of	a	concrete	interpretation,	ceases	to	

be	a	vain	logical	exercise	and	is	capable	of	applications;	I	have	not	the	time	to	

speak	here	of	these	applications,	nor	of	the	aid	that	Klein	and	I	have	gotten	

from	them	for	the	integration	of	linear	differential	equations.	(1891/1913,	

34).	
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The	first	quotation	is	from	the	concluding	pages	of	“Sur	les	hypothèses	

fondamentales	de	la	géométrie,”	which	is	a	mathematical	paper	that	ends	with	a	

page	and	a	half	of	programmatic	philosophical	remarks.	Here	Poincaré	claims	that	

the	choice	to	accept	or	reject	Euclid’s	postulate	is	not	a	matter	of	truth,	and	his	

argument	clearly	depends	on	thinking	of	the	various	metric	geometries	as	arising	

from	selecting	among	all	the	possible	groups	of	coordinate	transformations	on	one	

and	the	same	underlying	space.	These	philosophical	remarks	are	the	first	statement	

of	Poincaré’s	conventionalism,	and	are	expanded	upon	in	his	first	purely	

philosophical	essay,	1891/1905.	In	the	latter	essay,	Poincaré	argues	that	what	

moves	non-Euclidean	geometry	from	a	“mere	logical	curiosity”	to	something	more,	

is	not	its	physical	applications,	but	its	application	in	group	theory	and	in	the	theory	

of	differential	equations.	

	 To	understand	what	Poincaré	is	getting	at,	we	need	to	look	at	Poincaré’s	

mathematical	work	from	the	early	1880s.	Poincaré’s	first	application	of	hyperbolic	

geometry	was	in	the	theory	of	Fuchsian	functions.	Fuchsian	functions	are	a	

generalization	of	elliptic	functions,	which	were	one	of	the	most	widely	studied	

topics	in	nineteenth	century	mathematics.18	In	order	to	keep	track	of	their	origins	

and	applications,	we	need	to	introduce	elliptic	functions	in	the	context	of	elliptic	

integrals	and	elliptic	curves.	An	elliptic	integral	is	an	integral	of	the	form	

𝑅 𝑡, 𝑝(𝑡) 𝑑𝑡	

                                                             
18	See	Bottazzini	and	Gray	2013,	Ch.1.	For	a	discussion	of	the	philosophical	
significance	of	elliptic	functions,	see	Tappenden	2006.	My	presentation	here	is	
indebted	to	Stillwell	2010,	chapter	12.	
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where	R	is	a	rational	function19	and	p(t)	is	a	polynomial	of	degree	3	or	4.		An	

especially	simple	example	of	such	an	integral	is	the	lemniscatic	integral	

𝑑𝑡
1− 𝑡!

!

!
	

which	gives	the	arc	length	of	the	lemniscate	of	Bernoulli.	The	Cartesian	equation	of	

Bernoulli’s	lemniscate	is	

𝑥2 + 𝑦! ! = 𝑥2 − 𝑦!	

and	its	graph	is	figure	9.	

	 These	integrals	have	been	studied	since	Leibniz.	They	appear	in	very	

elementary	settings:	e.g.,	the	integral	that	gives	the	arc	length	of	an	ellipse	is	an	

elliptic	integral	–	hence	the	name.	Early	on,	it	was	discovered	that	they	cannot	be	

expressed	in	terms	of	elementary	functions,	which	frustrated	the	intuitive	natural	

idea	(beginning	with	Leibniz	himself)	that	the	solution	of	every	integration	problem	

should	be	expressed	in	terms	of	elementary	functions.	20	A	breakthrough	came	

around	1800	when	Gauss	(and,	later,	Abel	and	Jacobi)	studied	their	inverses	and	

considered	their	behavior	in	the	complex	plane.	The	inverse	of	an	elliptic	integral	is	

called	an	elliptic	function.	For	example,	the	inverse	of	the	leminscatic	integral	Gauss	

called	a	"lemniscatic	sine	function,"	standardly	abbreviated	sl(x),	on	analogy	with	

the	sine	function.	Recall	that	the	sine	function	is	the	inverse	of	

sin!! 𝑥 =
𝑑𝑡
1− 𝑡!

!

!
 	

                                                             
19	A	rational	function	is	a	quotient	of	polynomials.	
20	A	function	is	elementary	if	it	can	be	defined	by	arithmetical	operations	on	a	finite	
number	of	exponentials,	logarithms,	constants,	and	nth	roots.	
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which	is	the	equation	for	the	arc	length	of	a	circle.21	The	sine	function,	together	with	

its	first	derivative	–	the	cosine	function	–,	can	be	used	to	parameterize	the	equation	

of	a	circle	

𝑥2 + 𝑦! = 𝑟!	

with	x	=	cos	t	=	sin'	t	and		y	=	sin	t.	Just	as	sin	t	can	be	used	to	parameterize	the	

equation	of	a	circle,	so	too	can	elliptic	functions	be	used	to	parameterize	the	

equation	of	certain	curves.	That	is,	if	f(x)	is	an	elliptic	integral,	then	there	are	curves	

that	can	be	parameterized	so	that		

𝑥 = 𝑓!!(𝑢)	

and			

𝑦 = 𝑓!!′(𝑢)	

where	f	-1(x)	is	an	elliptic	function.	Those	curves	that	can	be	parameterized	by	

elliptic	functions	came	to	be	called	elliptic	curves.22	

 Mathematicians	before	Riemann	standardly	defined	elliptic	functions	in	

terms	of	their	power	series	expansions.	Abel	and	Jacobi	in	the	1820s	discovered	that	

elliptic	functions	are	doubly	periodic,	and	after	Riemann	mathematicians	began	to	

define	them	so	as	to	highlight	their	double	periodicity.	Consider	again	the	

elementary	sine	function.			The	sine	function	is	singly	periodic	(see	figure	10):	it	is	

invariant	under	substitutions	

𝑥 ↦ 𝑥 + 2𝑛𝜋	

                                                             
21	This	is	why	sin-1	is	called	“arcsin.”	
22	In	fact,	any	cubic	curve	can	be	parameterized	by	an	elliptic	function	–	a	result	
announced	by	Steiner	but	first	proven	by	Clebsch	in	1864.	



 22 

Interpreted	geometrically,	this	means	that	we	can	slide	the	entire	plane	2π	units	

along	the	x	axis	n	times	without	changing	which	points	lie	on	the	function	sin	x.		

Gauss	noticed	that	the	lemniscatic	sine	function	is	doubly	periodic	in	the	complex	

plane:	

𝑓 𝑥 = 𝑓(𝑤 +𝑚𝜔! + 𝑛𝜔!)	

with	m,	n	integers	and	ω1	and	ω2	complex	numbers.	This	can	be	represented	

geometrically	by	a	plane	tiled	by	parallelograms,	as	in	figure	11.	The	mapping	of	*-

points	to	points	on	the	curve	will	be	unaffected	by		

𝑥 ↦ 𝑥 +𝑚𝜔! + 𝑛𝜔!	

Interpreted	geometrically,	this	means	that	we	can	slide	the	entire	complex	plane	ω1	

units	along	one	axis	n	times	and	ω2	units	along	the	other	axis	m	times	without	

changing	the	values	of	the	elliptic	function.		These	mappings	are	just	rigid	

(Euclidean)	translations	of	the	plane	that	keep	the	tiling	intact.	The	rigid	

translations	thus	form	a	group,	with	each	element	of	the	group	corresponding	to	a	

tile.	For	example,	the	parallelogram	whose	bottom	left	corner	is	the	origin	

corresponds	to	the	group	identity,	that	is,	the	operation	that	leaves	all	points	on	the	

plane	unaffected.	The	parallelogram	whose	bottom	left	corner	is	the	point	(ω1,	0)	

corresponds	to	the	rigid	translation	that	moves	every	point	to	the	right	by	ω1.	And	

so	on.	

	 The	theory	of	elliptic	functions	provided	a	great	simplification	and	

unification	in	the	theory	of	functions.	For	instance,	in	lectures	delivered	in	1874-5,	

Weiserstrass23	showed	that	any	analytic	function	of	a	single	complex	variable	that	

                                                             
23	See	Bottazinni	and	Gray	2013,	424-9.	
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admitted	an	algebraic	addition	formula	was	expressible	as	a	rational	function	of	the	

simplest	elliptic	function,	which	Weierstrass	called	℘	

𝓅 𝑧 =
1

𝑧 +𝑚𝜔! + 𝑛𝜔! !

!

!,!!!!

 

which	parameterizes	the	elliptic	curve		

𝑦! = 4𝑥! − 𝑔!𝑥 − 𝑔!.	

But	could	this	theory	be	further	generalized?	Are	there	fruitful	generalizations	of	

elliptic	functions	–	generalizations	that	would	parameterize	a	larger	class	of	

algebraic	curves	and	further	simplify	the	theory	of	complex	functions?	In	papers	

from	1880	Lazarus	Fuchs	tried	to	do	precisely	this.	Fuchs	began	with	second	order	

linear	differential	equations	with	rational	coefficients:	

𝑦!! + 𝑃 𝑧 𝑦! + 𝑄 𝑧 𝑦 = 0	

where	P	and	Q	are	rational	functions.	Since	the	function	is	second	order	and	linear,	

all	of	its	solutions	can	be	expressed	as	linear	combinations	of	two	solutions,	f(z)	and	

ϕ(z).	Fuchs	then	claimed	(Fuchs	1880)	that	the	quotient	of	these	two	solutions		

𝜁(𝑧) =
𝑓(𝑧)
𝜑 𝑧 	

could	under	certain	conditions	be	inverted	to	form	a	well-defined,	single-valued,	

meromorphic24	function:	

𝐹 = 𝜁!!.	

                                                             
24	A	meromorphic	function	is	a	function	that	is	holomorphic	except	at	isolated	
points.	A	holomorphic	function	is	a	function	that	is	complex	differentiable	in	the	
neighborhood	of	every	point	in	the	complex	plane.	(As	Poincaré	showed,	the	
isolated	points	at	which	a	Fuchsian	function	is	not	holomorphic	are	the	points	on	
the	boundary	of	the	disk.)	
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It	is	this	function	F	that	is	analogous	to	an	elliptic	function,	with	𝜁	akin	to	an	elliptic	

integral.	

	 In	his	prize	essay	submitted	on	28	May	1880,25	Poincaré	–	then	a	young	and	

unknown	mathematician	–	showed	that	the	conditions	Fuchs	identified	were	neither	

necessary	nor	sufficient	for	F	to	be	single-valued,	well-defined,	and	meromorphic	

(1880a,	331).		Under	what	conditions,	then,	does	F	exist	with	the	specified	

properties?	Poincaré	began	with	the	fact	that	any	F	would	be	invariant	under	linear	

fractional	transformations	

𝐹 𝑧 = 𝐹 !"!!
!"!!

.26	

So,	instead	of	being	doubly	periodic,	F	would	be	invariant	under	linear	fractional	

transformations:	

𝑧⟼ !"!!
!"!!

.	

He	further	showed	(Poincaré	1880a,	346ff.)	that	the	path	of	F	would	be	confined	

inside	a	curvilinear	polygon oαγα’	until	its	path	crosses	a	boundary	(say,	oα),	at	

which	point	F	would	trace	out	an	identical	path	within	the	new	curvilinear	polygon	

oαγ1α’1.	When	F	crosses	a	boundary	of	this	new	polygon	(say,	oα’1),	it	again	repeats	

its	path	within	yet	a	new	curvilinear	polygon	oα1γ2α’1	–	and	so	on	(see	figure	12).	

Each	of	these	polygons	can	be	generated	from	the	original	polygon	by	repeated	

applications	of	linear	fractional	transformations,	and	are	bounded	by	arcs	of	circles	

                                                             
25	My	understanding	of	Poincaré’s	work	on	Fuchsian	functions	draws	on	a	series	of	
works	by	John	Stillwell	and	Jeremy	Gray:	(Stillwell	1985),	(Gray	1986,	ch.6),	(Gray	
1999),	(Bottazzini	and	Gray	2013),	(Gray	and	Walter	1997),	(Gray	2013).	
26	(1880a,	318).	This	fact	follows	more	or	less	immediately	from	the	fact	that	F	is	the	
inverse	of	the	quotient	of	solutions	to	a	differential	equation,	where	every	solution	
is	a	linear	combination	of	two	solutions,	f(z)	and	ϕ(z).	
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that	meet	at	right	angles	a	circle	HH’	centered	on	the	origin.	There	will	furthermore	

be	an	infinite	number	of	these	polygons,	which	will	cover	the	interior	of	the	circle	

HH’	(figure	1).	It	follows	that	F	only	exists	within	the	disk	HH’.	(1880a,	352).	

	 But	is	F	single-valued,	as	Fuchs	claimed?	This	all	depends	on	whether	the	

curvilinear	polygons	generated	within	the	disk	as	F	traces	its	path	ever	overlap:	if	

the	polygons	do	overlap,	then	F	will	be	multi-valued	in	the	overlapping	region	

(1880a,	351).	To	show	that	there	is	no	overlap,	Poincaré	takes	the	disk	covered	in	

curvilinear	polygons	and	projects	it	stereographically	and	then	orthogonally	onto	

the	equatorial	plane	of	the	sphere	in	the	way	described	in	section	1	(see	figures	6,	7,	

and	8).	The	curvilinear	polygons	are	projected	onto	rectilinear	polygons,	and	since	

simple	elementary	geometrical	reasoning	shows	that	these	rectilinear	polygons	do	

not	overlap,	the	rectilinear	polygons	don’t	either.	F	is	thus	well-defined,	single	

valued,	and	meromorphic.	

	 Poincaré	called	these	functions	“Fuchsian	functions.”	More	formally	

(Poincaré,	1881a,	47-8):	a	Fuchsian	function	is	any	meromorphic	function	that	is	

invariant	under	a	“Fuchsian	group,”	where	a	Fuchsian	group	is	a	discontinuous27	

group	of	linear	fractional	transformations	on	the	complex	plane	that	leave	invariant	

a	circle	around	the	origin.	That	is,	a	Fuchsian	group	is	a	group	of	operations	on	the	

complex	plane	that	leave	the	tessellation	of	the	disk	HH’	into	curvilinear	polygons	

intact.	Each	Fuchsian	group	corresponds	to	a	way	of	tessellating	the	disk	HH’	with	

curvilinear	polygons,	and	each	element	of	a	group	corresponds	to	a	curvilinear	tile.	

                                                             
27	A	group	is	discontinuous	if	it	does	not	contain	an	infinitesimal	operation.	Fuchsian	
groups	have	to	be	discontinuous,	because	they	correspond	to	ways	of	moving	the	
points	within	the	disk	that	leave	the	tiling	intact,	and	no	tile	is	infinitesimal.		
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	 In	his	prize	essay,	Poincaré	had	found	an	example	of	a	Fuchsian	function	–	a	

function	whose	Fuchsian	group	corresponds	to	the	tessellation	of	the	disk	with	a	

certain	kind	of	quadrilateral.	But	this	was	just	one	example	of	a	Fuchsian	function,	

and	just	one	way	of	tessellating	HH’.	In	the	case	of	elliptic	functions,	the	

corresponding	tessellations	of	the	plane	are	simple	to	understand,	since	they	are	all	

akin	to	parallelogram	tessellations.28	The	tessellations	corresponding	to	Fuchsian	

groups,	on	the	other	hand,	are	infinitely	various,	and	the	project	of	proving	general	

properties	of	Fuchsian	functions	could	not	proceed	unless	there	were	some	general	

way	to	survey	all	of	the	ways	that	HH’	could	be	tessellated	into	curvilinear	polygons	

whose	sides	are	circles	meeting	HH’	in	right	angles.29		As	Poincaré	put	it	in	a	paper	

from	1881:	“It	is	necessary	first	to	construct	all	Fuchsian	groups;	this	I	have	done	

with	the	aid	of	non-Euclidean	geometry”	(1881a,	48).		

	 In	the	month	after	submitting	his	prize	essay,	Poincaré	realized	that	the	

rectilinear	polygons	onto	which	he	had	projected	the	curvilinear	polygons	of	HH’	in	

fact	were	the	Klein-Beltrami	model	of	hyperbolic	geometry,	and	so	the	tessellations	

                                                             
28	Stillwell	1985,	19.	
29	The	relation	between	Fuchsian	groups	and	Fuchsian	functions	is	rather	subtle.	
Fuchsian	functions	cannot	be	paired	up	1-1	with	Fuchsian	groups,	and	it	needs	to	be	
shown	that	for	every	Fuchsian	group	there	exist	Fuchsian	functions.	On	the	first	
point,	Poincaré	discovered	that	any	two	Fuchsian	functions	that	correspond	to	the	
same	Fuchsian	group	are	related	algebraically	(1881b)	–	a	fact	that	eventually	led	
him	to	his	famous	uniformization	theorem.	On	the	second	point,	Poincaré	proved	
that	every	Fuchsian	function	could	be	constructed	as	the	quotient	of	two	“theta-
Fuchsian”	functions	that	correspond	to	the	same	Fuchsian	group,	where	a	theta-
Fuchsian	function	Θ	is	a	meromorphic	function	such	that	

Θ
𝑎𝑧 + 𝑏
𝑐𝑧 + 𝑑 = Θ(𝑧)(𝑐𝑧 + 𝑑)!!	

with	m	an	integer.	The	existence	of	theta-Fuchsian	functions	could	then	be	proved	
by	the	convergence	of	an	infinite	series.	(This	result	is	announced	in	1881a,	and	
proved	systematically	in	1882b).	
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of	HH’	induced	by	Fuchsian	groups	were	also	models	of	hyperbolic	geometry.30	In	a	

supplement	to	the	prize	essay	written	on	June	28	1880	(Poincaré	1880b),	Poincaré	

described	the	situation	as	follows:	

There	is	a	direct	connection	between	the	preceding	considerations	and	the	

non-Euclidean	geometry	of	Lobachevskii.	What	indeed	is	a	geometry?	It	is	

the	study	of	a	group	of	operations	formed	by	the	displacements	one	can	

apply	to	a	figure	without	deforming	it.	In	Euclidean	geometry	this	group	

reduces	to	rotations	and	translations.	In	the	pseudo-geometry	of	

Lobachevskii	it	is	more	complicated…	To	study	the	group	of	operations	M	

and	N	[viz,	the	operations	that	move	one	polygon	in	HH’	onto	another]	is	

therefore	to	have	to	do	the	geometry	of	Lobachevskii.	The	pseudogeometry,	

as	a	consequence,	is	going	to	furnish	us	with	a	convenient	language	for	

expressing	what	we	will	have	to	say	about	this	group.31	

The	relation	between	Fuchsian	groups	and	non-Euclidean	isometries	was	laid	out	

systematically	in	sections	1	and	2	of	1882a.	There,	Poincaré	defined	two	figures	

within	HH’	as	congruent	if	they	can	be	transformed	into	one	another	by	a	linear	

fractional	transformation	where	a,	b,	c,	and	d	are	real	numbers.32	He	used	this	

                                                             
30	This	realization	–	which,	Poincaré	claimed,	hit	him	out	of	the	blue	as	he	was	
boarding	a	bus	on	a	mining	expedition	--	was	famously	described	in	Poincaré	1909.	
Jeremy	Gray	has	shown	that	this	realization	must	have	taken	place	between	May	29	
and	June	28	1880	(1986,	266-8).	
31	Quoted	and	translated	in	Gray	1986,	258-9.	Gray	discovered	these	supplements,	
which	were	previously	unpublished,	and	described	their	contents	in	Gray	1986.	
They	have	since	been	published	(in	French)	as	Poincaré	1997.	
32	The	requirement	that	a	,b,	c,	and	d	be	real	numbers	forces	the	linear	fractional	
transformation	to	keep	the	real	axis	invariant,	and	thus	models	non-Euclidean	
geometry	in	the	half	of	the	complex	plane	lying	above	the	real	axis.	In	fact,	in	1882a,	
Poincaré	represents	Fuchsian	groups	using	the	upper-half	plane	model	instead	of	
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notion	to	define	straight	line,	length,	area,	and	distance.	The	previously	intractable	

problem	of	identifying	Fuchsian	groups	had	thus	been	reduced	to	the	tractable	

problem	of	identifying	non-Euclidean	isometries.	

	 With	this	application	of	non-Euclidean	geometry,	Poincaré	was	able	to	

achieve	extraordinary	results	that	generalize	in	powerful	ways	the	results	obtained	

using	elliptic	functions.	This	is	because,	as	Poincaré	put	it	in	the	supplement	from	

June	28	1880,	“the	Fuchsian	functions	are	to	the	geometry	of	Lobachevskii	what	the	

doubly	periodic	functions	are	to	that	of	Euclid”	(1880b,	translated	in	Gray	1986,	

269).	More	specifically,	a	Fuchsian	group	where	the	linear	fractional	transformation	

is	such	that	(a	+	d)2	=	4	is	a	group	of	discontinuous	Euclidean	isometries	(Poincaré	

1882a,	58)	–	namely,	the	group	of	translations	that	keeps	the	tiling	of	the	plane	into	

parallelograms	intact	(figure	11).		In	this	way	Fuchsian	functions	comprise	“a	very	

extensive	class	of	functions	of	which	the	elliptic	functions	are	a	special	case”	(1881b,	

54).		Just	as	elliptic	functions	had	been	used	to	integrate	algebraic	differentials,	

Poincaré	showed	that	a	much	wider	class	of	equations,	linear	differential	equations	

with	algebraic	coefficients,	could	be	solved	using	Fuchsian	functions	(1882a,	55).	I	

noted	above	that	elliptic	functions	can	parameterize	certain	kinds	of	algebraic	

curves,	so-called	elliptic	curves	–	a	class	that	includes	all	cubics	and	some	other	
                                                                                                                                                                                     
the	Poincaré	disk	model.	(The	upper	half	plane	model	results	from	the	Poincaré	disk	
by	projecting	it	stereographically	back	onto	the	southern	hemisphere	(figure	8),	
switching	the	southern	and	northern	hemispheres	on	the	sphere	and	then	
projecting	the	northern	hemisphere	from	a	point	on	the	equator	onto	a	plane	
tangent	to	the	sphere	at	the	point	on	the	equator	opposite	the	point	of	projection.)	
He	switched	from	the	disk	to	the	half-plane	model	in	response	to	an	objection	from	
Klein,	who	doubted	that	every	Fuchsian	group	could	be	represented	as	a	non-
Euclidean	tessellation	of	the	disk	model	(Gray	1986,	280,	285-7).	Poincaré	uses	the	
half-plane	model	to	“translate”	hyperbolic	geometry	into	Euclidean	geometry	in	
1891/1913,	33-34.		
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special	cases.	In	1881,	Poincaré	announced	the	discovery	of	his	uniformization	

theorem,	that	any	algebraic	curve	whatsoever	can	be	parameterized	by	Fuchsian	

functions.	That	is,	if	A(x,y)=0	is	the	equation	of	an	algebraic	curve,	it	can	be	

rewritten	as	A(f(t),	φ(t))	=	0,	with	f	and	φ	Fuchsian	functions	(Gray	1999,	81).	

	

Section	III:	From	Fuchsian	Functions	to	Conventionalism	

	

We	now	understand	what	Poincaré	meant	when	he	spoke	of	the	“applications”	of	

hyperbolic	geometry,	and	“the	aid	that	Klein	and	I	have	gotten	from	them	for	the	

integration	of	linear	differential	equations.”	Poincaré	did	not	simply	find	a	model	of	

non-Euclidean	geometry	in	a	surprising	place.	Rather,	this	application	of	hyperbolic	

geometry	in	complex	analysis	provided	deep	and	powerful	theorems	in	the	theory	

of	algebraic	curves	and	the	theory	of	linear	differential	equations	–	results	that	

could	not	have	been	obtained	otherwise.	This	work	was	the	high	point	of	the	

extremely	active	and	fruitful	nineteenth	century	work	in	complex	analysis	that	

began	with	Gauss.	It	brought	together	analysis,	geometry,	and	algebra	in	a	

surprising	and	mutually	illuminating	way.		

	 It	is	further	clear	that	this	mathematical	work	on	Fuchsian	functions	

provided	Poincaré	the	motivation	for	his	conventionalism.	To	see	the	possibility	of	

applying	non-Euclidean	geometry,	Poincaré	had	to	make	two	novel	conceptual	

moves.	First,	he	had	to	think	of	the	group	of	operations	that	leave	the	values	of	a	

Fuchsian	function	invariant	as	ways	of	moving	a	spatial	object	–	the	graph	of	the	

function	–	around	in	space	without	changing	its	shape	or	size.	Second,	he	had	to	
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conceive	of	geometry	as	fundamentally	the	study	of	the	group	of	rigid	motions	of	

bodies	in	space.	As	he	put	this	second	point	in	his	first	supplement	to	his	prize	essay,	

which	he	wrote	just	one	or	two	weeks	after	seeing	that	Fuchsian	groups	are	non-

Euclidean	isometries:			

What	indeed	is	a	geometry?	It	is	the	study	of	a	group	of	operations	formed	by	

the	displacements	one	can	apply	to	a	figure	without	deforming	it.	(1880b,	

translated	in	Gray	1986,	258)	

But	once	geometry	is	conceived	of	in	this	way,	it	is	a	short	step	to	concluding	that	

Euclidean	geometry	is	no	more	true	than	non-Euclidean	geometry.	After	all,	many	

different	kinds	of	groups	of	rigid	body	coordinate	transformations	can	be	defined	on	

one	and	the	same	complex	plane.	And	this	is	a	point	that,	again,	Poincaré	asserts	

explicitly	in	Poincaré	1887	–	a	mathematical	paper	that	appeared	four	years	before	

his	first	philosophical	paper:		

If	geometry	is	nothing	but	the	study	of	a	group,	one	may	say	that	the	truth	of	

the	geometry	of	Euclid	is	not	incompatible	with	the	truth	of	the	geometry	of	

Lobachevsky,	for	the	existence	of	a	group	is	not	incompatible	with	that	of	

another	group.	(1887,	215,	quoted	above)	

After	all,	the	choice	of	a	group	of	displacements	in	the	complex	plane	amounts	to	

choosing	which	way	to	tessellate	the	plane.	But	one	and	the	same	complex	plane	can	

be	tessellated	in	many	ways.	It	makes	no	more	sense	to	ask	“Which	is	the	right	way	
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to	tessellate	the	plane,	figure	1	or	figure	11?”	than	it	does	to	ask	“Which	are	the	true	

functions	in	the	complex	plane,	elliptic	or	Fuchsian	functions?”33		

	 This	way	of	conceiving	of	geometry	–	as	the	study	of	the	group	of	rigid	

displacements	of	bodies	–	is	controversial.	It	is	a	far	cry	from	the	older	view	that	

geometry	is	the	study	of	extensive	magnitude,	and	it	is	also	opposed	to	the	newer	

view	that	geometry	is	fundamentally	the	study	of	space.34	Moreover,	it	is	also	

opposed	to	Russell’s	view	that	geometry	is	fundamentally	the	study	of	distance,	

where	distance	is	a	primitive	notion	not	definable	in	terms	of	other	notions.	In	
                                                             
33	There	are	two	ways	in	which	Poincaré’s	presentation	of	his	conventionalism	in	his	
later,	philosophical	papers	refines	the	argument	presented	in	the	offhand	
philosophical	comments	he	makes	in	1880b	and	1887.	First,	in	1887	Poincaré	says	
that	Euclidean	geometry	is	“no	more	true”	than	its	non-Euclidean	rivals.	I	take	this	
to	be	a	less	perspicuous	way	of	saying	what	he	came	to	say	later,	that	the	choice	of	a	
metric	for	space	is	not	a	matter	of	truth	or	falsehood	at	all,	but	instead	a	matter	of	
convention	(where	matters	of	convention	are	opposed	to	matters	of	fact).	Second,	
the	group	of	rigid	displacements	in	space	is	a	continuous	group,	not	a	discontinuous	
group.	Poincaré	was	well	aware	of	this	fact	from	his	earliest	discussions	in	1881a	
and	1882a,	where	he	would	first	define	the	hyperbolic	group	of	(continuous)	
displacements	and	then	define	a	Fuchsian	group	by	taking	a	discontinuous	subgroup	
that	leaves	the	fundamental	circle	HH’	invariant.	In	his	later,	philosophical	papers,	
such	as	1898,	he	would	make	clear	that	geometry	is	the	study	of	the	continuous	
group	of	displacements	–	which	is	a	Lie	group,	not	a	Fuchsian	group.	I	take	these	
two	changes	to	be	refinements	of	the	argument	first	adumbrated	in	these	offhand	
philosophical	comments	in	his	mathematical	papers,	though	not	refinements	that	in	
any	way	alter	the	spirit	of	the	argument.	
34	For	Poincare,	space	is	not	the	primitive	notion	of	geometry	–	the	notion	of	a	group	
of	displacements	is.	He	makes	this	point	explicitly	in	1895/1913.	There,	after	
describing	“a	particular	class	of	phenomena	which	we	call	displacements,”	he	
asserts	that	the	“laws	of	these	phenomena	constitute	the	object	of	geometry”	(48);	“it	
is	from	the	properties	of	this	group	we	have	derived	the	notion	of	geometric	space”	
(52).	
	 Jeremy	Gray	has	nicely	emphasized	the	distinctiveness	of	Poincaré’s	
conception	of	geometry.	Commenting	on	Poincaré	1898,	he	writes:	“Poincaré	
insisted	on	an	analysis	of	distance	that	was	the	opposite,	he	admitted,	of	the	one	
held	by	Helmholtz,	Lie,	and	almost	everyone	else.	These	mathematicians	said	that	
the	matter	of	the	group	existed	before	its	form,	the	matter	being	three-dimensional	
manifold	of	space.	Whereas	for	himself,	said	Poincaré,	the	isomorphism	class	of	the	
group	we	use	to	construct	space	comes	first”	(Gray	2013,	56).	
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1882a,	Poincaré	begins	with	the	idea	of	a	linear	fractional	transformation	that	

leaves	the	fundamental	circle	invariant.	He	then	defines	two	figures	as	congruent	if	

they	can	be	transformed	into	one	another	by	some	chosen	linear	fractional	

transformation	that	leaves	the	circle	invariant.	Last,	the	distance	from	A	to	B	equals	

the	distance	from	C	to	D	if	the	circular	arc	that	connects	A	and	B	is	congruent	to	the	

circular	arc	that	connects	C	to	D.	For	Poincaré,	distance	is	not	primitive,	but	is	

defined.	

	 In	this	way,	Russell	gets	some	of	Poincaré’s	argument	right,	and	some	of	it	

wrong.	As	I	explained	in	section	I,	he	purported	to	identify	three	important	features	

of	Poincaré’s	argument:	first,	the	different	geometries	are	all	defined	in	the	same	

underlying	complex	plane;	second,	distance	is	a	defined,	not	primitive	notion;	third,	

distance	is	a	four-place	relation,	not	a	two	place	relation.	Russell	believed	that	the	

argument	for	conventionalism	relied	essentially	on	the	third	purported	feature,	

which	he	rejected	as	artificial.	We	can	now	see	that	Russell	got	Poincaré	badly	

wrong.	Missing	from	Russell’s	interpretation	is	the	all	important	notion	of	a	group	of	

rigid	displacements;	instead,	he	assimilates	Poincaré’s	mathematical	work	to	Klein’s	

approach,	which	remained	wedded	to	projective	ways	of	thinking	that	Poincaré	

rejected.	Still,	though	Russell’s	third	claim	misses	the	mark,	he	is	correct	to	see	that	

Poincaré’s	argument	does	rely	on	the	first	two	points:	both	Euclidean	and	non-

Euclidean	geometry	are	constructed	in	Poincaré’s	way	by	taking	the	same	

underlying	complex	plane	and	defining	a	notion	of	distance	in	terms	of	some	more	

fundamental	mathematical	notion	that	is	imported	from	another	area	of	

mathematics.	
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	 In	section	I,	I	noted	that	Poincaré’s	earliest	arguments	for	conventionalism	–	

the	arguments	that	Russell	knew	when	writing	EFG	–	are	presented	as	arguments	by	

elimination:	some	feature	of	geometry	is	either	an	analytic	truth,	a	synthetic	a	priori	

truth,	empirical	truth,	or	a	convention;	but	it	is	not	any	of	the	first	four	disjuncts;	so,	

it	is	a	convention.	The	interpretive	question,	again,	is	which	disjunct	Poincaré	was	

hoping	to	eliminate	by	invoking	his	models	of	hyperbolic	space	in	Euclidean	space.	It	

is	uncontroversial,	of	course,	that	these	models	show	that	there	is	no	contradiction	

in	negating	Euclid’s	axiom	of	parallels,	and	so	Euclid’s	axioms	cannot	all	be	analytic.	

But	are	these	models	intended	to	do	more	than	this?	On	Duhemian	readings,	these	

models	demonstrate	further	the	empirical	underdetermination	of	geometry,	and	so	

show	that	geometry	is	not	empirical.	I	argued	in	section	I,	on	the	other	hand,	that	

Poincaré’s	discussion	of	the	model	in	1895/1913	makes	clear	that	he	intended	it	to	

undermine	the	claim	that	Euclid’s	axiom	of	parallels	is	a	synthetic	a	priori	truth.	

Further	confirmation	of	this	reading	is	provided	by	the	passage	–	quoted	already	in	

the	first	paragraph	of	section	II	–	where	Poincaré	points	to	the	“applications”	of	non-

Euclidean	geometry	in	the	theory	of	linear	differential	equations.	There,	after	

concluding	that	Euclid’s	axiom	is	not	an	analytic	truth	he	says,	“This	is	not	all.	

Lobachevski's	geometry,	susceptible	of	a	concrete	interpretation,	ceases	to	be	a		

logical	exercise	and	is	capable	of	applications”	(emphasis	added).	The	

“interpretation”	of	hyperbolic	geometry	is	of	course	the	use	of	models	of	non-

Euclidean	geometry	in	the	complex	plane.	In	other	words,	the	existence	of	these	

models	shows	that	non-Euclidean	geometry	does	not	contravene	any	analytic	truth;	

their	application	shows	that	non-Euclidean	geometry	is	not	just	logically	possible	–	
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it	does	not	violate	any	synthetic	a	priori	truth	either.	A	mathematician	such	as	

Beltrami	who	could	produce	a	model	of	hyperbolic	geometry	in	Euclidean	geometry	

would	be	able	to	see	that	it	is	logically	possible.	A	mathematician	who	understood	

the	applications	of	hyperbolic	geometry	would	be	able	to	see	that	it	is	really	possible	

as	well.			

	 We	can	fruitfully	compare	what	Poincaré	says	about	Lobachevskii’s	geometry	

with	the	“geometries”	of	variable	curvature	proposed	by	Riemann.	A	few	pages	later,	

Poincaré	writes	“these	geometries	of	Riemann,	in	many	ways	so	interesting,	could	

never	therefore	be	other	than	purely	analytic”	(1891/1913,	37)	However,	though	

most	mathematicians	think	of	Lobachevski's	geometry	also	“only	as	a	mere	logical	

curiosity,”	Poincaré	disagrees,	arguing	that	its	impossibility	is	not	shown	by	

“synthetic	a	priori	judgments,	as	Kant	said”	(37).	Another	way	of	putting	this	claim	is	

that	Riemann’s	geometries,	but	not	Lobachevskii’s,	are	inconsistent	with	some	

necessary	feature	of	geometry.	And	this	necessary	feature	of	geometry	is	precisely	

what	Poincaré	identified	in	June	1880,	when	he	first	announces	his	discovery	that	

his	graphical	representations	of	Fuchsian	groups	are	models	of	Lobachevskiian	

geometry:		that	geometry	is	the	study	of	a	group	of	operations	formed	by	the	

displacements	one	can	apply	to	a	figure	without	deforming	it.	Riemann’s	geometries	

of	variable	curvature,	since	they	do	not	allow	displacement	without	deformation,	

are	thus	not	really	geometries.		They	are	just	logic,	not	geometry.	

	 But	why	conceive	of	geometry	as	fundamentally	the	study	of	groups	of	rigid	
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displacements?35	No	argument	is	given	in	the	mathematical	papers	Poincaré	1880b	

and	1887,	nor	in	his	first	philosophical	paper,	1891/1913.	However,	one	very	

powerful	motivation	for	this	conception	is	provided	by	the	applications	that	

Poincaré	made	of	hyperbolic	geometry	in	the	theory	of	Fuchsian	functions.	These	

applications	required	thinking	of	Fuchsian	groups	as	like	groups	of	displacements	of	

rigid	bodies,	and	geometry	as	the	study	of	such	groups.	Thinking	of	geometry	in	this	

way	allows	us	to	transfer	geometric	reasoning	about	complex	elliptic	functions	into	

geometric	reasoning	about	Fuchsian	functions	–	it	allows	us	to	make	the	all-

important	analogy	between	elliptic	functions	and	Fuchsian	functions.	The	

extraordinary	power	of	the	results	obtained	makes	this	reconceptualization	very	

attractive.	Furthermore,	this	way	of	thinking	of	geometry	also	allowed	for	Poincaré	

to	unify	algebra,	geometry,	and	the	theory	of	functions	in	a	highly	illuminating	way	–	

the	kind	of	way	that	would	strongly	suggest	to	a	working	mathematician	that	he	had	

hit	on	the	right	way	of	thinking	of	geometry.	

	

This	paper	began	with	a	question,	"How	does	Poincaré	argue	for	his	

conventionalism	about	geometry?"	This	paper	has	identified	one	way	–	in	fact,	the	

                                                             
35	The	historical	question	–	From	whom	did	he	get	this	idea?	–	is	not	easy	to	answer.	
One	might	be	tempted	to	conclude	that	he	got	it	from	Klein’s	Erlanger	Programm,	if	
only	there	were	any	historical	evidence	that	Poincaré	knew	of	Klein’s	work	in	June	
1880.	When	the	Klein-Poincaré	correspondence	begins	one	year	later	in	1881,	it	is	
clear	that	Poincaré	did	not	know	Klein’s	work,	nor	indeed	virtually	any	German-
language	work.	A	more	plausible	hypothesis	is	that	Poincaré	was	inspired	to	
develop	this	idea	from	reading	Helmholtz’s	essays,	which	were	translated	into	
French	in	the	1870s	(Gray	2013,	40).	In	these	essays,	Helmholtz	–	though	he	
certainly	does	not	develop	the	view	that	geometry	is	the	study	of	the	group	of	
displacements	–	argues	that	we	come	to	know	Euclid’s	axiom	from	moving	a	rigid	
measuring	rod	through	space.	
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earliest	way,	which	was	contained	already	in	his	mathematical	papers	from	the	

1880s	--	that	Poincaré	argued	for	conventionalism.	This	line	of	argument	is	

distinctive	inasmuch	as	it	in	no	way	relies	on	Duhemian	underdetermination,	indeed	

does	not	depend	on	facts	about	the	application	of	geometry	to	physical	science	at	all.	

Instead,	this	argument	arises	naturally	from	reflecting	on	the	very	powerful	results	

Poincaré	obtained	by	applying	one	mathematical	theory	(metric	geometry)	to	

another	(the	theory	of	Fuchsian	functions).	Moreover,	I	believe	that	the	

mathematical	results	described	in	this	paper	explain	clearly	why	Poincaré,	having	

done	the	kind	of	mathematical	work	that	he	had	done,	found	conventionalism	so	

natural,	whereas	other	mathematicians	who	were	also	aware	of	Euclidean	models	of	

hyperbolic	geometry	were	drawn	to	other	philosophical	views.	What	initially	and	

powerfully	drew	Poincaré	to	conventionalism,	then,	were	not	just	philosophical	

reflections	on	space,	geometry,	and	physics,	but	very	specific	features	of	his	work	in	

pure	mathematics.						

	 Of	course,	Poincaré's	arguments	for	conventionalism	evolved	and	were	

expanded	over	time,	partially	as	a	response	to	criticisms,	and	partially	as	a	result	of	

Poincaré	–	whose	wide-ranging	genius	ventured	into	nearly	all	of	the	sciences	–	

expanding	his	reflections	on	space	and	geometry	into	physics	and	psychology.	For	

example,	as	we've	seen,	Poincaré's	argument	for	the	conventionality	of	a	spatial	

metric	was	often	posed	as	a	quadrilemma.	The	existence	of	models	of	non-Euclidean	

geometry	show	that	the	truth	of	a	particular	metric	cannot	be	analytic;	the	powerful	

applications	of	both	Euclidean	and	hyperbolic	metrics	in	complex	analysis	show	that	

it	cannot	be	synthetic	a	priori;	and	since	(Poincaré	argued	initially)	it	could	not	
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possibly	be	empirical,	it	must	be	conventional.	However,	in	Poincaré's	earliest	

philosophical	papers	(1891/1913,	38	and	1895/1913,	53),	the	argument	against	

empiricism	is	weak	and	undeveloped.	He	argues,	briefly,	that	geometry	is	an	exact	

and	unrevisable	science,	whereas	all	empirical	sciences	are	only	approximately	true	

and	are	subject	to	constant	revision.	Partially	as	a	result	of	reading	and	reviewing	

Russell	1897	(which	argued	that	metric	geometry	is	empirical),	Poincaré	began	to	

refine	and	expand	his	arguments	against	empiricism.	These	arguments	are	collected	

in	Ch.5	of	Science	and	Hypothesis	(Poincaré	1902/1913),	which	consists	largely	of	

reprinted	sections	of	his	exchange	with	Russell	(Poincaré	1899	and	Poincaré	

1900).36	Furthermore,	geometry	is	intimately	connected	with	perceptual	

psychology,	since	we	perceive	objects	in	space	and	geometrical	notions	(such	as	

point,	line,	and	distance)	appear	in	perceptual	psychology	as	well.	Poincaré	began	in	

1895/1913	(and	continuing	in	chapters	3	and	4	of	Poincaré	1905)	to	put	together	a	

rich	theory	of	the	origins	of	spatial	notions	in	perception	–	a	theory	that	reinforces	
                                                             
36	As	mentioned	earlier	(notes	11	and	16)	the	penultimate	paragraph	of	Poincaré	
1891/1905	–	a	passage	devoted	to	the	possibility	of	determining	the	correct	
geometry	empirically	by	measuring	stellar	parallaxes	–	was	moved	to	ch.5	of	SH,	
where	it	appears	on	the	opening	page	(page	81)	of	the	paper,	followed	in	the	
subsequent	pages	by	other	paragraphs	that	had	appeared	in	Poincaré	1899	and	
1900.	In	this	passage,	Poincaré	points	out	that,	if	Lobachevskian	geometry	were	
true,	the	parallax	of	distant	stars	would	have	a	positive	limit,	provided	that	light	
rays	travel	always	in	straight	lines.	But	should	experiments	show	that	indeed	stellar	
parallaxes	do	have	a	positive	limit,	we	are	left	with	two	choices:	reject	Euclidean	
geometry	or	reject	the	claim	that	light	rays	travel	in	straight	lines.	The	latter	would	
be	more	advantageous,	and	so	"Euclidean	geometry	has	nothing	to	fear	from	new	
experiments."	
	 Poincaré	does	not	connect	this	line	of	reasoning	to	the	sphere	model	in	
1895/1913,	which	(as	remarked	above)	is	used	to	show	that	we	can	imagine	a	non-
Euclidean	world.	The	reasoning	in	this	passage	is	very	brief,	though	clearly	
suggestive.	There	is	good	reason,	then,	why	Poincaré	needed	to	further	expand	and	
deepen	his	arguments	(in	the	papers	published	in	1899	and	later)	against	the	claim	
that	the	metric	of	space	is	empirical.						
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the	argument	for	conventionalism	by	capturing	the	objectivity	of	spatial	perceptions	

in	group-theoretic	terms.	

	 These	later	developments	are	powerful	and	suggestive.	It	is	not	surprising,	

then,	that	debate	over	the	conventionalism	of	geometry	began	to	focus	more	on	

Poincaré's	reflections	on	the	relations	between	geometry,	physics,	and	psychology,	

as	opposed	to	his	original	arguments	based	on	the	relations	between	geometry	and	

other	branches	of	pure	mathematics.	In	concert	with	other	historical	developments	

–	here	we	should	certainly	include	the	reception	and	expansion	of	Poincaré's	

arguments	by	logical	empiricists	such	as	Schlick	and	Reichenbach	–	the	connections	

between	Poincaré's	conventionalism	and	his	mathematical	work	in	Fuchsian	

functions	was	de-emphasized,	leading	to	the	sort	of	readings	recounted	in	the	

opening	pages	of	this	paper.		But	these	connections	are	worth	remembering,	

because	they	motivate	a	distinctive	argument	for	conventionalism	based	on	the	

looseness	of	fit	between	two	mathematical	theories.	And	they	show	clearly	that	it	

was	no	accidental	fact	that	a	mathematician	who	obtained	the	kind	of	results	using	

the	kind	of	methods	Poincaré	employed	was	led	to	conventionalism.	
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Figures	
	

	
	
Figure	1:	the	Poincaré	Disk	model	of	hyperbolic	geometry	
	

	
	
Figure	2:	Projection	onto	the	plane	of	the	distance	function	on	a	sphere	
	
	
	



	
	
Figure	3:	Beltrami	Model	of	Hyperbolic	Geometry	
	

	
	
	
Figure	4:	The	quadrilateral	construction	
	
	



	
	 	
Figure	5:	The	Klein	model	
	

	
	
Figure	6:	The	Beltrami-Klein	model	on	the	equatorial	plane	
	

	



	
Figure	7:	The	Beltrami-Klein	model	projected	onto	the	southern	hemisphere	
	

	
	
Figure	8:	The	Beltrami-Klein	model	projected	onto	the	Poincaré	model	
	
	

	
	
Figure	9:	The	Lemniscate	of	Bernoulli	
	
	
	

	
	
	



	
	
Figure	10:	The	sine	function	
	
	
	

	
	
Figure	11:	Tessellation	of	the	complex	plane	by	elliptic	functions	
	

	
	
	
Figure	12:	Tessellation	of	the	disk	in	the	complex	plane	by	a	Fuchsian	function	


