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The fifth postulate in Euclid’s Elements is the notorious Axiom of Parallels: 

That, if a straight line falling on two straight lines make the interior angles on the 
same side less than two right angles, the two straight lines, if produced indefinitely, 
meet on that side on which the angles are less than the two right angles.1 
 

This axiom was criticized already in the ancient world. By the late 19th century, Beltrami and 

Klein showed that it is consistent to deny the axiom, and of course Einstein showed that it is 

not even true of physical space. Kant believed that the axioms of geometry are synthetic a 

priori truths. This view sits uncomfortably with the now consensus view among geometers 

that both Euclidean and non-Euclidean geometries are equally legitimate subjects of 

mathematical study, and it sits very uncomfortably with the consensus among physicists that 

the axiom of parallels is false of physical space. Not surprisingly, then, some philosophers 

have argued that Kant’s philosophy of mathematics (indeed, his entire theoretical 

philosophy) has been refuted by the real possibility of non-Euclidean physical spaces.2 

 Moreover, some of Kant’s critics, surprised that Kant says nothing about the well-

known problems with Euclid’s axiom of parallels, have viewed Kant’s silence on this topic as 

blameworthy.  Here, for instance, is William Ewald, in his well-known collection From Kant to 

Hilbert: 

                                                
1 Euclid, The Thirteen Books of the Elements, vol.1, trans. and ed. Heath, 202. This is the fifth “postulate” in 
Euclid’s Elements; for reasons that will become clear below, I will refer to the principle as Euclid’s “axiom” of 
parallels. 
2 See, for example, Reichenbach, "Logical Empiricism in Germany," 145. 
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Kant has surprisingly little to say in his philosophical writings about Euclid's Axiom 
of Parallels or about its relevance to his theory of geometry. He was surely aware that 
mathematicians had unsuccessfully attempted to prove the Axiom, and that the 
absence of a proof was regarded as a notoriously unsolved problem; but in the 
Critique of Pure Reason he does not discuss the Axiom or the possibility of alternative 
geometries.3 
 

And here is a more damning verdict, delivered a century ago: 

In the Critique of Pure Reason itself and elsewhere Kant has shown that he only had a 
very poor grasp of the elements of mathematics; he did not understand anything 
about what was going on in the contemporary research into the first principles of 
geometry.4  

  
These criticisms of Kant are made more vivid by reflecting on the state of the debate over 

Euclid’s axiom in the late eighteenth century. This was an especially active period of interest 

in the problem. In 1786 alone there were eight works published in Germany on Euclid’s 

axiom of parallels. In fact, many of the participants in this debate (such as Wolff, Lambert, 

Kästner, and Schultz) were well known to Kant himself.  

 It was the consensus view in late eighteenth century Germany that Euclid’s axiom of 

parallels, though undoubtedly true, was not a genuine axiom because it lacked the 

distinguishing features (such as certainty or simplicity) of genuine indemonstrables. As 

Kant’s student Kiesewetter summarized the situation: “Euclid made this proposition an 

axiom [Grundsatz], which it obviously is not, but one has sought in vain up till now for an 

acceptable proof for it, although nobody doubts its truth."5 This unsatisfactory state of 

affairs motivated a proliferation of new attempts to prove the axiom from principles that are 

genuinely indemonstrable. This mathematical project inevitably led to a philosophical debate: 

what would a satisfactory proof the axiom look like? On what grounds can we decide 

                                                
3 Ewald, From Kant to Hilbert, vol.1 (1996), 135. 
4 Paul Mansion, "Gauss contra Kant sur la géométrie non euclidienne" (1908), 439, quoted in Martin, Arithmetic 
and Combinatorics: Kant and his contemporaries, trans. Wubnig (1985), xix. 
5 Kiesewetter, Anfangsgründe, §68. On the debates over the theory of parallels in late eighteenth century 
Germany, see De Risi, Leibniz on the Parallel Postulate and the Foundations of Geometry, §5.2-5.3. In future work, I 
hope to locate Kant’s own views within this wider context. 
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whether the premises in a proposed proof of the axiom are themselves genuine axioms? 

What is an axiom after all? Moreover, as I’ll explain further in section II, this debate 

dovetailed with an independent debate over the nature of Euclid’s definition of parallel 

lines.6 A common view was that Euclid’s definition of parallel lines was a methodologically 

defective definition. This motivated eighteenth century mathematicians to defend and 

propose alternative definitions. Again, this mathematical project of recasting the theory of 

parallels using new definitions inevitably led to a fresh philosophical debate: what would a 

satisfactory definition of parallel lines look like? On what grounds can we decide whether a 

proposed definition is a genuine definition? What is a mathematical definition after all? 

 Was Kant aware of the problems posed to geometry by the theory of parallel lines? 

Did he understand and reflect on these problems, or is it indeed true that “he did not 

understand anything about what was going on in the contemporary research” in the theory 

of parallel lines, as has been claimed? In this paper, I will argue that he was fully aware of the 

philosophical and mathematical problems posed by the theory of parallel lines. Indeed, he 

reflected on these problems in a lengthy series of unpublished notes (Refl 5-11, Ak 14: 23-

52) written during the critical period. Given the historical importance of the theory of 

parallel lines for the later reception of Kant’s philosophy, it is surprising that so little has 

been made of these notes. Erich Adickes, the editor of volume 14 of Kant’s Gesammelte 

Schriften, has given by far the lengthiest discussion of them. His judgment of their quality, 

however, is severe: confronted with the knotty issues in the theory of parallels, “Kant 

                                                
6 I discuss this debate over the definition of parallel lines in more detail in Heis, "Kant (versus Leibniz, Wolff, 
and Lambert) on Real Definitions in Geometry." As I explain in section II, though the debate over Euclid’s 
definition is a separate debate from that over Euclid’s axiom, for some philosophers the two debates were 
intimately connected – especially for those philosophers who, following Leibniz, believed that every 
mathematical axiom can be proved from definitions. 
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becomes entangled in knots, instead of untying them.”7 I will argue on the contrary that 

Kant was not confused in these notes, but was offering a sensitive and philosophically novel 

diagnosis of some of the problems posed by the theory of parallel lines. 

 I draw two conclusions from these notes. First, Kant did recognize that his 

philosophy of mathematics has a particular difficulty accommodating parallel lines. Second, 

the challenge for Kant posed by parallel lines is not first and foremost a problem with 

Euclid's parallel axiom. It is, more fundamentally, an issue with Euclid's definition. Both of 

these conclusions have been overlooked in the literature. Part of the reason that readers have 

mislocated Kant's difficulty with parallel lines is -- I argue -- that Kant commentators have 

failed to distinguish, as Kant does, between axioms and postulates. 

 The paper is organized as follows. In section I, I lay the groundwork for Kant’s 

discussion of parallels by giving an overview of the salient features of Kant’s conception of 

geometry, singling out his unique conception of geometrical proofs, definitions, and 

postulates. Section II begins the discussion of Kant’s treatment of parallels from Refl 5-11. 

In these notes Kant recognized the mathematical gaps in Christian Wolff's definition of 

parallel lines, and argued that Wolff’s proofs, even if the gaps were corrected, would still be 

methodologically deficient, since they proceed philosophically, not mathematically. 

Furthermore, Kant thought that neither Wolff's nor Euclid's definitions of parallel lines were 

properly mathematical definitions, since they do not contain in themselves their 

                                                
7 Ak 14:49. Citations of works of Kant besides the Critique of Pure Reason are according to the German Academy 
(“Ak”) edition pagination: Gesammelte Schriften, edited by the Königlich-Preußische Akademie der 
Wissenschaften, later the Deutsche Akademie der Wissenschaften zu Berlin. I also cite Kant’s reflexions [Refl] 
by number. For the Critique of Pure Reason, I follow the common practice of citing the original page numbers in 
the first (“A”) or second (“B”) edition of 1781 and 1787. Passages from Kant’s Jäsche Logic [JL] (edited by 
Kant's student Jäsche and published under Kant's name in 1800) are also cited by paragraph number ("§").  I 
use the translation in Lectures on Logic, translated and edited by J. Michael Young (Cambridge: 1992) both for JL 
and for Kant’s other logic lectures. Passages from Kant’s correspondence are cited by Ak page number and by 
date; translations are from Philosophical Correspondence, 1759-99, edited and translated by Arnulf Zweig (Chicago: 
University of Chicago Press, 1967). 
Works by Wolff and Lambert will be cited by paragraph number ("§"). 
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constructions. In the next section I consider and reject Michael Friedman’s well-known 

diagnosis of the fraught relationship between Kant’s philosophy and Euclid’s parallel axiom. 

It is no objection to Kant that Euclid's parallel axiom does not satisfy his description of 

mathematical postulates, since Kant distinguished postulates from axioms and would have 

considered Euclid's principle (were it unprovable) to be an axiom, not a postulate. 

 
I. Kant on Mathematical Definitions and Postulates 
 
Kant describes his conception of the mathematical method in the following well-known 

passage: 

[M]athematical cognition [is rational cognition] from the construction of concepts. But 
to construct a concept means to exhibit a priori the intuition corresponding to it. For 
the construction of a concept, therefore, a non-empirical intuition is required, which 
consequently, as intuition, is an individual object, but that must nevertheless, as the 
construction of a concept (of a general representation), express in the representation 
universal validity for all possible intuitions that belong under the same concept. [...] 
The individual drawn figure is empirical, and nevertheless serves to express the 
concept without damage to its universality, for in the case of this empirical intuition 
we have taken account only of the action of constructing the concept. (A713/B741) 

 
There are three distinctive features of the mathematical method. First, a proof of a 

mathematical judgment works by constructing an individual figure that “exhibits” a 

mathematical concept. For instance, in the proof that the sum of the interior angles of a 

triangle is equal to two right angles (Elements I.32), a geometer must draw an individual 

triangle ABC, and that triangle – being an individual – will have individual properties, say 

being acute, not shared with all triangles. Second, though the proof of a theorem such as I.32 

requires drawing an individual triangle that has specific properties not shared with all 

triangles, nevertheless the demonstration is completely general. The drawn triangle thus 

functions generally, since it stands in for all triangles. Third, the intuition of the drawn figure, 

despite being “empirical,” is available a priori. I do not need to consult experience to find a 

triangle; possessing the concept <triangle> (=<figure enclosed in three straight lines>) is all 
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I need to construct an individual.  

 This theory of mathematical proof presents immediate puzzles: how could reasoning 

about one case lead with certainty to general conclusions? How could observing a particular 

empirical object, such as a triangle drawn on paper, provide a priori conclusions? Kant's 

theory of mathematical concepts plays a key role in answering these questions. According to 

Kant, mathematical concepts are "made," not "given" (A729-30/B757-8; JL, §4). A given 

concept is one whose possession precedes its complete analysis: I acquire the concept 

<gold>, say, from experience of things that are gold, and subsequently work my way 

through reflection toward an explication of its component marks (like <yellow> and 

<metal>). In a made (or “arbitrary”8) concept, like the concepts of mathematics, the 

concepts and their definitions are always grasped together: I cannot grasp <triangle> 

without knowing its definition and which marks it contains (namely, <figure> and 

<enclosed in three straight lines>).9 The fact that I always know the definition of a 

mathematical concept whenever I grasp it makes it possible for me to draw certain general 

conclusions from individual constructions. For without knowing for certain what is 

contained in the concept <triangle>, I couldn’t keep track reliably of what in the constructed 

individual holds of every triangle. General mathematical proofs therefore require made 

concepts.  

Furthermore, the possession of a mathematical definition such as <triangle> enables 

me to represent a particular drawn triangle and so carry out a proof without having to find 

through experience a representative individual. Thus when a geometer employs empirical 

                                                
8 In the first Critique, Kant calls such concepts “made” and also “arbitrary” or “arbitrarily thought” (A729-
30/B757-8). 
9 "In mathematics we do not have any concept prior to the definitions, as that through which the concept is 
first given… Mathematical definitions can never err.  For since the concept is first given through the definition, 
it contains just that which the definition would think through it" (A731/B759).  
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intuitions in conducting her proofs, the proof is still genuinely a priori, since the definition 

itself suffices to enable me to produce a representative individual:   

[T]he object that [mathematics] thinks it also exhibits a priori in intuition, and this 
[object] can surely contain neither more nor less than the concept, since through the 
definition of the concept the object is originally given. (A729/B757) 

 
As Kant puts the point in a passage that will be discussed in great detail below, a 

mathematical definition must “at the same time contain in itself the construction of the 

concept” (Refl 6; cf. 19 May 1789 Letter Reinhold, Ak 11:42). In fact, if the definition of a 

mathematical concept did not contain its construction,10 then it would have to be proven that 

the concept has instances. But this would be impossible, since on Kant’s view every 

genuinely mathematical proof requires exhibiting a representative individual on which the 

mathematical reasoning can be conducted, and so we would already have to be able to 

produce an instance of the concept before proving that it has an instance.11   

 This theory of mathematical concepts necessitates a certain conception of 

mathematical definitions. Mathematical definitions are “real definitions.” According to Kant, 

“real definitions present the possibility of the object from inner marks.”12 Since 

mathematical definitions “exhibit the object in accordance with the concept in intuition” 

(A241-2), they present the possibility of an object falling under the defined concept by 

enabling the mathematician to construct an actual instance of the concept. Kant therefore 

calls them “genetic” definitions, since they “exhibit the object of the concept a priori and in 

                                                
10 Kant speaks of the construction being contained in the concept (see Section II below) and at A729/B757 of 
the mathematical concept "containing" a "synthesis which can be constructed a priori." Clearly, this is distinct 
from the logical sense of "containment," according to which <triangle> contains component concepts such as 
<figure>.  
11 For a full defense of this reading, see Heis, "Kant (versus Leibniz, Wolff, and Lambert) on Real Definitions 
in Geometry." 
12 JL, §106. On real definitions: A241-2, Vienna Logic, Ak 24:918. That mathematical definitions are real: A242; 
Blomberg Logic, Ak 24:268; Dohna-Wundlacken Logic, Ak 24:760; JL §106, note 2, Ak 9:144; Refl 3000, Ak 
16:609. 
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concreto” (JL, §106).13 (Genetic definitions are then a species of real definitions, as the actual is 

a subset of the possible.14) 

 There is one more feature of Kant’s theory of the mathematical method that will 

concern us in what follows. Mathematics is knowledge from construction of concepts. 

Construction is an activity: the “(spontaneous) production of a corresponding intuition” 

(“On a Discovery,” Ak 8:192). Mathematics therefore requires the possibility of certain 

spontaneous acts. The possibility of such an act is guaranteed by a “postulate”: “a practical, 

immediately certain proposition or a fundamental proposition which determines a possible 

action of which it is presupposed that the manner of executing it is immediately certain” (JL, 

§38).15  

 Kant’s explanation of the immediate certainty of postulates falls straightaway out of 

his conception of mathematical concepts.  

Now in mathematics a postulate is the practical proposition that contains nothing 
except the synthesis through which we first give ourselves an object and generate its 
concept, e.g., to describe a circle with a given line from a given point on a plane 
[Euclid’s third postulate]; and a proposition of this sort cannot be proved, since the 
procedure that it demands is precisely that through which we first generate the 
concept of such a figure. (A234/ B287) 

 
Since mathematical concepts are not given concepts, we cannot possess the concept 

<circle> without having its definition. Since mathematical definitions contain the 

constructions of the defined concepts, the definition of circle enables me to describe circles in 

pure intuition a priori and in concreto. So it is impossible that I should have the concept 

<circle> and not know Euclid’s third postulate, that circles can be described with a given 

                                                
13 On genetic definitions, see also Refl 3001, Ak 16:609. That mathematical definitions are genetic: Refl 3002, 
Ak 16:609. 
14 Refl 3002, Ak 16:609. 
15 On postulates, see also Refl 3133, Ak 16:673; Heschel Logic 87 (trans. by Young in Lectures on Logic, 381); 
"Über Kästner's Abhandlungen," Ak 20:410-1; Letter to Schultz, 25 Nov 1788, Ak 10:556. On Kant's view of 
mathematical postulates and their role in his philosophy, see especially Alison Laywine, "Problems and 
Postulates: Kant on Reason and Understanding" (1998) and "Kant and Lambert on Geometrical Postulates and 
the Reform of Metaphysics" (2010).  
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line from a given point. The (basic16) genetic definitions of mathematics are then virtually 

interchangeable with postulates. 

The possibility of a circle is ... given in the definition of the circle, since the circle is 
actually constructed by means of the definition, that is, it is exhibited in intuition [...] 
The proposition “to describe a circle” is a practical corollary of the definition (or so-called 
postulate), which could not be demanded at all if the possibility – yes, the very sort 
of possibility of the figure – were not already given in the definition. (Letter to Herz, 
26 May 1789; Ak 11:53, emph. added) 
 

 

II. Kant’s Reflexions on the Definitions of <Parallel Lines> 
 
 Kant’s Reflexions 5-11 (Ak 14: 23-52) concern two themes: proper and improper 

mathematical definitions, and how much in the theory of parallel lines can be proven purely 

conceptually merely from the definition of parallel lines. Their content shows them to be 

clearly from the critical period, and two pieces of evidence show that they were written 

relatively late. Refl 10 mentions Schultz’s treatment of parallels through infinite surfaces, 

which was contained in a book Kant received from Schultz in 1784, and Refl 11 reappeared 

in the Opus Postumum (Ak 22:81).17  

 In the Critique (A731/B760), Kant’s example of a proper mathematical definition is 

that of a circle:  

1. circle: a line every point of which is the same distance from a single one.  

In Refl 5-6, Kant considers two other candidate definitions of a circle 

                                                
16 By "basic," I mean those concepts whose definitions have postulates as corollaries. Definitions of complex 
concepts that are composed from basic concepts are genetic, but their corollaries are not postulates, but 
problems. (On problems, see JL §38.) The concept <triangle> is complex in this sense, since it is defined as a 
figure enclosed in three straight lines and is therefore composed from the basic concept <straight line>. The 
possibility of constructing a triangle is then demonstrable while the possibility of constructing straight lines is 
indemonstrable and given in Euclid’s first and second postulates.  
 "Basic" geometrical concepts, in the sense I am expounding here, are not "simple" in the logical sense 
of containing no component marks (see Ak 9:35, 59): rather, they contain no component marks that are 
themselves constructible. Kant considers both <circle> and <straight line> to be "basic" in this sense (see Ak 
20:198), even though they are logically not simple, since each contains, for instance, the concept <line>.  
17 Adickes dates Refl 5-10 to 1778-1789 and Refl 11 to 1790. 
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2. circle: “a line (on a plane) such that every possible line drawn on that plane from a 
determinate point is perpendicular to it." [Refl 5] 
 
3. circle: "a curved line, all of whose arcs are divided into equal parts by the 
perpendicular line that divides its cord into two equal parts." [Refl 6] 
 

Definitions 2 and 3, like definition 1, give conditions that are true of all and only circles – as 

Kant puts it, the concept and its definition are “convertible” (JL §107, note 1, Ak 9:144). 

However, Kant asks:  “How much can be inferred from this definition of a circle?” And he replies: 

I think, from a definition that does not at the same time contain in itself the 
construction of the concept, nothing can be inferred (which would be a synthetic 
predicate). [On the flip side of this loose page:] so that the proposition [viz., the 
definition] may be converted and in this conversion be proved, which is necessary 
indeed for a definition. (Refl 6) 
 

Kant’s point is that it can indeed be proved, for instance, that every line drawn from the 

center of the circle cuts the perimeter at a right angle. But the proof of this convertibility – 

like every mathematical proof – requires constructing some representative individual. As 

Kant well knew, the construction of perpendiculars is a multi-step procedure that depends 

on the prior ability to construct circles,18 and so the procedure of constructing a curve that 

meets the pencil from a given point everywhere perpendicularly could not be the procedure 

for constructing circles. Since a mathematical definition must be genetic – it must “at the 

same time contain in itself the construction of the concept” – "definitions" 2 and 3 are not 

proper mathematical definitions. Definition 1, on the other hand, does contain in itself the 

construction of circles. The definition asks us to consider a curve composed of points 

everywhere equidistant from a given point; given that Kant – as was standard in the 

eighteenth century – thought of the distance from a point as a line segment from that 

point,19 the definition in essence asks us to construct from a given point a curve that lies at 

the end points of the radii around the center. As Kant put it, “we cannot think a circle” – 

                                                
18 See Euclid, Elements, I.11. 
19 Kant, Refl 9, Ak 14:34-6. 
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that is, understand its definition – “without describing it from a given point” (B154) – that 

is, carrying out Euclid’s third postulate. Thus, definition 1 is the unique, correct definition of 

circle.  

 After criticizing these faulty definitions of circle, Kant makes a surprising claim: “from 

a definition that does not at the same time contain in itself the construction of the concept, 

nothing can be inferred (which would be a synthetic predicate)… Euclid's definition of 

parallel lines is of this kind.” Recall that Euclid defined parallel lines as 

straight lines which, being in the same plane and being produced indefinitely in both 
directions, do not meet one another in either direction.20 
 

Kant’s point is that Euclid’s definition is like the faulty definitions of a circle: grasping the 

concept does not tell you how to construct two non-intersecting straight lines. The 

definition is not genetic. Indeed, since it provides no method for constructing parallels, the 

definition does not present the possibility of parallels and so is not even a real definition. It 

thus violates Kant’s conditions on mathematical definitions. 

 Kant’s criticism of Euclid here is not unprecedented.21 In fact, largely because 

Euclid’s definition does not seem to be a real definition, most eighteenth century geometers 

preferred to define parallel lines as equidistant straight lines. In particular, Christian Wolff 

used this alternative definition in his presentation of the theory of parallels – a presentation 

that was far and away the most influential approach in eighteenth century Germany.22 Wolff 

believed that his alternative definition of parallel lines not only was a real definition (unlike 

                                                
20 Elements, p. 190 (Definition 23). 
21 He would have known a similar criticism that Leibniz had leveled against Euclid in New Essays [1704/1764], 
III, iii, §18: “[T]he real definition displays the possibility of the definiendum and the nominal does not. For 
instance, the definition of two parallel straight lines as ‘lines in the same plane which do not meet even if 
extended to infinity’ is only nominal, for one could at first question whether that is possible.” 
22 Schultz, Entdeckte Theorie der Parallelen, 7: "because every attempt [to prove Euclid's axiom] was fruitless, one 
began to believe that one could help oneself by changing the definition of parallel lines and consider them no 
longer as Euclid did as non-concurrent lines, but rather as lines that are everywhere equidistant from one 
another, and since the well known [work] of Wolff assumes this definition, this definition became dominant 
almost everywhere." 
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Euclid’s), but also would enable Wolff to prove all of the theorems in the theory of parallels 

without having to appeal to Euclid’s problematic axiom of parallels. This is just the sort of 

approach that Wolff’s philosophy of mathematics requires, since he held that all 

mathematical truths, even axioms, are derivable from appropriately chosen definitions alone. 

Indeed, for Wolff, an axiom is just a theoretical proposition that is an immediate 

consequence of a definition.23 

 For this reason, after criticizing Euclid’s approach in Refl 6, Kant therefore moves 

on in Refl 7-11 to consider Wolff’s way of solving the problems posed by Euclid’s definition 

and axiom.24  

 In his Anfangsgründe (the text that Kant used as a textbook) Wolff defined parallels 

thus: 

"If two lines AB and CD always have the same distance from each other, then they 

are parallel lines."25 

Wolff in these texts never proves or even mentions Euclid’s axiom (and in these notes, Kant 

follows suit), but instead uses his definition to prove directly the propositions that Euclid 

could only prove using the axiom. Some background will help to understand Wolff’s 

approach. Euclid needed the parallel axiom only once, in his proof of proposition I.29: 

Euclid I.29. A straight line falling on parallel straight lines makes the alternate angles 
equal to one another, the exterior angle equal to the interior and opposite angle, and 

                                                
23 Elementa Matheseos Universae, §30; Die Vernünfftige Gedancken von den Kräfften des menschlichen Verstandes, Ch.3, 
§XIII and Ch.6, §1. 
24 Kant never mentions Wolff’s name (or anyone else’s, besides Euclid’s) in these notes. However, internal 
evidence – in particular, the way his notes closely follow Wolff’s particular versions of Euclid’s I.27-9 – and the 
fact that Kant taught Wolff's texts for years strongly suggest that Wolff was Kant’s immediate target. (Kant 
taught mathematics at Königsberg from 1750 until 1764, using Wolff's Anfangsgründe and the shorter Auszug aus 
den Anfangsgründe. See Martin, Arithmetic and Combinatorics (1985), xxi-ii, 143-4.) 
25 Anfangsgründe, Geometrie, Definition 14 (125). Cf. also Elementa, Definition 44, §81 (128). In Refl 8 (Ak 
14:33), Kant defines parallels as “those straight lines whose distance from one another is always the same.” 
Note that Wolff’s definition does not state that the two lines are straight (although, as we’ll see below, Wolff 
implicitly assumes this!)  
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the sum of the interior angles on the same side equal to two right angles.26 
 

This proposition is the converse of Euclid I.27-8, which can be proven without Euclid’s axiom: 

Euclid I.27-8. If a straight line falling on two straight lines makes the alternate angles 
equal to one another, the exterior angle equal to the interior and opposite angle on 
the same side, or the sum of the interior angles on the same side equal to two right 
angles, then the straight lines are parallel to one another. 
 

As Kant recognized in his notes, the problems with Euclid’s axiom could be solved if I.29 

could be proved from the same assumptions as I.27-8.27 

 When parallels are defined as equidistants, I.29 can indeed be proved without the 

parallel axiom. However, Wolff did not notice that the bump in the carpet simply moves: 

I.27-8 now cannot be proven without an additional axiom. Here is Wolff’s proof: 

 

 
 

Wolff, Elementa, §255 [=Euclid I.27-8]. If two lines AB and CD are cut by a transverse EF in 
G and H in such a way that either y=u, or x=u, or o + u is 180 degrees; then the lines will be 
parallel among themselves. 
 Demonstratio. 1. Send from H and G the perpendiculars HK and GI; then will K = I. 
truly also y=u per hypoth and HG=HG. Thus HK=GI, and so since HK and GI are the 
distances of the lines AB and CD, then the lines AB and CD are parallel to each other. 
QED. 
 
Wolff’s reasoning in the bolded line is patently fallacious. For the distance from CD to AB 

                                                
26 Using the diagram on the next page, this says: if AB and CD are parallel, then x = u, y = u, and u + o = 180°.  
27 Refl 8, Ak 14:33: The issue is that “the first proposition of Euclid can be straightaway inferred, but the 
converse would not follow.” 
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to be the same at points H and I, the perpendicular segments erected on CD to AB at H and 

I must be equal. But Wolff has only shown that KH = GI, and that GI is perpendicular to 

CD at I. He has not shown that KH is perpendicular to CD at H. Of course, KH is 

perpendicular to AB at K, but this proves nothing unless Wolff can show that KH is a 

mutual perpendicular: that it is perpendicular to both lines. (In fact, Wolff could not show 

this without a special axiom, since the claim that the angle KHC = 90° is in fact equivalent 

to Euclid’s parallel axiom.)  

 Kant recognized the flaw in Wolff’s reasoning. In Refl 10 (Ak 14:51), Kant draws the 

diagram from Wolff’s proof, notes that Wolff has successfully shown that HK=GI, y=u, 

K=I, but then comments: 

if the distances should be called equal, then it needs to be proved that the line [e.g. 
HK] is the perpendicular not only on the one [AB] but also on the other [CD], which 
cannot be proven from the equality of the lines cutting them [that is, from the fact 
that HK=GI].28 
 

The problem, Kant realizes, is that Wolff is not distinguishing between the distance from AB 

to CD and the distance from CD to AB. Wolff's proof then exploits this ambiguity: it first 

uses a weaker, not necessarily symmetric, notion of distance (where the distance from the 

first line to the second needn't be identical to the distance from the second to the first) to 

infer that HK and GI are "distances," and then uses a stronger, symmetric notion of distance 

(where the distance from the first line to the second must be identical to the distance from 

the second to the first) to infer from the claim that HK and GI are “distances” to the claim 

                                                
28 Kant makes a similar point in Refl 8: “If one assumes that the perpendicular line from a point a of the upper 
line is the distance of the one from the other, but the perpendicular from b to da is to be the measure of the 
distance of the second from the first  (because the distance had been assumed as equal), then would these lines 
be the same. Insofar [as this assumption is made] this inference is also correct, although through a paralogism.” 
 Adickes (Ak 14:33-4) thinks that Kant is here confusing I.27-8 with I.29, but I do not think so. First, 
Kant’s criticism fits well with Wolff’s reasoning in Elementa §255 and Anfangsgründe, Geometrie, §98 (but not 
with his reasoning in Elementa §233; Anfangsgründe, Geometrie, §97). Second, Adickes's argument depends on 
Kant’s identifying this fallacious proof as Euclid’s second proposition, which Adickes assumes is I.29. But 
Wolff, which Kant is following here, switches them, proving I.29 first and I.27-8 second.  
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that AB and CD are parallel.29  

In fact, Kant thinks that the root of the fallacy is that Wolff has not clearly laid out 

what he means by “the distance from one straight line to another.” Indeed, Kant thinks that 

in Wolff’s treatment “we have indeed a definition of parallel lines […], but no definition of 

the distance of a straight line in general in the same plane.”30 So, Wolff’s definition of parallel 

lines is only useable if we have a definition of distance between straight lines, and this 

definition – if we choose it right – might fix the hole in Wolff’s proof. Kant proposes the 

following definition: 

The distance of two straight lines from one another is the perpendicular line that is 
drawn from a point of one to the other, insofar as it is congruent with the line that is 
erected perpendicularly from the same point to the first. 
 

In other words the distance between two lines is a mutual perpendicular between them.31 It 

follows immediately that two lines have a distance at a point only if there is a mutual 

perpendicular on both lines at that point, and that the two lines are everywhere equidistant 

only if they have mutual perpendiculars everywhere. Pairs of straight lines with no mutual 

perpendiculars thus have no distance anywhere. This definition removes the ambiguity in 

Wolff’s proof of I.27-8 and it plugs one hole in the reasoning (how do we infer from HK 

being the distance of CD to AB at K to its being the distance of AB to CD as well?). As 

Kant clearly recognizes, however, removing the ambiguity just makes explicit the remaining 

hole in the proof that cannot be filled.  

                                                
29 To elaborate this point: To prove that KH is a “distance” from AB to CD in the weaker sense, Wolff needs 
to prove that KH is a straight line that intersects AB and CD and that it intersects AB in a right angle at K. To 
prove that KH is a “distance” from AB to CD in the stronger, symmetric sense, he needs to prove that KH is a 
distance in the weaker sense, plus one further claim: that KH also intersects CD at a right angle at H. Wolff proves 
that KH is a distance in the weaker (not necessarily symmetric) sense, but then helps himself to the stronger 
claim that KH is a distance in the symmetric sense.  
30 Refl 8, 14:33. Kant is correct about Wolff. In Anfangsgründe (Geometrie, §25), Wolff defines parallels without 
first defining distance. In Elementa §15, he defines distance as “the shortest line between two things [inter 
duo],” though it seems from his comments that he meant “between two points.” He defines parallels in §81 
without saying in general what the distance between two lines should mean.  
31 Refl 9, Ak 14:34.  
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 Even more interesting than Kant’s criticism of the mathematical flaws in Wolff’s 

proof of I.27-8, though, is that Kant furthermore uses his notion of distance to criticize 

Wolff’s proof of I.29 (the converse of I.27-8) on philosophical grounds. Wolff proves I.29 from 

a special case of it, which – using again the diagram drawn above – is this: 

Elementa, §230: If CD is parallel and HK perpendicular to AB, then HK will also be 
perpendicular to CD.  
 

As Kant recognized, this theorem, unlike the previous one, is valid without Euclid’s axiom 

when parallels are defined as Wolff defines them. But though the truth of §230 is 

unproblematic, Kant argues that its proof is philosophically problematic. For on the notion of 

distance implicitly employed by Wolff, the theorem is a merely analytic or conceptual truth. 

This proposition cannot be exhibited mathematically, but rather follows merely from 
concepts: namely, that parallel lines alone have a determinate distance from one 
another; that the distance should be measured by the perpendicular lines, from a 
point A which connects the one to the other; that, because the distance must be 
reciprocally equal, the distance from the point B to the other line, therefore the 
perpendicular to this one, must stand at the same time as the measure of the distance 
of this line to the other, and so at the same time perpendicular to it. And [so] … 
both these perpendiculars are one and the same. (Refl 10, Ak 14:44-5) 
 

That every perpendicular on equidistant straights is a mutual perpendicular just follows from 

Kant’s definition of the distance between two straight lines as mutual perpendiculars. The 

construction of parallels becomes otiose (it is not “exhibited mathematically”), and the 

theorem falls right out of the definition as an “identical proposition” (Refl 9, Ak 14:34). 

Since “I do not need to prove the equality of the perpendiculars intuitively” (Refl 10, Ak 

14:50), the proof proceeds “through a philosophical mode of representation through 

concepts while foregoing the construction.” That is, “not in the Euclidean way” (Refl 11, 

14:52). 

 Of course, a proof that proceeds through concepts alone, without the construction, 

is precisely the kind of proof that Wolff – given his philosophical commitments – was 
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aiming for. But Kant, who took himself to have proven in the first Critique that genuinely 

mathematical demonstrations of genuinely synthetic claims cannot proceed from concepts 

alone without a construction in pure intuition, held that Wolff’s proof is philosophically 

suspect. In a well-known passage, Kant distinguishes a “mathematical” proof of a 

proposition in elementary geometry (his example is Euclid’s I.32) from an abortive 

“philosophical” proof of the same theorem (A716-7/B744-5; cf. A734-5/B762-3). The 

mathematician proves the theorem by constructing in intuition a particular triangle and 

drawing inferences using the constructed figure; the philosopher cannot construct a 

particular triangle in intuition, but can only analyze the concepts in the proposition in a futile 

attempt to reduce the proposition to an identity. Wolff’s proof of Euclid’s I.29 in Elementa 

§230 proceeds in precisely the way Kant’s mistaken philosopher tries to proceed.     

 The philosophical problem, though, is more serious. It is not just that Elementa §230 

tries to prove a synthetic claim purely discursively. Wolff’s definition simply does not admit 

of construction at all. 

For now the geometric proof rests on […] a concept of determinate distances and of 
parallel lines as lines, whose distance is determinate, [a concept] which cannot be 
constructed, and is therefore not capable of mathematical proof: thus if a geometrical 
proof should be missing, where the magnitudes (whose relations are to be fixed) can 
be given completely, still a mathematical proof is better than a merely philosophical 
proof. (Refl 10, Ak 47-8) 
 

One might think that Wolff’s definition of parallel lines is a real definition, indeed even 

genetic: since distances are perpendicular lines, one constructs the line HI, everywhere 

equidistant to KG, by sliding a line HK, perpendicular to KG, along KG. Wolff, however, 

assumes that the traced out line HI is in fact a straight line,32 an assumption that is neither 

                                                
32 For instance, Wolff assumes that the constructed line HI, parallel to KG, is straight in his proof of Elementa 
§230, where he uses facts about rectilinear triangles to draw inferences about triangles whose bases are on HI. 
Schultz explicitly criticized Wolff for assuming, without being able to prove, that a line everywhere equidistant 
from a straight is in fact itself straight (Endeckte, p.7). 
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obvious from the construction nor ever proved by Wolff. Without a guarantee of this line's 

straightness, the “concept does not lead to its construction,” the definition is not real, and 

the proofs, like §230, are not genuine proofs in the mathematical sense. They are merely 

philosophical or conceptual proofs, and – like all such proofs – do not demonstrate the 

existence or even the possibility of everywhere equidistant straight lines.33 Ironically, Wolff 

chose to define parallels as equidistant straight lines because Euclid’s definition is not 

obviously a real definition. But, in fact, Wolff’s definition is no more a real definition than 

Euclid’s. (The fact that Wolff’s approach to the theory of parallels fails to provide a real 

definition of parallel lines, together with the fallacy in his proof of Euclid I.27-8, then just 

confirms (from Kant’s point of view) that no proof of a synthetic, geometrical proposition 

such as I.29 can proceed philosophically as Wolff attempts to do. After all, Wolff is able to 

provide a purely discursive proof of I.29 only at the cost of falling into fallacy elsewhere, 

which is just what Kant’s philosophy of mathematics would predict.) 

 Kant has correctly diagnosed Wolff’s mistake. For Wolff avoids the use of the 

parallel axiom in proving Euclid I.29 only at the cost of finding a constructive procedure for 

<parallel lines>. And since Kant thinks that existence is proven mathematically by 

construction, Wolff is not able to prove the existence of everywhere equidistant straight 

lines. But this is not surprising, for – as Saccheri showed – that there exists two everywhere 

equidistant straight lines is simply equivalent to the parallel axiom.34 So Wolff's attempt to 

solve the problems in the theory of parallels fails, a fact made more patent by Kant's 

                                                
33 Kant argues that the construction of a concept presents "the objective reality" of the concept, i.e. "the 
possibility of the existence of a thing with these properties" (On a Discovery, Ak 8:191). On the necessity of 
construction for proving the existence or possibility of a mathematical object, see also A223/B271, 
A239/B299, Ak 11:42-3, Ak 5:31, Ak 20:410-1.  
34 In fact, if there are three equal perpendiculars to a given line that all lie on one straight line, then Euclid’s 
parallel axiom can be proven. (See Saccheri, Euclides Vindicatus, 95). 
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reconstruction of Wolff's "merely philosophical proof." 35  

 In sum, then, Kant criticizes Wolff in four ways, two mathematical and two 

philosophical. First, in trying to prove I.27-8, Wolff commits a fallacy of ambiguity by failing 

to recognize that a perpendicular to one line may fail to be perpendicular to another. Second, 

he fails to recognize that it needs to be proven that a line everywhere equidistant to a straight 

line is itself straight. This mathematical error then sets him up for a philosophical error: 

third, Wolff’s definition of parallel lines is not a real definition, as all genuine mathematical 

definitions must be. Fourth, Wolff makes the philosophical error of trying to prove I.29 

purely discursively. (And this philosophical error cannot be avoided on Wolff’s approach, 

since a genuinely mathematical proof would require constructing parallel lines that meet his 

definition – and Wolff failed to show mathematically that such a construction is possible.  

 When Kant identified the mathematical flaws in Wolff’s reasoning, he was not 

making a new discovery. The gaps in Wolff’s mathematical reasoning were clearly identified 

by Saccheri 1733, Lambert 1786, and Schultz 1784.36 But though Kant's mathematical 

criticism was not novel, it clearly refutes the widespread view that Kant “did not understand 

                                                
35 Judson Webb ("Hintikka on Aristotelean Constructions, Kantian Intuitions, and Peircean Theorems," 230-2) 
argues that Kant is accepting Wolff's definition of <parallel lines> and endorsing this “philosophical proof” as 
the solution to the problems with Euclid’s axiom. He further argues that Kant became aware of the issues in 
the theory of parallels between writing the first and second editions of the first Critique and thus modified his 
account of intuition in geometry in the second edition to accord with the reading given by Jakko Hintikka 
(Webb, 242). In particular, he claims that Kant's "proof" of Euclid I.27-8 shows that Kant was willing to grant 
that the axioms of geometry can be proven after all, and that Kant – accepting in these notes a proof that does 
not involve construction – came to reject any "appeal to vulgar intuition" in geometrical proofs (Webb, 230).    

But clearly Kant was not endorsing this "proof". First, he could not have endorsed it, given the 
centrality of construction (up to his very last writings) not only for his view of mathematical proof, but also for 
his view of mathematical existence. Second, the quotations from Kant’s Reflexions clearly show that he 
thought that a purely conceptual proof of I.29 would be inferior and undesirable. Third, even if Kant did 
accept this conceptual proof of I.29, Kant clearly also recognized the fallacies in Wolff's proof of I.27-8 
(=Elementa, §255), and so could not have thought that Wolff's approach solves the problems with Euclid's 
axiom. Indeed, Kant recognized that there is no proof of the constructability of <parallel lines> as Wolff 
defines them; and since this constructability is equivalent to the axiom of parallels, Kant is ipso facto 
recognizing that Wolff's proof of the parallel axiom completely fails. 
36 Saccheri, Euclides, 87-101, on Clavius and Borelli; Lambert, Theorie, §§4-10, on Wolff's definition; Schultz, 
Entdeckte, 7, 101-114, on Wolff's definition and proofs. On Lambert's criticisms of Wolff, see Laywine 2010 
and Dunlop 2009. 



 20 

anything of what was going on” in his contemporaries’ discussion of the theory of parallels. 

Moreover, Kant situates his diagnosis of Wolff's mathematical errors within a more 

sustained philosophical criticism – a criticism that draws essentially on Kant's views on real 

definitions, constructions, and the contrast between the philosophical and mathematical 

method. Indeed, Kant’s mathematical and philosophical criticisms were clearly connected. 

Wolff, philosophically committed ahead of time to the provability of all of Euclid's axioms 

and the sufficiency of well chosen definitions, was surely predisposed to think that, with just 

a careful choice of a new definition of <parallel lines>, the axiom of parallels would follow 

immediately. Kant, antecedently committed to the essentially constructive character of 

genuine mathematical proofs, was predisposed to be deeply skeptical about conceptual 

proofs like Wolff's, where the constructed figure was doing no real work. Further, it is 

precisely because Kant believed that mathematics is knowledge from the construction of 

concepts that his requirements on the definition of parallel lines were so restrictive – 

restrictive enough to rule out both Euclid’s and Wolff’s on philosophical grounds.  

     

Section III. Postulates and Axioms 

Reflexions 5-11 comprise the only explicit treatment of the theory of parallel lines in Kant’s 

extant writings. As we’ve seen, he focuses his attention on the theory of mathematical 

definitions, arguing that neither Euclid’s nor Wolff’s definitions are philosophically 

legitimate mathematical definitions, and he criticizes Wolff’s attempt to get around the 

axiom of parallels, arguing that any merely conceptual proof of the axiom would be 

philosophically unacceptable. But it is illuminating to note also what Kant does not say. In 

particular, he does not argue that Euclid’s postulate violates Kant’s philosophical 

requirements on mathematical postulates. As I explained in section I, Kant argues that 



 21 

geometrical postulates are “practical corollaries” of definitions. He illustrates his view with 

Euclid’s third postulate, “to describe a circle with any center and radius.”  His view seems to 

accord equally well with Euclid’s first two postulates, “to draw a straight line from any point 

to any point” and “to produce a finite straight line continuously in a straight line.” But the 

fifth postulate, the parallel postulate, does not seem to fit this model at all. For this reason, 

Michael Friedman writes:   

Geometry ... operates with an initial set of specifically geometrical functions ([viz, the 
operations of extending a line, connecting two points, and describing a circle from a 
given line segment]) ... To do geometry, therefore, ... [we] need to be “given” certain 
initial operations: that is, intuition assures us of the existence and uniqueness of the 
values of these operations for any given arguments. Thus the axioms of Euclidean 
geometry tell us, for example, “that between any two points there is only one straight 
line, from a given point on a plane surface a circle can be described with a given 
straight line” (Ak 2:402)… [footnote:] Serious complications stand in the way of the 
full realization of this attractive picture... Euclid’s Postulate 5, the Parallel Postulate, 
does not have the same status as the other Postulates: it does not simply ‘present’ us 
with an elementary constructive function which can then be iterated.37 

 
If Friedman’s interpretation of Kant’s philosophy of geometry is correct, then what Kant 

ought to have said is that Euclid’s axiom violates his requirements on mathematical 

postulates, and for that reason should be rejected. One might then wonder why Kant did not 

diagnose the difficulties in the theory of parallels in this way.  

 In this closing section, I’ll argue that there is a principled reason why Refl 5-10 do 

not contain an argument like the one suggested by Friedman. To begin with, notice that in 

                                                
37 Friedman, Kant and the Exact Sciences, 88. Alison Laywine “Kant and Lambert on Geometrical Postulates,” 
119, argues that the parallel postulate does fit Kant’s description: “the fifth postulate does follow the pattern of 
the first three. For it too is constructive. It tells us that we can construct two lines that will meet if extended far 
enough – on the condition that, if we let a third line fall on both of them, the angles so formed on one side are 
less than two right angles.”  
 I believe that Friedman is correct that Euclid’s axiom of parallels does not satisfy Kant’s account of 
postulates, despite Laywine’s criticisms. On Kant’s view the postulate must be a practical corollary of a 
definition. It cannot be the practical corollary of <parallel line>, since – as was pointed out by Lambert (Theorie, 
§8) and many others -- Euclid I.31 tells us how to construct parallels and its proof is independent of the axiom 
of parallels. It cannot be the practical corollary of <intersecting lines>, since postulates 1 and 2 already tell us 
how to construct intersecting lines by choosing a point on a given line, a point not on that line, and connecting 
them. Most telling, though, is the historical evidence (which I will canvass below in note 51): not a single 
geometrical writer of 18th century Germany thought that Euclid's axiom of parallels had the practical character 
of a postulate. Kant was surely not the lone exception. 
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the quoted passage, Friedman uses the words “axiom” and “postulate” interchangeably. 

Now, at least since Frege38 mathematicians have not distinguished between axioms and 

postulates. However, as I’ll argue, Kant surely meant to distinguish them, and thus would 

not have expected Euclid’s axiom to fulfill his requirements on mathematical postulates.39 

 Euclid distinguishes between “common notions” (principles like  

“equals added to equals are equals”) and “postulates.” Already in the ancient world, the 

common notions were called “axioms,”40 and early modern geometry texts (and editions of 

Euclid) followed suit in distinguishing between axioms and postulates. In addition, Euclid’s 

list of axioms frequently was expanded to include new axioms such as “No two straight lines 

enclose a space” – which is one of Kant’s favorite examples of an axiom (see A163/B204 et 

al.). Furthermore, it was a very common practice to relabel Euclid’s Parallel "Postulate" as an 

“axiom.”41  

 Deciding whether the Euclid’s fifth postulate is a genuine postulate depends 

obviously on deciding what postulates and axioms are. Here are the explications of the 

relevant terms as they appear in Kant’s Logik; 

§33: Demonstrable propositions are those that are capable of proof; those not capable 
of a proof are called indemonstrable. … Immediately certain judgments are 
indemonstrable… 
 
§34: Immediately certain judgments a priori can be called principles [Grundsätze] … 

                                                
38 E.g., Frege, “Logic in Mathematics,” Posthumous Writings, 206-7. 
39 I am arguing that in his philosophy of mathematics Kant held that there is another class of indemonstrable 
proposition (“axioms”) that are distinct in kind from “postulates,” and that Kant’s explanation of the 
immediate certainty of axioms differs fundamentally form his explanation of the certainty of postulates. 
Friedman (in his Kant and the Exact Sciences) finds in Kant’s philosophy of mathematics only one kind of 
indemonstrable and thus only one way of explaining the certainty of an indemonstrable (though he remarks 
that Euclid’s fifth postulate does not fit this account). I am arguing that Friedman has thus missed that there is 
within Kant’s philosophy of mathematics a distinct kind of indemonstrable (“axioms”) differing in kind from 
“postulates.” In arguing that Friedman’s reading – despite its many merits – cannot account for Kant’s 
discussion of axioms, my argument has affinities with Carson, “Kant on Intuition in Geometry,” p.510-11.  
40 Heath, Elements, 221-2. Heath also comments – correctly, in my view – that those writers who, like Kant, 
characterized postulates as practical propositions ought to relabel Euclid's fifth as an axiom: see p.123.  
41 For the history and references, see Shabel 2003, 44-5; Dunlop, "Why Euclid's Geometry Brooked No 
Doubt" (2009), 35-6. 
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§35: Principles are either intuitive or discursive.  The former can be exhibited in intuition 
and are called axioms [Axiome] (axiomata); the latter may be expressed only through 
concepts and can be called acroams [Akroame] (acroamata). 
 
§38: A postulate [Postulat] is a practical, immediately certain proposition or a principle 
[Grundsatz] that determines a possible action [Handlung], in the case of which it is 
presupposed that the way of executing it is immediately certain. 42 
 

A proper understanding of these distinctions requires placing them in their historical 

context. In the mathematics text that Kant taught in his mathematics courses, Wolff’s 

Anfangsgründe, Wolff distinguishes between “postulata,” which are indemonstrable practical 

propositions, and “axiomata,” which are indemonstrable theoretical propositions.43 In the 

critical period Kant departed from Wolff in considering an axiom to be an indemonstrable a 

priori proposition that can be exhibited in intuition, thus distinguishing axioms from analytic 

truths (such as "the whole is greater than its part" (B16-7, Ak 8:196)) and conceptual, 

philosophical principles (which Kant calls "acroams"). But it is clear from Kant’s 

characterization of a postulate that he retained Wolff’s view that postulates are practical 

fundamental propositions. They are “practical” in that they assert of an action [Handlung] 

(namely, the act of describing a circle or drawing a straight line) that it is possible to carry it 

out.44 

 Kant’s characterization of an axiom does not say explicitly that axioms are theoretical – 

                                                
42 On axioms, see also A732/B760; Refl 3135, Ak 16:673. On postulates, see note 11. 
43 Wolff, Anfangsgründe §30. Wolff draws the distinction in the same way in all of his logical and mathematical 
works: see Philosophia Rationalis sive Logica, Pars II; §§267-9; Elementa, §30; Die Vernünfftige Gedancken von den 
Kräfften des menschlichen Verstandes (the “Deutsche Logik”), chapter 3, §XIII.  
44 As Kant puts it in the Critique of Practical Reason, “Pure geometry has postulates as practical propositions 
which, however, contain nothing further than the presupposition that one could do something if it were required 
that one should do it” (Ak 5:31).  
 The postulates of geometry are practical in a way that is clearly different from the way in which the 
postulates of pure practical reason are practical. Moreover, as Kant is making clear in this passage, they are also 
in one respect like hypothetical imperatives. See also 5:25 and “First Introduction” Ak 20:198.  For these 
reasons, it will require some care to spell out the precise sense in which geometrical postulates are “practical” 
and to distinguish this kind of practicality from other kinds that Kant identifies in his philosophy. This is a large 
issue, and unfortunately one that will have to wait for another day. For the purposes of this paper, it suffices to 
show that postulates for Kant assert the possibility of a constructive act and are for that reason distinct from 
axioms, which are theoretical. 
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and thus leaves open the possibility that postulates are a specific kind of axiom – but there is 

overwhelming evidence that Kant thought that axioms and postulates are distinct kinds of 

indemonstrables. First, all of the texts Kant used in his mathematics and logic lectures 

distinguished the class of axioms, which were theoretical propositions, from a distinct class 

of postulates, which were practical.45 Second, all of the works that Kant owned (or that we 

know that Kant read) do so as well: a list that includes works by Baumgarten, Karsten, 

Kästner, Lambert, and Segner.46 Third, two of Kant's students, Schultz and Kiesewetter, 

wrote mathematical texts self-consciously presented according to Kantian principles; they 

also distinguish practical postulates from theoretical axioms.47 Fourth, as far as I can tell, all 

of the examples of axioms48 that Kant gives in his writings (published and unpublished) are 

theoretical, whereas all examples of postulates are practical.49 Fifth, Kant argued against 

Schultz that 7+5=12 is not an axiom, but it is a postulate.50 Though the argument for this 

claim is obscure, it surely makes clear that for Kant postulates and axioms are distinct.  

 Kant’s student Kiesewetter,51 who wrote both a logic textbook (Grundriss einer 

allgemeinen Logik nach Kantischen Grundsätze, 1791) and a mathematics textbook (Die ersten 

Anfangsgründe der reinen Mathematik, 1799) according to Kantian principles, wrote to Kant 

                                                
45 See the references to Wolff's mathematical works in the previous note; Meier, Auszug aus der Vernunftlehre 
(1752), §315, Ak 16:668. 
46 Baumgarten, Logica, §169. Karsten, Mathesis theoretica elementaris (1760), p.2; Kästner, Anfangsgründe (1758), p.14 
(§28), p.176 (cf. "Was heißt in Euclids Geometrie möglich?," §1ff. and "Über den geometrischen Axiomen," 
§1ff.); Lambert, Architectonic, §12-3 (cf. also 13 Nov 1765 Letter to Kant, Ak 10:52); Segner, Elementa, 5-6, 93. 
 Baumgarten, Karsten, and Kästner appear in Warda's list of Kant's library; Lambert and Segner's 
books are referred to explicitly in Kant's writings (Refl 4893, Ak 18:21; B15). 
 Lambert (Abhandlung vom Criterium Veritatis, §48) suggests that the consensus view among German 
logicians was that a postulate is a "practical proposition whose truth is granted as soon as one understands the 
words."   
47 Schultz, Prüfung, vol.1, 65, 67; Kiesewetter, Anfangsgründe, xxi, 215ff.  
48 See Ak 2:281, Ak 2:402, A24; A47/B65; A163/B204; A239-40/B299, A300/B356; Heschel Logic 87 (Young, 
Lectures on Logic, 381); B16; Ak 2:402, B41, A239-40/B299; A732/B760. 
49 See Ak 20:410-11; Heschel Logic 87 (Young, Lectures on Logic, 381); Ak 11:53; Ak 2:402; A234/B287; Ak 
11:43.  
50 25 Nov 1787, Ak 10:555-6.  
51 On Kiesewetter, see Förster, Kant's Final Synthesis, 3, 48-53.  
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while composing his mathematics text and asked Kant for a definition of “Postulat” that 

would clearly distinguish postulates from “axioms” (Grundsätze).52 We do not have Kant’s 

reply, but there is very good reason to believe that Kiesewetter’s way of drawing the 

distinction in his text accords with Kant’s own view. 

Postulate. A practical axiom [Axiom] is called a postulate [Postulat] or a postulating 
proposition [Forderungssatz]. An axiom properly speaking [das eigentliche Axiom] and a 
postulate agree in that in neither case are they derived from a different proposition, 
and they only differ from one another in that an axiom relates to the knowledge of 
an object, augments [vermehrt] the concept of it, (is theoretical), while a postulate 
adds nothing to the knowledge of the object, does not augment its concept, but 
rather concerns only the construction [Construction], the intuitive exhibition 
[Darstellung], of the object. The postulate postulates [fordert] the possibility of the 
action of the imagination to bring about the object, which one had already known 
with apodictic certainty to be possible.  So it is, for example, a postulate to draw a 
straight line between two points.  The possibility of the straight line is given through 
its concept, [and] it is now postulated [gefordert] that one could exhibit it in 
intuition.  One can see right away that through the drawing of the straight line its 
concept is not augmented in the least, but rather the issue is merely to ascribe 
[unterlegen] to the concept an object of intuition.53 

 
When Kiesewetter claims that postulates do not “augment our knowledge of a concept,” he 

does not mean that they are analytic. Rather, he is arguing – as Kant had in A234/B287 – 

that to be certain of the postulate “it is possible to draw a straight line between any two 

points,” it is sufficient to know the concept <straight line>.54 It is impossible that a person 

could possess the concept <straight line> and not know that it is possible to draw a straight 

line between any two points. So, knowing the truth of the postulate does not add anything to 

our knowledge of the concept beyond what was already known in the definition. Put another 

way, the postulate does not add any marks to the concept <straight line> that were not 

                                                
52 Ak 12:267. 
53 Kiesewetter, Anfangsgründe, xxi. 
54 Konstantin Pollock has pointed out to me that Kiesewetter, when he is contrasting geometrical "Axiome" and 
"Postulate" in the quoted passage, is closely mimicking Kant's wording when he contrasts the “postulates 
[Postulate] of empirical thinking,” which correspond to the categories of modality, with the other “principles 
[Grundsätze] of pure understanding,” which correspond to the other categories: “The categories of modality 
have this peculiarity: as a determination of the object they do not augment [vermehren] the concept to which 
they are ascribed in the least, but rather express only the relation to the faculty of cognition” (A219/B266). 



 26 

already contained in the definition of the straight line, but rather secures that the definition is 

real (“the possibility of the straight line is given through its concept”) and not merely 

nominal.  That the definiens of the definition is true of the definiendum is an analytic truth; 

that the definition is real, however, is a synthetic truth.55 

 Axioms, on the other hand, do “augment our knowledge of a concept.” We can spell 

Kiesewetter’s reasoning out with an example. To know the truth of the axiom “no two lines 

enclose a space,” one needs first to construct two line segments – using Euclid’s first two 

postulates – and then attempt to enclose a space by bringing two points of one of the line 

segments until those two points lie on the other line segment.56 (In this way, postulates are 

more fundamental than axioms, since knowing the truth of an axiom requires first constructing 

concepts in intuition, and this ability is secured by postulates.) Once this construction has 

been carried out, it is immediately evident that the two line segments must entirely coincide 

and that the axiom is true.57 As Kant put it: “by means of the construction of concepts in the 

intuition of the object [one] can connect the predicates of the [axiom] a priori and 

                                                
55 Again, compare Kant's claim that the "postulates of empirical thinking" are "subjectively synthetic," despite 
the fact that that they do not "in the least augment the concept of which they are asserted," since they "do not 
assert of a concept anything other than the action of the cognitive faculty from which it is generated" (A233-
4/B286-7). That real definitions are synthetic is suggested by Refl 2994, Ak 16:606-7. Schultz argues explicitly 
that real definitions (and so, he argues, postulates) are synthetic: Prüfung vol.1, 65-7; vol.2, 82-3.   
56 Neither Kant nor Kiesewetter spell out this example, but for concreteness it’s worth speculating on how one 
might construct two such line segments. Kant held that circles are constructed by rotating a line segment in 
intuition around a vertex (B154, A234/B287). In a similar way, one might try to construct a figure enclosed by 
two intersecting lines a and b by rotating one line (say b) around the intersection point ab until another point on 
b comes to lie on a. If one carries out the construction, it is immediately evident to intuition that all the points 
of b lie on a and thus that no space is enclosed. But this case generalizes to all pairs of straight lines – just as I 
can be certain that a circle can be described from any line segment and endpoint as soon as I construct a 
particular circle from one particular line segment, and just as I can be certain that I.32 holds of all triangles as 
soon as I show that it holds for one particular triangle constructed in pure intuition. (Clearly more needs to be 
said about this generalizing move – but I think that it is enough in this paper to say that Kant’s account of the 
generalizing move for axioms would be broadly similar to his account for postulates and theorems. I should 
add also that I am not defending Kant’s conception of axioms, postulates, and definitions – in this paper I am 
only claiming, that given his conception of axioms, postulates, and definitions, his discussion of the theory of 
parallels in Refl 5-11 is original, mathematically informed, and philosophically subtle.)      
57 This construction is not a demonstration of the axiom, since I am not proving the axiom on the basis of 
some other judgment. Rather, carrying out this construction is part of what it is to judge that "no two lines can 
enclose a space." Thus, all that is required to know the axiom is to think it in the distinctly mathematical way.  
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immediately” (A732/B760). Possessing the concept <straight line> is sufficient for knowing 

the truth of Euclid's first two postulates, and these two postulates together make it possible 

for me to carry out the construction of two line segments that intersect in two points. 

Carrying out this construction is sufficient for making the truth of the axiom patent. But it is 

important to note that the particular construction needed for the axiom is not identical to 

(and in fact more complicated than) the constructions expressed in the postulates. For this 

reason, it is possible to possess the concept <straight line>, and not know that “no two lines 

enclose a space”; when one learns that no two straight lines enclose a space, one has 

“augmented” the concept <straight line>. 

 The sure conclusion, then, is that Kant distinguishes practical indemonstrable 

propositions (such as Euclid’s postulates 1-3) from theoretical indemonstrable propositions 

(such as “no two lines enclose a space”), and gives an explanation of the immediate certainty 

for axioms that differs from the explanation given for postulates.58 Moreover, given how 

poorly Euclid’s fifth postulate fits Kant’s account of postulates, it is clear that he would have 

considered it (if it were indemonstrable!) to be an axiom, not a postulate. In fact, historical 

evidence bears this out convincingly. Again, all of the books that Kant owned, and all of the 

works that we have firm evidence that Kant knew, classify it as a candidate axiom, not a 

postulate.59 (This includes the works of Kant’s students Schultz and Kiesewetter.)  

                                                
58 Kant’s distinction between axioms and postulates is fatal to an otherwise appealing interpretive claim 
defended by Friedman. One of the main ideas of Friedman 1992 is that  

Euclidean geometry, on Kant's conception, is not to be compared with Hilbert's axiomatization, say, 
but rather with Frege's Begriffsschrift.  It is not a substantive doctrine, but a form of rational 
representation: a form of rational argument and inference. (p.96) 

Friedman’s idea is that Euclidean postulates, unlike Hilbertian axioms, assert the possibility of basic acts the 
iteration of which bring about constructions, which are in turn the essential preconditions of geometrical 
reasoning. However, as I’ve shown, Euclidean geometry as Kant conceives it includes other synthetic, intuitive, 
and indemonstrable propositions – the axioms – which certainly are substantive truths, not just a “form of 
representation,” and more like Hilbert’s axioms than Frege’s Begriffsschrift.  
59 Lambert, Theorie, §1. Karsten, Lehrbegriff der gesamten Mathematik (1767), §82. Kästner, Anfangsgründe, 195 (§12); 
"Über den mathematischen Begriff des Raums," 414ff. (§30ff). Schultz, Entdeckte, 5; Prüfung, vol.2, 93. 
Kiesewetter, Anfangsgründe, §68. (Wolff, Segner, and Karsten (in his Mathesis theoretica elementa) do not call the 
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 Kant’s principled distinction between axioms and postulates explains why the long 

discussion of the theory of parallels in Refl 5-11 does not argue as Friedman does in the 

passage quoted at the beginning of this section. Kant would not have thought it relevant to 

point out, as Friedman does, that Euclid’s axiom of parallels fails to accord with Kant’s 

characterization of postulates The candidate definitions of parallel lines violate Kant’s 

requirements on mathematical definitions, a proof of Euclid I.29 using Wolff’s definition 

would violate Kant’s requirements on mathematical proofs, but Euclid’s axiom does not 

violate Kant’s requirements on mathematical postulates – for the simple reason that it is a 

candidate axiom, not a postulate. Admittedly, these facts leave many fundamental questions 

unsolved. What then is the status of Euclid’s axiom from a Kantian point of view? Is it 

immediately certain a priori? Can it be exhibited in intuition? Put another way, if Euclid’s 

parallel axiom were a genuine axiom, then when we construct the concepts contained in the 

axiom by drawing two lines cut by a third such that the interior angles are less than two 

rights, we would then be able to “connect the predicate [<intersecting>] a priori and 

immediately.” But is that something we are able to do? More generally, is there a useable and 

non-vague criterion that we can apply to a proposition to test for axiomhood?60 Fortunately, 

though, those are questions for another day.61  

 

                                                                                                                                            
axiom of parallels either an "axiom" or a "postulate," but a "theorem" (though not a “problem”!) since they 
each try to demonstrate it from the other axioms.) 
60 I hope to consider these questions in future work. 
61 This paper was greatly improved by comments and conversations with Katherine Dunlop, Stephen 
Engstrom, Michael Friedman, Penelope Maddy, Bennett McNulty, Cailin O'Connor, Konstantin Pollock, Lisa 
Shabel, Marius Stan, Clinton Tolley, Eric Watkins, and audiences at HOPOS 2010, Cal State Long Beach, and 
the 2010 Pacific meeting of the NAKS. I am especially grateful to Ian Proops and Clinton Tolley for providing 
detailed comments on an earlier draft, and for Ofra Rechter for giving me feedback that helped greatly improve 
the clarity and presentation of the paper. (All remaining faults are surely my own.)  
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