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The discussion of Cassirer’s philosophy of mathematics in the literature has
largely focused on the writings before the turn to the philosophy of symbolic
forms.¹ In Substance and Function (SF)² Cassirer defends a version of structural-
ism, the view that mathematical objects are “positions in structures”. In the
paper “Kant und die moderne Mathematik” (KMM)³, Cassirer defends a version
of logicism, the view that mathematics is a branch of logic. There are good rea-
sons why these claims would be of particular interest to Cassirer’s readers. Struc-
turalism has been perhaps the most widely defended and widely discussed phi-
losophy of mathematics of the last thirty years or so, and Cassirer can with good
justification be considered the first philosopher to defend mathematical structur-
alism. Moreover, Cassirer’s version of logicism differs in interesting ways from
Russell’s and Frege’s, and like structuralism, logicism continues to have its
defenders to this day. In fact, Cassirer’s logicism and structuralism both draw
heavily on the work of the mathematician Richard Dedekind, whose work has
received a bit of a recent revival among contemporary philosophers of mathemat-
ics.⁴

There has been comparatively little discussion in the literature of the philos-
ophy of mathematics in the three volumes of the Philosophy of Symbolic Forms.⁵
This is unfortunate, since Cassirer’s philosophy of arithmetic⁶ after the turn to
PSF includes some fundamentally new ideas, and—as I’ll argue—in some
cases is opposed to the positions defended in SF. In SF, Cassirer employs a tran-
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scendental methodology that leaves no place for empirical psychology; PSF in-
cludes lengthy discussion of empirical work in the psychology of number. The
logicism in SF rules out grounding arithmetic in any sort of intuition; in PSF Cas-
sirer seems to endorse Poincaré’s view that inferences in arithmetic are ground-
ed in a pure intuition. The logicism of the pre-PSF writings eschews any kind of
foundationalism; in PSF, Cassirer argues that pure arithmetic is “supported” by
number in the symbolic forms of myth and language.

This chapter will have three parts. In the first part, I quickly review the chief
features of Cassirer’s philosophy of mathematics, drawing on the interpretation I
have defended in a series of recent papers. In the second part (“Problems for
Logicism in PSF3”), I identify some positions defended in PSF3 that are in ten-
sion with the pre-PSF philosophy of arithmetic, and I’ll argue that this is no ac-
cident: the turn to PSF requires Cassirer to revise his earlier views, not just relo-
cate them in a wider setting. In part III (“Number in the Symbolic Forms”),
I canvass some of the results of Cassirer’s discussion of number in myth and lan-
guage, expression and intuition, explaining how number in these symbolic
forms “supports” scientific arithmetic.

1 Overview of Main Features of Cassirer’s
Philosophy of Mathematics

In this section, I draw on the interpretation defended in Heis (2010, 2011, and
2014) to lay out three main features of Cassirer’s philosophy of mathematics:
structuralism, developmentalism, and logicism. My goal is to identify the places
where Cassirer’s thinking shifts as he moves to PSF. Because I have defended
these interpretations elsewhere, I won’t here give thorough justifications for
my readings.

The basic idea of structuralism is that mathematical objects, such as num-
bers, are just positions in structures. More precisely, all of the essential proper-
ties of a particular natural number are irreducible relational properties between
it and the other natural numbers. Cassirer finds this view expressed in Dedekind
(1963):

What is here [in Dedekind’s work] expressed is just this: that there is a system of ideal ob-
jects whose content is exhausted in their mutual relations. The ’essence’ of the numbers is
completely expressed in their positions.⁷

 Cassirer (1923b), 39.
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That is, the number 2 is essentially the successor of 1 and the predecessor of 3. It
is no part of the essence of 2 that it is, for example, the atomic number of helium,
or indeed that it stands in any relations to physical or mental objects.

Dedekind calls the structure that contains the numbers “simply infinite sys-
tem”. A simply infinite system is an infinite collection whose structure can be
graphically represented as a number line, as in the figure.

In words, the simply infinite structure can be captured in the standard Dede-
kind/Peano axioms:
– The structure has a privileged position, called “0”.
– Every position has a successor in the structure.
– 0 is not the successor of any position in the structure.
– Every position has no more than one successor in the structure.
– The principle of induction (discussed below in section 2).

Structuralism then asserts that arithmetic is the theory of the simply infinite
structure, and that the numbers are just positions in that simply infinite struc-
ture.

For Cassirer, one of the appeals of structuralism is that it gives him a general
strategy for arguing for the permissibility within pure mathematics of all the
seemingly exotic new mathematical objects that were being studied in earnest
in the late nineteenth and early twentieth century. Employing a “partner in
guilt” strategy, Cassirer argues that since even the natural numbers themselves
are just positions in structures, then negative, irrational, complex, hypercom-
plex, or transfinite numbers should equally be considered legitimate mathemat-
ical objects. Granted, the complex numbers constitute a different structure than
the natural number structure, but both kinds of numbers are just ultimately po-
sitions in structures, and so these new exotic seeming numbers are “composed
of no different logical stuff than these elementary objects”.⁸ Alternative philos-
ophies of mathematics that ground mathematical objects in intuition or features
of the empirical world might balk at the infinitary character of transfinite or real

Fig. 1: A simply infinite system
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numbers, or the apparent counter-intuitive character of complex numbers. Struc-
turalism silences these worries.

Cassirer’s defense of these new objects serves an important philosophical
role. It had become the consensus view of mathematicians by 1900, and indeed
a characteristic feature of their research, that the applicability of pure mathemat-
ical work to the empirical world was not a criterion of acceptability for a math-
ematical theory, so long as the work was internally consistent. Cantor called this
attitude the “freedom of mathematics,” and Cassirer endorsed it wholeheartedly:
“no one will be permitted to try on philosophical grounds to set limits to the free-
dom of mathematics”.⁹ This non-revisionist attitude, I contend, follows from the
characteristic Marburg Neo-Kantian “transcendental” method. Philosophy must
begin with some fact, some given stock of cognitions, whose conditions it is
the job of philosophy to investigate. In the case of theoretical philosophy, that
fact is the fact of science, especially mathematical natural science. Because
mathematical natural science is the starting point of philosophical investigation,
philosophical results cannot contravene it—philosophy could never prove that
that it is not a fact after all. “The modern development of mathematics thus cre-
ated a new ’fact’ that the critical philosophy, which does not seek to direct the
sciences but to understand them, can no longer overlook”.¹⁰ Structuralism
thus respects the “fact” of free mathematics.

For Cassirer, structuralism is only one part of a complete philosophical anal-
ysis of mathematics. Structuralism allows into the mathematical world any struc-
ture of mathematical objects that can be consistently characterized. But this is
too weak; there are good mathematical reasons to think that mathematicians
not only can investigate the properties of complex numbers, but that they
must do so.¹¹ For example, the use of complex numbers provides a proof of
the fundamental theorem of algebra, which is of course used to investigate
even the most elementary mathematical objects, such as the natural numbers
or curves in Euclidean space. For this and similar reasons, the introduction of
complex numbers into mathematics was an inevitable historical development:
it was dictated by what one might call the “logic” of mathematical conceptual
change. This feature of Cassirer’s philosophy, which one might call its develop-
mentalism, insists that there is a “homogeneous logical structure of mathemat-
ics”,¹² which can be uncovered by a transcendental philosophy taking all of
the history of mathematics as a fact. Which questions are the important ones
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to answer? Which objects are worth studying? What is the best way to prove a
theorem? The answers to these questions, which determine the course of the his-
tory of mathematics, are not on Cassirer’s view simply the expression of the cap-
rice of this or that mathematician, but arise from applying a unitary mathemat-
ical method, which stays the same even as new mathematical theories are
developed.

This developmentalism allows for a richer application of the transcendental
method. After all, any attempt to follow the prescription “Take the best current
mathematical natural science and identify the conditions of its possibility” will
very quickly run into the difficulty that mathematicians often disagree, and leave
the transcendental philosopher wondering which mathematics is supposed to be
the fact which is given to philosophy. In cases of disagreement within the math-
ematical community, the transcendental philosopher can employ the fact of the
history of mathematics to evaluate the conflicting claims of mathematicians.
Which kind of mathematics is most consonant with the way mathematics has de-
veloped, and with the internal logic of that development? In the same way, facts
about our best current mathematics can guide us in our transcendental analysis
of the history of mathematics: what must the logic of mathematics’ internal de-
velopment be such that it could lead to the mathematics we have now? In this
way, there is a back and forth in the transcendental analysis of the fact of current
mathematics and of the fact of the development of mathematics. (This feature of
Cassirer’s philosophy—that there are multiple transcendental analyses that need
to be accommodated with one another—will return again in a more significant
form in section III of this paper.)

Logicism is the view that the primitive vocabulary of arithmetic consists of
only logical vocabulary; that all arithmetical laws can be proved from logical
laws; and that all of the rules of inference in arithmetic are logical rules of infer-
ence. It was vigorously and influentially developed in Frege (1884) and Russell
(1903), and endorsed by Cassirer starting in KMM. There, Cassirer claims that
Frege and Russell had shown that “logic and mathematics have been fused
into a true, henceforth indissoluble unity”.¹³ Logicism, as Cassirer noted with en-
thusiasm, entails that mathematics is not empirical, and is not based on the in-
tuitions of space and time. Cassirer’s logicism, however, is distinctive in three
ways. First, throughout his career Cassirer was hostile to the use of classes to
found mathematics. He thought, for instance, that the natural numbers should
be viewed fundamentally as ordinals (answers to the question Where in the se-
quence?) instead of as cardinals (answers to the question How many?). This con-

 Cassirer (1907), 4.
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ception of numbers, he believed, would remove whatever motivation there might
be for viewing numbers as classes of equinumerous classes, as Frege and Russell
did.¹⁴ Second, Cassirer does not argue that the logicist analysis of number is an
accurate analysis of the psychology of the everyday concept of number. Here he
departs from Dedekind, at least on a plausible reading, who claimed that his
logicist analysis of the natural number structure presents an accurate picture
of the concept of number employed in everyday life, albeit unconsciously:

From the time of birth, continually and in increasing measure we are led to relate things to
things and thus to use that faculty of the mind on which the creation of numbers depends;
by this practice continually occurring, though without definite purpose, in our earliest
years and by the attending formation of judgments and chains of reasoning we acquire a
store of real arithmetic truths to which our first teachers later refer as to something simple,
self-evident, given in the inner consciousness.¹⁵

However, the transcendental method, as it was developed in the classic works of
Cohen and Natorp and employed in SF, starts with the fact of science, not the
fact of psychology. On this view, the results of an empirical study of the psychol-
ogy of number have no place in the philosophy of arithmetic.

Third, Cassirer’s logicism has no foundationalist ambitions. For many logi-
cists, including Russell,¹⁶ the appeal of logicism is that mathematics, whose cer-
tainty might otherwise be in doubt, gets to inherit the privileged epistemological
status enjoyed by logic. Cassirer rejects this contention, because he does not be-
lieve that formal logic has a place of “honor and security”¹⁷ not shared by math-
ematics or natural science. On his view, the most fundamental kind of logic is
transcendental logic, the investigation of the preconditions of science. Since
there is no epistemological route to “formal logic” except through an analysis
of our best current science, taken as a fact, any attempt to ground the certainty
of the latter in terms of the former is a fool’s errand. Cassirer’s logicism is thus a
“transcendental” logicism: mathematics is a branch of transcendental logic—the
science of the a priori principles that make (mathematical natural scientific)
knowledge possible.

 Cassirer (1923b), 53.
 Dedekind (1963), 33–34.
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 Cassirer (1993), 132.
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2 Problems for Logicism in PSF3

Cassirer returns explicitly to the philosophy of mathematics in Part III of PSF3.
Though there is obviously a good deal of overlap in content between SF and
this part of PSF3, Cassirer nevertheless departs in three significant ways from
the kind of logicism developed in KMM and SF. First, Cassirer suggests that arith-
metic is grounded in a sui generis intuition. Second, he argues for a place within
the philosophy of symbolic forms for empirical results about the psychology of
number. Third, he argues that number in the symbolic form of science is support-
ed by number in the other symbolic forms, introducing a kind of grounding re-
lation not envisioned in his earlier non-foundationalist logicism. After explain-
ing each of these three points, I argue at the end of the section that the turn
to the philosophy of symbolic forms required Cassirer to rethink some of his con-
clusions, even about scientific arithmetic.

Between the publication of SF in 1910 and PSF3 in 1929, mathematics faced
the so-called foundational crisis. Partially in response to the paradoxes in set
theory, formalists (led by Hilbert), intuitionists (led by Brouwer and Weyl),
and logicists (led by Russell) presented rival foundational programs. Surprising-
ly, Cassirer shows little sympathy in PSF3 for logicism, and quite a bit of enthu-
siasm for various versions of intuitionism, especially those defended by Weyl
and earlier by Poincaré.¹⁸ Concerning the latter, Cassirer writes:

Any attempt to deepen the foundations of the pure theory of numbers by conceiving this
theory as a mere subdivision of a universal theory of sets and logically deducing the natural
numbers from the concept of classes and sets is now consciously abandoned. Such deduc-
tion is replaced by complete [mathematical] induction. … In this inference, … it is recog-
nized that the fundamental relation which connects one member of the numerical series
with its immediate successor continues through the whole of the series and determines
it in all its parts. In this sense a genuine a priori synthesis—as Poincaré, in particular, re-
peatedly stressed—actually underlies the principle of complete induction.¹⁹

Mathematical induction is the characteristic form of reasoning in arithmetic. Ex-
pressed schematically, an argument by induction looks like this:

If φ is a predicate such that (i) φ(0) is true, and (ii) for every natural number n, if φ(n) is
true, then φ(n + 1) is true, then φ(n) is true for every natural number n.

 In fact, I’ll argue at the end of section 3 of this paper that Cassirer’s sympathy with the in-
tuitionism of Poincaré (and others like him, such as Brouwer and Weyl) is more limited than it
may at first appear.
 Cassirer (1957), 376–377.
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For example, if I wanted to prove that

(*) 1 + 2 + …. + n = n(n + 1)/2 ,

I would begin by showing that this property is true of 0:

(i) 0 = 0(0 +1)/2

Then I would show that if the property holds of n, then it holds of n + 1:

(ii) 1 + 2 + …. + (n + 1) = (n + 1)((n + 1) + 1)/2.

Together these results show that the property (*) holds of every number, since it
holds of the number 0, and then keeps on holding true as the natural number
sequence progresses one-by-one from zero.

An essential component of Frege’s and Russell’s logicism was the proof of
the principle of induction from logical laws alone, which Frege first discovered
in Frege (1879). This proof was important, since without it, the principle of induc-
tion remained a form of inference that is unique to arithmetic. Logical truths,
however, are supposed to be general truths, applicable everywhere, and prova-
ble using only completely general forms of inference.²⁰ Insofar as logical truths
are supposed to be general truths that apply to all subject matters, to claim that
mathematical induction is a primitive form of reasoning, not further reducible, is
to deny logicism. Poincaré was very clear about this, and argued that mathemat-
ical induction is therefore grounded in a kind of pure intuition, not in logic. In
fact, Poincaré (in a passage that Cassirer was citing and summarizing in the pas-
sage from PSF3 quoted in the last paragraph) argues:

[Mathematical induction], inaccessible to analytical proof and to experiment, is the exact
type of the a priori synthetic intuition … [I]t is the affirmation of the power of the mind
which knows it can conceive of the indefinite repetition of the same act, when the act is
once possible. The mind has a direct intuition of this power.²¹

Once I know (*) holds of 0, I can use (ii) to show that (*) holds of 1, and I can
then use (ii) again to show that (*) holds of 2. And so on. I thus become
aware that I can always use (ii) to demonstrate that (*) holds of yet a further
number, and I can thereby conclude that (*) holds of every number. This aware-

 Frege (1884), § 3.
 Poincaré (2001), § VI.
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ness of my ability to keep on producing new demonstrations of (*) for yet further
numbers Poincaré calls a “pure intuition” of this power of my mind.

Cassirer’s endorsement of Poincaré’s view is in open conflict with the logi-
cism he earlier defended. Indeed, he seems to be reintroducing pure intuition
after arguing strenuously against it in KMM and SF. Furthermore, to claim that
mathematical induction is based in a pure intuition of the power of the mind
seems to reintroduce psychological considerations into philosophy—the very
sort of considerations that the transcendental method was meant to exclude.
What explains this departure? In the rest of this section, I will argue that Cassir-
er’s turn to the philosophy of symbolic forms explains it.

According to the philosophy of symbolic forms, there are multiple, irreduci-
ble symbolic forms. Science is now just one symbolic form, beside myth, art, and
language. This fundamental idea already introduces complications for logicism.
According to logicism, mathematical truths are logical truths, where a logical
truth is a general truth, containing primitive terms that are used in thinking
about everything, provable from premises that are used in thinking about every-
thing.Would logicism require that arithmetical truths be provable from what is
common to every symbolic form, or only to some symbolic forms (say, the sym-
bolic form of science)? The former hardly seems plausible, and (as I’ll show in
the next section) Cassirer denies that scientific arithmetic, with its structuralist
concept of number, could be derived from what is common to every symbolic
form. On the other hand, if arithmetical truths are provable from what is general
within the particular symbolic form of science, then we are faced with the ques-
tion What would the relation be between arithmetic in the symbolic form of sci-
ence and arithmetic in the other symbolic forms? What would logicism require?

In fact, Cassirer’s willingness to introduce psychological content when ap-
provingly referring to Poincaré’s pure intuition of the power of the mind springs
from a more general claim that there is a place for psychological facts within the
philosophy of symbolic forms. He argues for this more general claim in Ch.1
(“Subjective and Objective Analysis”) of part I of PSF3. Vol.3 of PSF concerns
knowledge, the form of consciousness that is manifested in the symbolic form
of science. Keeping with a traditional way of understanding knowledge,²² Cassir-
er sees knowledge as the last step in a process that begins with perception, pass-
es to intuition, and culminates in knowledge. Of course, as a transcendental phi-
losopher, Cassirer doesn’t want his epistemological analysis of perception and
intuition to consist in merely descriptive empirical psychology. The transcenden-

 For instance, Kant argues that our (fully conceptual) knowledge depends on intuition, which
depends on sensation.
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tal question is not quid facti—How do we come to have the knowledge we have?
—but the quid juris—What is the ground or justification for the knowledge we
have?

Now, the form of knowledge can be revealed through the application of the
transcendental method: knowledge is made manifest for us in the fact of science.
Though perception and intuition are not made manifest in science in the same
way, one might think that the structure of science gives us an indirect route
into investigating the character of perception and intuition: What must percep-
tion and intuition be such that they can lead to knowledge, whose character is
then revealed to us in the form of science? Cassirer believes that this strategy,
which he finds in Natorp, is a step in the right direction, but is nevertheless in-
consistent with the convictions underlying the philosophy of symbolic forms.
Since the symbolic forms of language, art, and myth are all distinct modes of ob-
jectification, and not just pale copies or mistaken versions of science, it would be
equally mistaken to treat perception and intuition as no more than steps on the
way to knowledge.

To avoid this mistake, Cassirer argues that the forms of perception and intu-
ition should be analyzed in light of the symbolic forms of myth and language,
respectively. Since language and myth depend on intuition and perception, we
can read back into perception and intuition the forms they need to have in
order to make myth and language possible. We can thus avoid psychologism
while respecting the fact that science is not the only symbolic form. This way
of approaching perception and intuition give empirical psychology a role in epis-
temology. Both developmental psychology and psychological pathology (and
even animal psychology) can help the epistemologist identify within perception
and intuition distinct aspects that could be preconditions of myth, language, and
ultimately, knowledge. Cassirer’s strategy is to triangulate the forms of intuition
and perception by approaching them through, on the one side, experimental re-
sults of empirical psychology, and, on the other side, the forms of myth and lan-
guage catalogued in PSF 1 and PSF2. Cassirer does this by aligning perception
with the phenomenon of expression (the expressive function), which is manifest-
ed especially in myth, and by aligning intuition with representation (the repre-
sentative function), which is made possible by language.

The introduction of empirical psychology into transcendental philosophy is
not the only way in which the turn to the philosophy of symbolic forms leads to a
revision of an earlier view. In the last section, I claimed that Cassirer’s logicism
in KMM and SF is distinctive in having no foundationalist pretensions, and in-
deed I claimed that the transcendental method rules out grounding arithmetic
in something prior to it. But once Cassirer aligns the progression perception/in-
tuition/knowledge with the progression myth/language/science, it is inevitable
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that science be seen as in some sense grounded in myth and language. In the
preface to PSF3, Cassirer writes:

The third volume of The Philosophy of Symbolic Forms represents a return to the investiga-
tions with which I began my work in systematic philosophy two decades ago. … But the
question of the fundamental form of knowledge is now raised in a broader and more uni-
versal sense. In my book Substanzbegriff und Funktionsbegriff (1910) … the form of knowl-
edge as there defined coincided essentially with the form of exact science. Both in content
and in method, the Philosophy of Symbolic Forms has gone beyond this initial formulation
of the problem. It has broadened the concept of theory by showing that there are formative
factors of a truly theoretical kind that govern the shaping not only of the scientific world
view but of also of the natural world view implicit in perception and intuition. And finally,
the Philosophy of Symbolic Forms was driven even beyond the natural world view of expe-
rience and observation, when the mythical world disclosed relationships which, though not
reducible to the laws of empirical thinking, are by no means without their laws, and reveal
a structural form of specific and independent character. In the first and second volumes of
this work I have attempted to set forth these relationships. In the present volume we shall
strive to bring out the newly acquired concept of “theory” in its full scope and entire range
of formative potentialities.We shall see how those other strata of spiritual life that our anal-
ysis of language and myth has laid bare support [unterbreiten und untergebaut] the stratum
of conceptual, discursive knowledge; and with constant reference to this substructure [Unter-
bau] we shall attempt to determine the particularity, organization, and architectonics of the
superstructure [Oberbau]—that is, of science.²³

Science is now “supported” by myth and language, and so—returning to the case
that concerns us in this paper—arithmetic is the superstructure that is supported
by the substructures, which are number in myth and number in language.

Clearly, the nature of this “supporting” relation needs to be made clear. The
relation cannot be a logical relation, understood on the model of premises and
conclusions in a formal inference, since these sorts of logical relations make
sense only within the symbolic form of science. And this supporting relation
cannot just be a causal relation, either, since this would reduce the quid juris
to the quid facti, contrary to the transcendental character of Cassirer’s inquiry.
But this is a large question, which I cannot address any further here. In any
case, once Cassirer takes seriously that scientific arithmetic is “supported” by
number in perception and intuition (which can be triangulated through empiri-
cal psychology and the analysis of the symbolic forms of myth and language),
the real possibility opens up that the earlier analysis of arithmetic in SF and
KMM (which were based on a transcendental analysis of scientific arithmetic

 Cassirer (1957), xiii.
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alone) would need to be revised. After all, there are now whole new classes of
data that Cassirer’s philosophy needs to fit.

My point can be made in a different way. There are two contrasting models of
the relation between the philosophy of the exact science in SF and in PSF: relo-
cation and revision. On the relocation model, all of the positive claims made
about exact science in SF can be carried over unaltered into the world of PSF,
though with a new realization that the form of science is not the only form of
objectification possible, and that the categories of exact science, such as num-
ber, appear in a different form in each of the other symbolic forms. On the revi-
sion model, the positive claims made about exact science in SF cannot all just be
carried over unaltered into the world of PSF. Some of Cassirer’s rhetoric suggests
the relocation model. For instance, in the long quoted passage from PSF3,²⁴ Cas-
sirer talks about the move from SF and PSF as a move towards “broadening” the
transcendental question, which might suggest that the old answers to the narrow
question could remain unrevised. However, the latter part of that same quotation
argues that the symbolic forms are not all independent of one another, but that
the forms of myth and language “support” the form of science. I’ve been arguing
on this basis for the revision model: PSF’s account of science must respect the
fact that language and myth (whose character can be triangulated by looking
at two other classes of data) support it; but an application of the transcendental
method to exact science alone (as in SF) might not respect that fact.²⁵

3 Number in the Symbolic Forms

In the previous section, I identified three ways in which the philosophy of
arithmetic in PSF departs from SF. In PSF, Cassirer argues for a place within tran-
scendental philosophy for empirical work on the psychology of number. In PSF
Cassirer seems to endorse Poincaré’s view that inferences in arithmetic are
grounded in pure intuition. In PSF, Cassirer argues that pure arithmetic is “sup-
ported” by number in the symbolic forms of myth and language, introducing a
kind of foundational project not present in SF. These latter two claims are partic-
ularly mysterious. What could Cassirer mean by calling mathematical induction
a “genuine a priori synthesis”? In what way does number in perception and in-
tuition support arithmetic in the symbolic form of science? In this final section,

 Ibid.
 In Heis (2010 and 2011), I was operating under the relocation model—an interpretive strategy
that I now think was mistaken.
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I’ll address these questions by canvassing some of the claims Cassirer makes
about number in the other symbolic forms. In particular, I’ll argue that an under-
standing of how number in perception and intuition support the concept of num-
ber in science can explain what Cassirer thinks can play the role of the “intu-
ition” of the “ability of the mind,” which Poincaré says grounds mathematical
induction.

To start, Cassirer is very clear that the structuralist concept of number as po-
sitions in a simply infinite structure does not appear in the other symbolic forms.

In myth, numbers are not mere positions, they are individuals with dis-
tinct sacred properties.²⁶ E.g., the number 7 is sacred, representing fullness, di-
vinity, or blessedness. Moreover, in some languages, numerals are derived from
words for body parts. In Sotho, “five” means “complete the hand” and “six”
means “jump”. In British New Guinea, the sequence in counting runs from the
fingers of the left hand to the wrist, the elbow, the shoulder, left side of the
neck, the left breast, the chest, the right breast, the right side of the neck,
etc.²⁷ In each of these cases, the numbers are related in some essential way
not just to each other, but also to parts of the human body. In other languages,
there are distinct numerals for distinct kinds of things. E.g., in some Native
American languages, there are different numerals for animate and inanimate
things, and in the Klamath language different numerals are used depending
on whether the objects to be counted are spread out on the ground, piled in lay-
ers, divided into heaps, or arranged in rows. This shows that numerals are being
used to name an “intuitive quality”: “As long as number is seen as a quality of
things, there must fundamentally be as many diverse numbers and groups of
numbers as there are diverse classes of things”.²⁸ Numbers are therefore not po-
sitions in structures, but name certain intrinsic properties of intuited objects, just
as color or shape words do. Cassirer concludes, then, that number in language is
not independent of space and time, and is not non-empirical.

The longest discussion of empirical results concerning the psychology of
number appears in the chapter devoted to psychopathology, where inter alia
he discusses the arithmetical abilities of aphasics.²⁹ (Aphasics are especially in-
teresting cases for Cassirer because his connection between intuition and lan-
guage would be confirmed if an aphasic’s linguistic impairment brought with
it an impairment of representative functions.) Cassirer recounts some interesting
experiments:

 Cassirer (1955b), 140ff.
 Cassirer (1955a), 230.
 Cassirer (1955a), 233.
 Cassirer (1957), 248–261.
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a) A patient says the numerals correctly in order and points to objects as he
says the numerals. But he counts the same object multiple times, and at
the end does not know how to answer the question How many?

b) A patient cannot answer the question Is 25>13? without counting up from 0
and seeing which number comes last.

c) A patient can answer 7+3 and 7–3 (or 10–3), but cannot know that
7+3–3=7 without counting out 7+3 then counting back 3 from 10.

Cassirer interprets case a) as showing that aphasics lack the ability to discretize,
unify, and order, which he believes are three kinds of mental acts necessary for
counting. For example, to count five objects, a subject needs to be able to do the
following things:
1) Represent a ≠ b ≠ c ≠ d ≠ e. [act of discretion]
2) Recite the numerals in order.
3) Relate the objects 1– 1 with the recited numerals. I.e., let a be 1, let b be 2,

etc. [act of ordering]
4) Conclude: the number of objects is 5. [act of unity formation]

Cassirer’s point is that language is essential to all four of these acts, and this ex-
plains why an aphasic may say the numerals correctly as he points at the count-
ed objects, but nevertheless count the same object multiple times, and at the end
not know how to answer the question How many?:

For any adequate representation of the meaning of pure numerical concepts the support of
language is indispensable. Only when specified in the word can the apartness of elements
that is posited and demanded in the concept of number be fixated… And to this lack of dis-
tinction is linked an analogous deficiency in the seemingly contrary but actually correlative
act of unity formation.³⁰

Cassirer interprets cases b) and c) as showing that aphasics lack the ability to
“recoordinize.” For the competent language-user, each number can be thought
of as a new 0. That is, to compute 7 + 5, I can begin at 7, treating it as 0, and
count up 5 units from 7 in order to arrive at my answer.When I am asked to com-
pute 7–3+3, I don’t need to carry out 7+ 3 and then 10–3—as the patient in case
c) did—because I can view 7 as my starting point from which I count up 3 and
then count back 3. But I can’t see that adding and subtracting 3 would just
get me back to “where I started” unless I can conceive of 7 as a possible place
to start, as a new 0. Similarly, the aphasic in case b) cannot just start counting

 Ibid., 249–250.
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at 13 to see whether 25 comes after it, because he cannot begin counting except
at 0.

These facts about number in myth and language and about the empirical re-
sults of studies of aphasics illustrate how number in the other symbolic forms
“support” scientific arithmetic, understood in Dedekind’s way, as the non-empir-
ical and non-intuitive science of positions in a structure. Consider, for instance,
those languages that derive the numerals from the names of body parts that are
pointed to when counting. Already here, linguistic thought is beginning to pull
out “order in progression” as an essential aspect of number. After all, using the
word for shoulder to mean 8 makes sense only when there is a canonical way to
order the parts of the body: elbow after wrist, shoulder after elbow, etc.³¹ Further,
Cassirer argues that seeing what aphasics lack shows that number in intuition
and language is an incipient form of number as Dedekind conceives of it. In
fact, in the process of interpreting these aphasic cases, Cassirer writes:

In his book Was sind und was sollen die Zahlen? Dedekind, a modern mathematician, re-
duces the whole system of natural numbers to a single basic logical function: he considers
this system to be grounded in the ‘ability of the mind to relate things to things, to make a
thing correspond to a thing, or to image a thing in a thing.’³²

Cases b) and c) show that the non-pathological representation of number in lan-
guage allows for the ability to recoordinize. This ability, in turn, demonstrates
that the numbers lack intrinsic characters. I can treat 7 as a new 0, 8 as a
new 1, etc., because there are no intrinsic properties had by 8 that is not had
by 1: each number is in itself identical to any other, and all that matters is the
order in the progression. Case a) shows that the use of number in intuition al-
ready requires acts of discretion, ordering, and unifying, the very acts that Dede-
kind says are sufficient to characterize the number concept and thus ground
arithmetic.

The structuralist concept of number is thus a further abstraction from the
concept of number already present in language and intuition. In the same
way, the ability to reason by induction is a more abstract form of reasoning im-
plicit in language and intuition, where humans are already thinking of numbers
as fundamentally what can be reached by repeated steps through an “order in
progression.” In these ways, number in the other symbolic forms “supports”
number in exact science. According a standard foundationalist form of logicism,
mathematical truths, whose certainty might otherwise be in doubt, gets to inherit

 Cassirer (1955a), 238.
 Cassirer (1957), 257.
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the privileged epistemological status enjoyed by logical truths, from which the
mathematical truths can be proved. The view in PSF obviously differs from this
view in many ways. There is no suggestion at all that numerical thinking in
myth and language is more certain than that in scientific arithmetic, or that
the relation of support between the symbolic forms has anything to do with
transference of certainty. What is given as a support for mathematics is not a
stock of logical truths, but the forms of numerical thinking in myth and lan-
guage, expression and perception. And to say that number in the other symbolic
forms supports arithmetic in the symbolic form of science clearly does not mean
that the latter is provable from the former. Instead, the concept of number as a
position in a simply infinite system makes explicit what was implicit in number
in language and myth. Put another way, in the progression from myth to lan-
guage, the numbers are beginning to be freed of any intrinsic properties, and
are shedding their relations to space, time, and experience. The concept of num-
ber as a position in a simply infinite system is the culmination of that progres-
sion, completing what was already started in the move from myth to language,
expression to intuition.

The progression from number in the other symbolic forms to number in the
symbolic form of science is, I believe, what Cassirer was getting at when he ech-
oes Poincaré’s claim that mathematical induction is grounded in a “genuine a
priori synthesis”. Initial appearances notwithstanding, this is not a return to
an orthodox Kantianism in which arithmetic is grounded in pure intuition—
where pure intuition is a kind of a priori representation that is distinct from con-
ceptual representations and that is grounded in the constitution of the mind. The
transcendental reflection on number in the various symbolic forms is Cassirer’s
replacement for an “intuition” of the “ability of the mind” that Poincaré says
grounds mathematical induction. The truth of mathematical induction (as well
as all the other Dedekind/Peano axioms of arithmetic) simply follows from the
fact that numbers are no more than positions in a simply infinite system. And
since the concept of number as a position in a simply infinite system is support-
ed by number in myth and language, the principle of induction make explicit
what was already implicit in number in the other symbolic forms, and is the
end point in a progression that began with the move from number in myth to
number in language. There is therefore no need within the symbolic form of sci-
ence to try to prove the principle of induction on the basis of some prior theory of
classes (as in logicists like Frege and Russell). In the same way, for Cassirer there
is no need to appeal to some sui generis kind of non-conceptual “pure intuition,”
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as in intuitionists like Brouwer or even Poincaré.³³ The move to PSF then ex-
plains the move toward letting mathematical induction be a primitive principle
knowable by “a priori synthesis”.³⁴
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