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“The importance of linear multivariable control systems is evidenced by 
the large number of papers [1-12] published in recent years. Despite 
the extensive literature certain fundamental matters are not well 
understood. This is confirmed by numerous inaccurate stability 
analyses, erroneous statements … This failure is attributable to a 
limitation of the transfer-function matrix-- it fully describes a linear 
system if and only if the system is controllable and observable.”



“The concepts of controllability and observability were introduced by 
Kalman [13] and have been employed primarily in the study of optimal 
control.” “Reference [14] gives a historical account of controllability 
and lists other references.”





Definitions of Controllability and 
Observability

“A system S is controllable if b has no rows which 
are zero.”

“A system S is observable if g has no columns 
which are zero.”



Gilbert - The Scholar

“A few general remarks are in order. First, the definition 
of controllability is different from Kalman’s [14]: "A 
system is controllable if any initial state can be 
transferred to any desired state in a finite length of time 
by some control action." However, under the restrictions 
of the previous section the two definitions are equivalent. 
More recently, Kalman [16] has taken the same point of 
view given in this paper.”



Canonical Decomposition







Transfer Function to State-Space Models

“If the transfer-function matrix of a physical system is given 
it is generally impossible to derive the corresponding 
differential-equation representation. This is because the 
state variable choice is not unique …  It is possible, however, 
to find a set of differential equations (1) or (4) which yield 
the same H(s) as a prescribed H(s). Procedures for doing this 
are described below. The main result is stated here as a 
theorem and gives the required order of the differential 
equations.”







“The important, and not surprising, conclusion of Theorem 6 is that a
transfer-function matrix represents the controllable and observable 
part of S, S*. It has been noted in Theorems 4 and 5 that 
controllability and observability of subsystems does not assure the 
controllability and observability of a composite system. Thus 
transfer-function matrices may satisfactorily represent all the 
dynamic modes of the subsystems but fail to represent
all those of the composite system. Furthermore, the loss of hidden
response modes is not easy to detect because of the complexity of 
the transfer-function matrices and matrix algebra.”

Transfer Functions



Conclusions

“From the foregoing it should be concluded that too great an 
emphasis on operational methods (the transfer-function matrix) is 
unwise. Differential equations (1) arise naturally in relating the 
physical properties …  and any mathematical procedure which 
neglects information contained in these equations should be 
viewed skeptically … Certainly, the errors of underestimated order 
would not have occurred if any effort had been made to relate the 
mathematical representation to the physical world--for example, 
by means of system simulation.”
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