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Abstract

The inviscid stagnation-flow solidification problem is studied numerically including
the effect of contact resistance and undercooling during solidification. The effect of
contact resistance at the initial liquid-solid contact plane is demonstrated by comparing
the solidification behavior for cases with different contact heat transfer coefficient. The
effect of undercooling is examined by comparing model predictions including this effect
with those obtained when equilibrium solidification with interface temperature at the
thermodynamic equilibrium temperature is used. The study shows that undercooling
delays the start of solidification but has a negligible effect on the long time behavior
of the process. A sufficiently large contact resistance may prevent solidification when

undercooling is included in the model.
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Nomenclature

Qo

ag

VAR

St

potential-flow strain rate

ay [ a, ratio of the liquid to solid thermal diffusivity
ke /ks, ratio of the liquid to solid thermal conductivity
solid-phase specific heat

activation energy

substrate/deposit heat transfer coefficient

latent heat of solidification

thermal conductivity

kinetics coefficient for undercooling solidification
universal gas constant

solid front position

solid front velocity ($ = ds/dt)

dimensionless solid front position (§ = s ai)

Stefan number (¢(T,, — To)/hss)

temperature

time



u velocity component parallel to the solid front
v velocity component normal to the solid front
Y spatial coordinate normal to the solid front

dimensionless spatial coordinate normal to the substrate (§ = y/y/a,/A)

=

Y normal coordinate measured from the solid front (Y =y — s())

Greek symbols

« thermal diffusivity

n transformed coordinate

0 nondimensional temperature [(T' — T,,) /(T — To)]
T nondimensional time (7 = At)

Subscripts

d deposit

? initial

mn interface

l liquid phase



m equilibrium melting point
n nucleation

s solid phase, substrate

Diacritical mark

~ nondimensional

1. Introduction

In many solidification processes such as casting and spray deposition, the motion of the liquid
phase plays an important role in modifying the rates of solidification [1]-[11]. Due to the
complexity of these processes, several theoretical studies have uncoupled the fluid mechanics
from the heat transfer and solidification mechanisms to make the problem more tractable.
The stagnation-flow solidification models presented by Rangel and Bian [7]-[9] demonstrate
the effect of the fluid motion on the solidification behavior of the molten metal.

The quality of thermal contact between the substrate and the impinging flow of molten

metal plays an important role in the solidification process. Experimental and numerical



studies of the thermal conductance between the substrate and the melt can be found in
the work of Wang and Matthys [4][17][18]. Large scales of undercooling may exist in the
case of rapid solidification. Under these conditions, the interface is not in thermodynamic
equilibrium and the interface velocity is governed by the kinetic effects in addition to the rate
of external heat extraction [18]. In the work of Wang and Matthys [18] and Kang et a[3][20],
the mechanism of undercooling during rapid solidification has been studied by applying a
simplified undercooling relationship.

In the present work, the above mentioned stagnation-flow solidification model is enhanced
by including a finite thermal contact resistance between the substrate and the stagnation
flow of the melt. The mechanism of crystal growth kinetics governed undercooling solidi-
fication [22] has also been included in the model to replace the classical assumption that
the solidification front is at the thermodynamic equilibrium phase temperature. Analytical
and numerical solutions of the stagnation-flow solidification problem have been presented
by Rangel and Bian for inviscid [7] [8] and viscous flows [9] for a constant-temperature
substrate. Later Bian and Rangel extended the inviscid model to include the effect of a
finite-thickness substrate [10]. For the case of metal flows, the inviscid-flow assumption is
appropriate since the thermal boundary layer is much thicker than the viscous one [9]. Here

we extend these previous models to consider the case of a very thick substrate including the



effects of undercooling during solidification and contact resistance at the contact plane.

2. Mathematical Formulation

The governing equations for this problem are described in [7]. The heat conduction equation

for the solid substrate is,

ar, 9T,
=
at 9y

in —co<y<0,%>0 (1)

with the boundary condition: Ty(y,t) — Ty as y — —o0.

Assuming inviscid flow [9], the thermal energy equation of the liquid is

T, P,
__zA[y—s(t)]a—yf:wayj in 0<y<oo, t>0 (2)

with the boundary condition: Ty(y,t) — T; as y — oo.
The thermal contact between the stagnation flow and the substrate at the initial contact

plane is taken into account by introducing a heat transfer coefficient [21]

h=q")(Ti = Ts)ly=o (3)

where ¢” is the heat flux and (Ty — Ts)|y=0 is the temperature jump at the contact plane.



Hence, the boundary condition for the heat transfer between the deposit and the substrate
is
aT aT

— kda_y == _ksa_y == h(Td — TS) at Y = 0 (4)

Here k; = k; before solidification starts and k; = k, after solidification occurs, where we
assume that the solidified deposit has the same properties as the substrate. The solid-liquid

interface energy-balance equation

ds oT, oT, B
- = ksa—y - kfa—y at y = S(t) (5)

is coupled with the solidification rate relation with undercooling [23]

ds
— =K, (T, —T;
" KT - T ()

where K, is the kinetics coefficient, T;, is the solidification interface temperature with
undercooling. The above relation is a linear approximation to the crystal growth model for

a pure melt [22]

ds EU ATm hsf ATm
= Voexp [_RTm T ] ll — exp [— ' H (7)



where V4 is a molecular attachment velocity, F, is an activation energy, R is the universal
gas constant.

The onset of solidification corresponds to the time when the temperature of the melt at
the plane of contact with the solid substrate decreases to the nucleation temperature T,,.
The thermal energy equation of the solidified deposit is the same as equation (1) except that
if the melt material is different from the substrate, the value of «; will be different. The
solution domain for the solidified region is 0% < y < s(¢). While the solution domain for the

melt is s(1) <y < oo.

3. Long-time behavior

The existence of a semi-infinite substrate brings about an interesting analytical solution valid
for very long times and for the case when the substrate and deposit are of the same material.
This will be contrasted below with the long time solutions for the case of solidification or
remelting of semi-infinite media without fluid flow (the Stefan solidification problem [24])
and the stagnation-flow solidification on a finite thickness substrate [7].

The solution of eqs. (1), (2) and (5) valid as ¢ — oo may be obtained by postulating that
the problem is steady in a reference frame moving with the phase interface front and that

the velocity of this front $ is a constant. As will be shown below s is actually a negative



constant. To this end, let Y =y — s(?) so that egs. (1) and (2) become (after dropping the

transient terms):

O*T, 0T,
ozs—ayz + SaY =0 (8)
0Ty . oT,

subject to the same boundary conditions described in the context of eqs. (1) and (2). The

solutions of eqs. (8) and (9) are obtained as:

T, -1, e [\/%(Y—i)] —erf( 2 A) Y >0 (11)
T, — 1T, 1—erf( = A) 7

The front velocity is obtained from the energy balance at the phase interface, eq. (5) which

yields:

o 5 exp (£ )
~(1+ ): @ _g :

NS TV r v et ()

(12)

This is a nonlinear algebraic equation from which the long-time front velocity can be ob-
tained. It is worth nothing that for all positive values of §; and St (liquid above melting
point and solid below melting point), the front velocity is negative implying that the only

long-time solution is the one with remelting.



Figure 1 shows the solution of eq. (12) for typical values of §; and St. This solution
should be contrasted with the one for the Stefan solidification problem [24] without liquid
motion. In that case, both solidification and melting solutions are possible depending on the
initial conditions and the front advances with a velocity proportional to v/#. On the other
hand, in the stagnation-flow solidification on a finite-thickness substrate (including the case

of zero initial thickness), the front asymptotes to a fixed value as t — oo [7]-[10].

4. Finite-difference solution

In order to facilitate the numerical solution, the set of equations (1)-(2) are transformed to

dimensionless form,

00, 0%,

5, e in —co<y<0 and0<y<s (13)
0, . - 000 0%, .
i 2[g — s(1)] 5 a“a—g? in §<y<oo (14)

The boundary condition at the initial substrate surface [Eq. (4)] is nondimensionalized to

at y=20 (15)
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where

. k, . kq

ky = ——— and k; =

The energy-balance equation at the solidification front [Eq. (5)] is transformed to

1 ds 00, 00,

Sidr a5 oy

while the undercooling relation [Eq. (6)] becomes

where

K, = (T, — To) K,

(16)

(17)

(18)

(19)

Note that 8,, is a negative number. The solution domain consists of three regions, namely the

substrate, the solidified deposit, and the liquid flow. The following transformations render

these regions finite and also reduce the problem to a fixed boundary problem. The relation

2
ns = —tan"'(7)

11

(20)



is employed in the substrate to transform the solution domain (—oco < § < 0) to (=1 < 5y <

0). For the liquid region, the relation

2
ne = —tan"'(§ — 3) (21)
s

transforms the solution domain (3§ < § < o0) to (0 < ny < 1). Before the onset of solidifica-
tion, the substrate energy equation (13), the liquid energy equation (14) as well as the energy
equation governing the heat transfer between the deposit and the substrate (15) are solved
numerically by using the Thomas algorithm [25] in the transformed domains after rewriting
the transformed equations into finite-difference form using the Crank-Nicolson scheme [25].

During solidification, the region in contact with the substrate (the solidified deposit)
must be included in the solution. In addition to the above-mentioned substrate and liquid
phase energy equations, the solid-phase energy equation of the solidified deposit is solved

after a transformation introduced as

(22)

e |2

Nd

The transformed equation for the solidified deposit is solved in the same way as the trans-
formed equation for the other two regions. Since Eq. (22) is singular at the onset of solidifi-

cation, the initial solid thickness 3 is obtained from Eq. (18) with a simple Euler integration.

12



Once this small but finite thickness is obtained, the transformation given by Eq. (22) maybe
used in the solidified deposit. The solid front is tracked by solving the transformed version of
Eq. (17) after the temperature distributions are obtained at each time step coupled with Eq.
(18) from which the interface temperature is determined. At the substrate/deposit contact
plane, the substrate temperature, T, and the deposit temperature, T, are obtained from
the transformed form of Eq. (15). In transforming the deposit side of equation (15), Eq.

(20) is used before solidification starts while Eq. (22) is used after the onset of solidification.

5. Results and discussion

In this section, numerical results for the case of liquid aluminum flowing onto a substrate
of the same material are presented. For all the calculations, the initial liquid temperature
is 100K above its melting temperature (933K), while the initial substrate temperature is
300K. The strain rate is 10*s™! which is typical in high-speed spray deposition processes.
Experimental measurements [18]-[20] show that the value of undercooling (7}, — T,,) is
approximately 40 to 50K. In the current calculations, the undercooling is set at 50K for the
reference cases. The kinetics coefficient is chosen as 0.05ms™ 'K~ [18]. Parametric studies
showing the effect of the undercooling and the kinetic coefficient are presented as well. For
all the calculations, the dimensionless time step is equal to 107*. The number of grid points
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for each region (the solid substrate, the solidified liquid region and the liquid region) is set
to 400. Numerical tests indicate that this provides appropriate numerical accuracy.

Figure 2 shows the nondimensional time evolution of the solid front location. Initially,
the solid front advances into the solidifying liquid. FEventually, the solid-front reaches a
maximum and remelting of the solidified deposit occurs. This is the result of the continued
convective heat flux from the liquid in the presence of very thick substrate. The remelting
process continues until all the solidified deposit is remelted, at which point the calculation
is terminated. Beyond this point, remelting of the substrate would occur. The long-time
behavior is that described earlier, with the melting front advancing into the substrate with
a constant velocity.

It may also be observed in Fig. 2(a) that as the heat transfer coefficient h. decreases,
the increasing contact resistance delays the onset of solidification and reduces the maximum
solidified thickness. In addition, the time to completely remelt the solid deposit is reduced.

The difference in the solidification behavior between the model that takes into account
the mechanism of undercooling (thin curves) and the one that assumes that solidification
occurs at the thermodynamic equilibrium temperature (thick curves) may be observed in
Fig. 2(b). The main effect of undercooling is a delay in the onset of solidification for typical

values of the interface contact resistance. Moreover, with a sufficiently high contact resistance

14



(he = 10°Wm™2K~! in this case), no solidification is observed when undercooling is taken
into account. It is important to note, however, that the long-time behavior of the solid front
evolution is independent of the effect of undercooling. For sufficiently long times, the solid
front temperature approaches the thermodynamic equilibrium phase change temperature.
Figure 3 shows the dimensionless time evolution of the contact-plane temperatures. The
contact-plane temperature of the deposit is shown in Fig. 3(a), that of the substrate is shown
in Fig. 3(b), while their difference (the temperature jump across the contact resistance) is
shown in Fig. 3(c). Before the onset of solidification, the temperature of the liquid at the
substrate/deposit contact interface decreases due to heat transfer from the liquid to the solid
substrate. After solidification begins, there is a significant increase of the temperature of
the deposit at the contact interface due to the release of the latent heat of solidification.
After this event, the temperature of the now-solid deposit at the substrate/deposit interface
will continue to decrease for a while but will eventually increase as the solid front reaches
a maximum height and remelting occurs. The abrupt increase of the deposit temperature
at the substrate-deposit interface at the onset of solidification is caused by the relatively
high solidification velocity resulting from the large initial undercooling and the associated
release of the latent heat. As expected, when undercooling is neglected, solidification begins

when the deposit temperature reaches the thermodynamic-equilibrium phase-change tem-
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perature. For increasing contact resistance, the onset of solidification is delayed further.
Figure 3(b) demonstrates that the substrate temperature at the substrate-deposit contact
plane monotonically increases with time and furthermore, it is fairly insensitive to the onset
of solidification. The temperature jump across the contact resistance, Fig. 3(c), decreases
as the heat flux toward the substrate decreases.

Figure 4 shows the time variation of the phase interface temperature (the solid-front
temperature). This front does not exist before the onset of solidification. It can be observed
in this figure that the temperature of the solidification front increases very rapidly after the
onset of solidification from the nucleation temperature to a temperature below the ther-
modynamic equilibrium temperature. As time increases, the phase interface temperature
gradually approaches the thermodynamic equilibrium phase-change temperature. As the
contact resistance increases (lower value of h), the onset of solidification is delayed but the
solid front temperature approaches the thermodynamic-equilibrium temperature sooner.

The effect of undercooling may be further assessed with the help of Fig. 5. This figure
shows the temperature distributions at different times for the case of A = 10°Wm 2K !
with undercooling (a) and at thermodynamic equilibrium (b). Fig. 5(a) illustrates the
formation of a temperature cusp at the solidification front (§ = 0) at the onset of solidification

(1 =0.189). On the other hand, in Fig. 5(b), there is no local maximum in the temperature
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distribution before or after solidification starts since no undercooling mechanism is taken into
account. The temperature cusp in the first case is due to the faster heat release resulting
from solidification at the lower (undercooling) temperature. This rate of heat release is
initially faster than the heat diffusion mechanism.

The effect of the degree of initial undercooling can be observed in Fig. 6 which shows
the time evolution of the location and temperature of the phase interface. It can be seen
that a larger initial undercooling temperature delays the onset of solidification but yields a
higher initial solidification rate. However these effects are minimal over a typical range of

undercooling levels.

5. Conclusions

A numerical solution of the stagnation-flow solidification problem of a metal on a semi-infinite
substrate, including the effect of undercooling and contact resistance has been developed by
means of finite differences.

The solidification rate is initially governed by the mechanism of crystal growth kinetics.
As the solid-front approaches the thermodynamic equilibrium phase-change temperature,
the rate of solidification is governed by the thermodynamic equilibrium energy balance at
the interface. Because of the continued influx of thermal energy from the flowing melt and

17



the semi-infinite character of the substrate, the long-term solution involves remelting of the
substrate.

It is also shown that undercooling delays the onset of solidification, especially for a
larger contact resistance. If the substrate/deposit contact resistance is large enough, no
solidification is observed when undercooling is included in the model.

An analytical solution for the long-time behavior of the process indicates that remelting

of the substrate will proceed at a constant velocity.
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Figure Captions

Fig. 1. Effect of the Stefan number and melt temperature on the solid-liquid front velocity

for long times.

Fig. 2. Solid-front time evolution: effect of the substrate/melt contact resistance and under-

cooling.

Fig. 3. Contact-temperature time evolution: effect of the contact resistance and undercool-
ing, (a) deposit temperature at contact plane; (b) substrate temperature at contact plane.

(c) temperature jump at the contact plane.

Fig. 4. Effect of the substrate/melt contact resistance on the time evolution of the solid-front

temperature.

Fig. 5. Comparison of the temperature distribution at different times: (a) solidification with

undercooling; (b) solidification at thermodynamics equilibrium temperature.

Fig. 6. Effect of initial undercooling (A = 10°Wm™2K~'): (a) time evolution of the phase
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interface; (b) time evolution of the phase interface temperature.
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Fig. 5 Rangel and Bian
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