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SEIFERT FIBERED 3-MANIFOLDS AND NONORIENTABLE 4-MANIFOLDS 

Ronald Fintushel* and Ronald J. Stern** 

1. INTRODUCTION 

Let x4 be a smooth connected closed nonorientable 4-manifold. 
In this paper we illustrate a technique for constructing manifolds Q4 
and simple homotopy equivalences f: Q4 - x4 whose smooth normal invariants 
are nonzero. 

For a specific X consider its orientable double cover X 
with covering translation I. The free involution desuspends in 
the sense that X is the union of two copies of a compact 4-manifold 
W, X= W L~ W glued along their boundaries by a free involution i: aw- aw 
so that I is equivariantly diffeomorphic to the involution on W Ui W 
which sends a point x in one copy of W to x in the other copy 
of W. (This is compatible with the given involution on aw.) Our 
goal is to replace aw with a Seifert-fibered 3-manifold M3 which admits 
a fixed point free involution t: M3 - M3 and an equivariant homology 
equivalence h: ~ - aw and to replace W by a manifold u4 with 
boundary ~ and with a simple homotopy equivalence H: u4 - W extend-
ing h. If we let Q = U4 Ut u4, Q admits the free involution T 
which sends a point x in one copy of u4 to x in the other copy 
of u4. There results an equivariant homotopy equivalence f: Q- X 
covering a homotopy equivalence f: Q = Q/T- X/I = X. With suitably chosen 
u4, f will have the desired smooth normal invariants. 

This technique was successfully employed in [FS] to construct a 
smooth closed 4-manifold Q4 having the homotopy type of real projective 
4-space RP4 but not smoothly s-cobordant to RP4• Furthermore Q 
is diffeomorphic to s4• In this paper we further illustrate this technique 
by constructing homotopy smoothings of s2 x RP2 with any desired smooth 
normal invariants. 
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104 R. FINTUSHEL AND R. J. STERN 

At this point two remarks are in order. First, Cappell and Shaneson 
[CS] have shown that if X is any closed 4-manifold such that n 1(X) has 
an orientation-reversing element of order 2, there is a 4-manifold Q 
and a simple homotopy equivalence f: Q- X whose smooth normal invariant 
n(f) is the only nontrivial element in the kernel of [X; G/0] - [X, G/TOP]. 
(See also [K; Problem 4. 14].) Our construction for the case X= s2 x RP2 
will illustrate that our technique can provide examples with any given normal 
invariant (in particular, with nontrivial topological normal invariant). 
Also, our technique can often further identify the orientable cover Q as 
being standard, s2 x s2 in the case at hand. 

Second, T. Matumoto [M] has shown that all homotopy smoothings of 
s2 x RP2 can be realized by self-homotopy equivalences of s2 x RP2 

(see §2). In particular, all homotopy smoothings f: Q- s2 x RP2 have 
the property that Q is s-cobordant to s2 x RP2. However, we cannot 
show that our manifolds Q constructed in §5 are diffeomorphic to s2 x RP2. 

2. HOMOTOPY SMOOTHINGS OF s2 x RP2 

A homotopy smoothing of s2 x RP2 is a pair (Q, f) where Q 

is a closed smooth 4-manifold and f: Q- s2 x RP2 is a simple homotopy 
equivalence. Let S(S2 x RP2) denote the set of s-cobordism classes of 
homotopy smoothings of s2 x RP2 and let n: S(s2 x RP2) - [52 x RP2; G/0] 
denote the map which associates to each homotopy smoothing (Q, f) its 
normal cobordism class n(f). The smooth normal invariant n(f) induces 
the topological normal invariant nTOP(f) by the natural map 
[S2 X RP2; G/0] - [52 X RP2; G/TOP]. 

T. Matumoto [M] has shown that S(S2 "R~) has four elements repre-
sented by the self homotopy equivalences id, o, -r, o o-r described below. 

Let o4 c s2 x RP2 be a disk and shrink ao4 to a point to ob-
tain a map c: s2 x RP2 - s2 x RP2 v s4. Let n2: s4 - s2 be an essen-
tial map, p: s2 - RP2 the covering map, and consider the composites 

and 

Define o and -r to be the composites 
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SIEFERT FIBEREO 3-MANIFOLOS 

where for a we take x = s and for • take x = t, and id 
is the identity. 

These homotopy smoothings are characterized by the fact that 
nTOP(o) f. 0, n10p(•) = 0, n(•) f. 0, nTOP(o o T) .;. 0 and 
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n(o) .;. n(o o ,). Note that nTOP is detected by the characteristic variety 
* x RP2 of s2 x RP2. As is pointed out in [M], o-1(* x Rr2) can be 
assumed to be W u (* x RP2) with W framed, where W is the pr~-
image of a point under the generator n2: s4 - s2 of •4(s4) = ll2• 
The splitting invariant is then the Arf invariant of the framed manifold W, 
which is equal to one. 

3. CONSTRUCTING HOMOTOPY SMOOTHING$ OF s2 x RP2 VIA SEIFERT FIBRATION$ 

The orientation cover of s2 x RP2 is s2 x s2 and the induced 
involution A on s2 X s2 desuspends to an involution on s2 X s1; 
i.e., s2 X s2 : s2 X o2 Ud s2 X o2 where a is the involution on 
s2 x s1 which is the identity on the s2-factor and the antipodal map on the 
s1-factor. In keeping with the program outlined in §1 we seek Seifert fibered 
3-manifolds ~ having the homology of s2 x s1, which admit free involu-
tions and which are obtained by surgery on a knot in a homology sphere which 
bounds a contractible manifold. Such M bound homotopy s2 x o21 s. 

LEMMA 3.1: Let ~ be a Seifert fibered homology s2 X s1• Then there 
is a fiber-preserving map h: M3 - s2 X s1 which induces an isomorphism 
on homology. 

PROOF: We refer to [OJ for notation and terminology concerning Seifert 
manifolds. M3 is an s1-manifold with orbit map p: ~- s2. Suppose 
M3 has n exceptional orbits with Seifert invariants (ai, Bi)' i 
= 1, .•• , n which can be chosen so that 

Let Oi, 
points in 

n 
ir1 silai = o. 

= 2, ... , n, be small 2-disk neighborhoods of the exceptional 
s2 = p(~) and let 

2 n s0 = S - U Oi. 
i=1 
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106 R. FINTUSHEL AND R. J. STERN 

Let s 1 act by translation in and via t " (u, v) .... 
V. OL. 

(t 1 u, t 1 v) in D. " s 1 where 1 

:: 1 (mod 01i ). Then the s 1-action on 

0 <vi < OLi such that 

~ is equivalent to 

1 n 1 
(50 " S ) U ( U D. " S ) 

'P i=1 1 

I 1 1 where • aDi " s .... a(s0 " s ) is defined by the matrix 

where pi = (8ivi -1}/0Li. 

8 .v. 
1 1 

Let ~ be the least common multiple of {OL 1, ... , 01n} and 
define h0: s0 " 51 ... S0 " s 1 by h0(u, v) = (u, v~). Note that ho 
is fiber-preserving. Next define hi: Di " s 1 .... Di "s1 by 

Then hi 
Hence the 

is fiber-preserving and on aoi "s1 we have 
hi together define a fiber-preserving map 

1 n 1 1 n 1 
h: (50 " S ) U ( .u Di " S ) .... (S0 " S ) U ( _U Di " S ) 

'P 1=1 'P 1=1 

where the domain manifold is ~ and the range has Seifert invariants 
n 

(unnonnalized) {(1, 8 1-~/01 1.); i = 1, ..• , n}. Since f 8-~/01. = 0, 
i= 1 1 1 

the range is s2 "s1 with the Seifert structure it inherits.as the total 

space of an s1-bundle over s2. Thus h: M3 .... s2 "s1 is fiber-

preserving. 

Licensed to University of California, Irvine.  Prepared on Mon Sep 17 12:25:01 EDT 2012 for download from IP 169.234.240.2.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



SIEFERT FIBERED 3-MANIFOLDS 107 

For each 

divisor, hence there are 
n 

so I 6./a. = 11r. 
i=1 l 1 

M represents 'Y 6 ll.. 

let then the 

6 i , i = 1 , ... , n, with 

If we identify H1 (M) :::: ll. 

~· have no common 
1 n 

I 6.~. = 1; 
i = 1 1 1 

then a regular orbit of 

(This can easily be seen by identifying the 

abelianization of the standard presentation of li 1(M) (see [O]) with ll...) 

Thus the ith exceptional orbit Ei represents 'Yiai 6 ll..; and so 

£ 6.[E.] generates H1(M3). With the Seifert structure on s2 X s 1 
i-1 1 1 
a~ising from a free s 1-action, the orbits are all homologous and the orbit 

class [R] generates H1(S2 x s 1). Now h*([Ei]) = 'Yiai [R]; so 
n n 

h*( I 6.[E.]) = I (6.'Y/a.) [R] = [R]. So h* is an isomorphism on H1. 
i=1 1 1 i=1 1 1 

Thus it follows from Poincare duality and the universal coefficient theorem 

that h* is an isomorphism in all dimensions. 

Note that h has degree 'Y = t.c.m.{a 1, ... ,an} on a regular 
fiber and degree 'Y/ai on an exceptional fiber of order ai. If all the 
ai are odd it follows that h is equivariant with respect to the free 
involutions contained in the s 1-actions. 

Now assume that all the exceptional fibers of M3 have isotropy 
groups of odd order (i.e, all ai are odd). Then the involution in the 
S 1-action on M is ~ Let M3 be the S 1-equi variant double cover 
of M3; note that s2 x s 1 = s2 x S1. Then h lifts to h: 

s2 x s 1 

h 
lid .. 

----+ s2" s1 

where 2 a (z) = z • 

Then M is again a Seifert fibered homology s2 " s1 and fi is an 
isomorphism on homology. We have an induced map 

n: Mapping cylinder (.) -Mapping cylinder (id x a) = s2 " Mobius band. 

D 

Suppose that M3 is obtained by surgery on a knot in the boundary 
of a homotopy 4-ball v4; so that ~ = au4, u4 = v4 u (2-handle), or 
dually, u4 = (M" I) U (2-handle) U v4. This last 2-handle is attached to 
M x {1} along a knot K which must represent a generator of H1(M) 
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108 R. FINTUSHEL AND R. J. STERN 

since a(M " I u (2-handle)) = M u av4. So h(K) 

homotopic, to {*} "s1. Hence we may assume that 
So · h extends to 

is homologous, hence 
- 1 h(K) = {*}·x S. 

(M lC I) u (2-handle) - s2 lC s1 lC I u (2-handle added along * X s1) 

= s2 ,. s2 - o4 . 
Extending over v4 - o4 we get H: u4 - s2 " o2 extending h and 
inducing isomorphisms on homology. So we obtain 

f: Q4 = u4 U Mapping cylinder (1) - s2 x 02 U s2 x Mobius band = s2 x RP2 

which again induces isomorphisms on homology. 

In the double covers f is covered by f: o4 - s2 x s2. 
But Q4 = u4 ut u4 where t is the covering translation of ~-
Since u4 is simply-connected so is Q; so f is a map of universal 
covers inducing isomorphisms on homology. Hence f is a homotopy equiva-
1 ence. But f is an isomorphism on 11 , hence f is a homotopy 
equivalence. 

LEMMA 3.2: Suppose the contractible manifold 
wtth only 0, 1, and 2-handles. Then Q 

V has handle decomposition 
is diffeomorphic to s2 lC s2. 

PROOF: Consider a handle decomposition of V with one 0-handle, 
r 1-handles, and r 2-handles. Since V-(0-handle) is an h-cobordism 
we can slide 2-handles until the intersection matrix of the attaching circles 
of the 2-handles with the belt spheres of the 1-handles is the identity matrix. 

Now consider a framed link picture for this handle decomposition 
of V. (See [S].) It consists of r unknotted, unlinked dotted 
circles representing the 1-handles and r circles representing the 2-handles. 
The framed link picture for U is obtained by adding one more circle cor-
responding to K, the attaching circle for the added 2-handle. 

Since the involution t of M3 lies in the s1-action on M, 
t is isotopic to the identity. Hence Q = U Ut U : U Uid U, the double 
of U. The framed link picture for the double of U is obtained from 
the framed link picture for U by adding a meridional circle labelled "0" 
to each undotted circle in the framed link picture for U. Utilizing these 
it is easy to slide 2-handles to obtain the following framed link picture 
for Q: 
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SIEFERT FIBERED 3-MANIFOLDS 109 

m,. 

~ u c§?" 
0 

Sliding 2-handles over 1-handles yields: 

b e 
0 

WhiCh iS the framed link piCtUre for s2 X s2• 

4. DETECTING EXOTIC HOMOTOPY SMOOTHINGS OF s2 x RP2 

Let xi. i = 0, 1, be a smooth homotopy s2 x s2 supporting a 

free involution 

s2 x s 1, say 
4 3 

which desuspends to an involution ti 

Then there is a homology s2 X o2, ui. 
on a homology 

with 

D 

aui = M1 and xi = ui uti ui. Also Xi/Ti = ui u Mapping cylinder 
. 2 2 (Mi - Mi/ti). Suppose there is a homotopy equivalence fi. Xi/Ti-S x RP 

= s2 X o2 u Mapping cylinder (s2 X s1 - s2 X s1/id X a) with 

f~ 1 (s 2 x s1) = M~. Suppose further that U~ is obtained by surgery on a 
1 1 1 

4 knot in the boundary of a homotopy 4-ball Vi. Let Ki be the trans-

verse preimage under fi of * x s1 chosen so that Ki does not inter-

sect the cocore of the handle attached to avi. Now suppose there is an 

annu 1 us from W. to av~ bounded by K c ~ and K! c av~ and i 1 i i 1 1 
4 let Arf(Ki) denote the Arf invariant of Kf c avi. Since 

* x RP2 c s2 x RP2 is a characteristic variety we have: 

LEMMA 4.1: "TOP(fi) # 0 if and only if Arf(Ki) # 0. 

Suppose that (X0/T0, f0) and (X 1/T 1, f 1) represent the same 

element of S(S2 x RP2). Then there is an s-cobordism w5 between 

x0tT0 and X1/T1 and a simple homotopy equivalence F: W- s2 x RP2 

with flaW= f0 u f 1. By relative transversality we assume that 

D 
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110 R. FINTUSHEL AND R. J. STERN 

is a connected cobordism between 

and one easily checks that w1{Y) = w2{Y) = 0. 

Let W be the orientable double cover of W· • 
s-cobordism between x0 and x1. 

of F. Then Y = F-- 1 { s2 x s 1 ) 

Let - - 2 2 F: w - s X s 
is a proper codimension 

of w with ay = ~ u M~. Now Y separates W, 

of W-Y has closure which is a 5-manifold with boundary 

So the signature a{u6 u Y u ut) = 0, hence o{Y) = 0. 

so w is an 

be a lift 

submanifold 

and a component 
4 - 4 u0 u v u u1• 

Since Y has a free involution extending t 0 u t 1 on 

aY = Mg U M~, a standard formula for the a-invariant [W; p. 198] yields 

As w1{Y) = w2(Y) = 0, we may choose a framing for Y which in turn 

induces an almost-framing Fi on the component Mi/ti of aY. So 

computing the ~-invariant of the almost framed 3-manifold aY: 

so that 

Let p{fi' Fi) denote ~(Mi/ti; Fi)- I ~tMi, ti) {mod 16). We then 

have: 

PROPOSITION 4.2: Let xi, i = 0,1, be a homotopy s2 x s2 admitting 

a free involution Ti which desuspends to a free involution ti on 
--~ 2 1 2 2 Mt· a homology S x S. If fi: Xi/Ti-S x RP is a homotopy 

equivalence with fi 1{s2 x s1) = Mi and if {X0/T0, f0) and {X 1/T0, f 1) 

represent the same element of S{S2 x RP2) there are almost-framings 

Fi of Mi/ti such that 

0 
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SIEFERT FIBERED 3-MANIFOLDS 111 

Note that if X/T = s2 x RP2 and f = identity, then 
p(identity, F)= o (mod 16) for any almost-framing on s2 x s1. 

5. THE EXAMPLES 

Before giving our examples we shall list techniques for computing in-
variants of the examples. These techniques are given in the three lemmas 
below which should be considered as folklore. 

LEMMA 5.1 [CS]: Let M3 be a 3-manifold obtained from surgery on the 
framed link L in the boundary of a homology 4-ball. Let L1 be 
the characteristic sublink corresponding to the almost-framing F 
Then 

11 ( M3 ; F) = a + 8 Arf ( L 1 ) - .e ( L 1 , L 1 ) {mod 16 ) 

where a is the signature of the linking matrix for L. 

of M3. 

LEMMA 5.2: Let K be a knot in the boundary of a homology 4-ball and 
~ ~ 3 be a homology 3-sphere obtained from framed surgery on K. Then 
Arf{K) = 1/81!{~ 3 )(mod 2). 

LEMMA 5.3: Let P4 be the starlike plumbed 4-manifold with m > 3 

and let M3 be the Seifert fibered 3-manifold ~ = aP4. Suppose that 
the involution t in the s1-action on M3 is free. Then a{~. t) 
= (P4) - F·F where F is a characteristic homology class composed of 
0-sections of the plumbing which includes the central vertex {labelled b). 

PROOF: It follows from the g-signature theorem that a{~. t) 
= a(P4,T) - pT.pT where· T is the involution in the natural s1-action 
on P which extends the s1-action on M. Since T is isotopic to 

D 

the identity, a(P, T) = a(P). Now given x e H2{P), x·T*x = x·PT (mod 2). 
Let F = PT be the fixed point set; note that F is a union of 0-sections 
and x·F = x·T*x = x2 {mod 2) since T* = identity. Hence F is 
characteristic and clearly contains the central vertex when m > 3. [] 
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112 R. FINTUSHEL AND R. J. STERN 

Now consider the Seifert fibration M3 which is the boundary 
of the plumbed 4-manifold 

-3 -I -4 -4 

-~ 

-z 

which is a homology s2 X s1 with Seifert invariants {(1,1), (3,-1), 
(5,-2), (15,-4)}. By Lemma 3.1 there is a map h: M3 - s2 x s1 which 
induces isomorphisms on homology such that K = h- 1(* x s1) is the excep-
tional fiber of order 15, namely 

_, -41 1<. 

·% 

PROPOSITION 5.4: ~ is the boundary of manifolds ui, i = 0, 1, 
obtained by attaching a 2-handle to the boundary of the 4-ball s4. Further-
more, there is an annulus from Kc M3 to K! c aB4 such that 

1 
Arf(Ki): i (mod 2). Also the double of ui is diffeomorphic to 
s2 x s2. 

PROOF: We shall show that there are cobordisms from M3 to s3 built 
by adding a 2-handle to M3 x I. Then add a 4-handle to obtain ui. The 

4 2 2 double of Ui is S x S by Lemma 3.2. 

We use the Kirby calculus of links to show that one may add a 2-handle 
to ~ to obtain s3. We use the notation "g" to mean that the 
4-mani folds in question have the same boundary and "::" to mean that they 
are diffeomorphic. 
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-41 1<. 

-"' ) 

We obtain u6 by adding the 2-handle 

> 

-- o 4 o -41 K. 

0JCDO 
Note that Koc s3 is the unknot, so Art(K0) = 0. 

113 

.I<. 

0 
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114 R. FINTUSHEL AND R. J. STERN 

We obtain u1 (which is diffeomorphic to u0) by adding the 
2-handle 

(Note that this 2-handle is the same as the 2-handle attached to obtain u0. 
However, it is different as a 2-handle attached to the pair (~. K). Thus 
the construction of §3 will give a different homotopy equivalence to s2 .. RP2). 

si.Je. ".,o•r "· 
3-I-IMU 

4 (Do 

If we do a +37 surgery on K1 we obtain a homology sphere 
t 3 and the framed link has characteristic sublink L' = K1 u h4• Since 
K1 and h4 are unlinked and K1 is the (2,5)-torus knot, Arf(L') 
= Arf((2,5)-torus knot)= 1. So ll(~) = 1 + 8- (37-4) :8 (mod 16) 
by Lemma 5.1. So by Lemma 5.2, Arf(K1) = 1. 0 

Since the orders of the exceptional fibers of ~ are odd, 
MP admits a free involution t isotopic to the identity. The construction 
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SIEFERT FIBERED 3-MANIFOLDS 115 

in §3 yields manifolds 
Ti on xi 

X~= u. ut u. = s2 X s2• i = 0, 1, involutions 
1 1 1 2 2 

and homotopy equivalences fi: Xi/Ti ~ S x RP. 

PROOF: Since Arf(Ki) = i (mod 2), Lemma 4.1 implies that n10p(f0 ) = 0 
and nTOP(f 1) # 0. To show that n(fi) # 0 it suffices to show that 
p(fi, F) t 0 (mod 16) for any almost-framing F of ~/t, for by 
ProposLtion 4.2 this implies that {fi} does not equal {identity} in 
S(s2 x RP2). But since L5(zz2, -) = 0, S (S2 x RP2) _!1.... [S2 x RP2; G/0] 
is 1-1. 

Recall ~ is the boundary of the plumbed 4-manifold P4: 

-3 _, -4 .... 

-3 

-z. 

where circled vertices correspond to the class F described in Lemma 5.3. 
Hence a(M3, t) = -5-(-5) = 0. The Seifert invariants for ~/t are 
{(1,2), (3,-2), {5,-4), (15,-8)} (see [NR]) so that ~/t is the boundary 
of the plumbed 4-manifold v4: 

-2. -z. -2. 
~--------------~--------------· 

-z. 

·Z. 

-z. 

-z. 
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116 R. FINTUSHEL AND R. J. STERN 

The two almost-framings F1 and F2 of ~ correspond to the two char-
acteristic homology classes of v4, the zero class. and the class repre-
sented by the 0 sections of the plumbing which are circled above. So by 
Lemma 5.1 we compute the two ~-invariants of ~/t: ~(M 3 /t; F1): -8 (mod 16) 
and ~(~/t; F2) = -8 + 16 = 8 (mod 16). Hence p(fi. F) : 8 (mod 16) 
for = 0, 1 and any F. D 

We have now constructed nontrivial homotopy smoothings of s2 x RP2 
with nontrivial smooth normal invariants. To construct the other nontrivial 
homotopy smoothing, by the discussion in §2, we need to find a homotopy 
smoothing f2 with nTOP(f2) ~ 0 and n(f2) # n(f 1). 

Consider the Seifert fibration N3 which is the boundary of 
the plumbed manifold 

-38 -z ·I -7 -z ·.2 -2.. 

L 
. 0 

with Seifert invariants {(1,1), (75,-38). (3,-1), (25,-4)}. By Lemma 3.1 
there is a map fi: N3 ~ s2 x s1 which induces isomorphisms on homlogy such 
that K = fi- 1(* x s1) is the exceptional fiber of order 75, namely: 

K -38 -z. _, -7 -2. -.z. -2. 

L 
PROPOSITION 5.6: N3 is the boundary of a manifold u4 obtained by 
attaching a 2-handle to the boundary of a homotopy 4-ball c4. Furthermore, 
there is an annulus from K c N3 to K' c N4 such that Arf(K') # 0. 
Also the double of u4 is s2 X s2. 

PROOF: K -'38 -z. -c -7 -.z. -.a. - 2. 
0 

,., 
== 

I( 
·3& -z. -c -"I ·t -z. ·7... 

G-s~ySS5) 
V-'!J 
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Now K' is a knot in the boundary of the plumbed manifold 
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whose boundary is the Brieskorn homology sphere L(2, 3, 25) which is known 
to bound a contractible 4-manifold c4 built with only 0, and 
2-handles. (See [K; Problem 4.2]). Let u4 = N3 X I u (attached 2-handle) 
u c4. Then Lemma 3.2 implies that the double of u4 is s2 X s2. 

If we perform -39-surgery on K' we obtain a homology 3-sphere 
L3 and the framed link has characteristic sublink L' = K' U h4 with 
Arf(L') =Arf((2,3).torus knot)= 1. So by Lemma 5.1 1J(L3): -8 + 8(1) 
- (39-1) = 8 (mod 16). Hence Lemma 5.2 implies that Arf(K') # 0. 0 

Since the orders of the exceptional fibers of N3 are all odd, we 
obtain as before a free involution s on N3 which is isotopic to the 
identity, a free inVOlUtion s On x4 a U US U a s2 X s2, and a homotopy 
equivalence f2: x4;s- s2 X RP2. 
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118 R. FINTUSHEL AND R. J. STERN 

PROOF: By Lemma 4.1 nTOP(f2) ~ 0 since Arf(K') ~ 0. We show that 
n(f2) ~ n(f3) by showing that p(f2, F)= 0 (mod 16) for any almost-
framing F of N3. (So Proposition 4.2 will imply that {f2l ~ {f 1l 
s S(S2 " RP2) and hence n(f2) ~ n(f 1) since L5(zz2, -) = 0.) 

Now N3 is the boundary of the plumbed 4-manifold 

-3& -2 _, -7 -z -z. -l. 
G t 

where the circled vertices correspond to the class F described in Lemma 5.3. 
So a{N3, s) = -7-(-39) = 32. 

The Seifert invariants for N/s are {(1,2), (75,-76), (3,-2), 
(25,-S)l so that N/s is the boundary of the plumbed 4-manifold 

_,, 
-I -1. -4 -z. -.z. -z. -z. -z. -I. -z. 

l-· -z. 

The two almost-framings F3 and F4 of N3 correspond to the two 
characteristic homology classes represented by the 0-sections circled below: 

-"" -1 -:z. -4 -2. -z -z. -a. -z. ·.l ·'2. 
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Hence the two ~-invariants of N3/s are ~(N 3 /s; F3) : -12-(12) = 0 
(mod 16) and ~(N 3 ts; F4): -12-(-76): 0 (mod 16). Thus p(f2, Fi) 
: 0 - 1/2(32) : 0 (mod 16) for i = 3, 4. 0 

As is pointed out in the introduction, each of these homotopy 
s2 X RP2•s is s-cobordant to s2 X RP2. 
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