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Abstract: We consider high density laser wakefield acceleration (LWFA) in the nonrelativistic re- 7 

gime of the laser. In place of an ultrashort laser pulse we can excite wakefields via the Laser Beat 8 

Wave (BW) that accesses this near-critical density regime. Here, we use 1D Particle-in-Cell (PIC) 9 

simulations to study BW acceleration using two co-propagating lasers in a near critical density ma- 10 

terial . We show that BW acceleration near the critical density allows for acceleration of electrons to 11 

greater than keV energies at far smaller intensities, such as 1014 W/cm2, through the low phase ve- 12 

locity dynamics of wakefields that are excited in this scheme. Near-critical density laser BW accel- 13 

eration has many potential applications including high dose radiation therapy. 14 

Keywords: laser wakefield acceleration; beat wave; near critical acceleration; fiber laser; endoscopic 15 

radiotherapy;  16 

 17 

1. Introduction 18 

Laser wakefield acceleration (LWFA) allows us to make high energy acceleration of 19 

electrons [1–4]. Tajima and Dawson proposed using high intensity pulsed laser (such as 20 

1018 W/cm2) to accelerate electrons with an accelerating gradient on the order of GeV/cm 21 

[1]. Their paper launched the laser wakefield acceleration (LWFA) branch of plasma phys- 22 

ics which was further aided by the advent of Chirped Pulse Amplifcation (CPA) and its 23 

advent also enabled LWFA realization [5]. The main allure and applications of LWFA has 24 

been to explore the energies that may not be covered easily by the conventional accelerator 25 

approaches, either in principle or by the ever-increasing cost and size of these.  The ener- 26 

gies of electrons accelerated by LWFA increase inversely proportional to the plasma den- 27 

sity [1,3]. Thus, most of the explorations of LWFA so far have been in a density of plasma 28 

relatively far away from the critical density, the underdense regime (For a typical optical 29 

laser, the critical density is on the order of 1021/cm3), so that the typical operating plasma 30 

density has been densities of 1017 – 1019/cm3. This is a gaseous plasma regime.  31 

Despite LWFA having nearly half a century of history, there has yet to be sufficient 32 

exploration of laser-plasma acceleration near the critical density. Valenta et al. determined 33 

that electron densities of roughly 0.1𝑛𝑐 were necessary for high repetition rate, low en- 34 

ergy, short pulse lasers [6]. More recently, Nicks et al. further explored how one can 35 

achieve bulk acceleration of electrons by exploring the maximum energy achieved for dif- 36 

ferent near-critical densities, laser intensities, and laser pulsewidths [4,7]. We note that in 37 

the near critical densities the gas plasma is replaced by other materials such as nano- 38 

materials [8]. In such materials, by choosing the radius of nanotubes, for example, we can 39 

raise or reduce the average electron density that laser electromagnetic fields see. The outer 40 

shell electrons in such materials behave as if they are in a plasma state [9]. Here, we will 41 

give a brief introduction to the theory of LWFA in the underdense regime and then ex- 42 

plore the use of laser BW near the critical density by using the well benchmarked EPOCH 43 

1D3V (1D and 3D in spatial and velocity calculations, respectively) collisionless and rela- 44 

tivistic Particle-in-Cell code with stationary ions [10]. 45 
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This paper is structured in the following way: Section 2 will describe the theory of 46 

conventional underdense LWFA and beatwave acceleration (BWA). Section 3 will de- 47 

scribe BWA at near critical densities and show results of PIC simulations with low inten- 48 

sity lasers and near critical density plasma targets. Section 4 will discuss applications to 49 

medicine. Section 5 will summarize and conclude this paper.  50 

2. Underdense LWFA and BWA 51 

LWFA in underdense plasma operates where the plasma density is much lower than 52 

the critical density 𝑛𝑒 ≪ 𝑛𝑐 . Through the Stimulated Raman Scattering (SRS) process 53 

[11,12], an electromagnetic wave excites a plasma wave with 𝜔𝑝 following the frequency 54 

or energy conservation of:  55 

𝜔𝑝 = 𝜔0 − 𝜔1 , (1) 

where 𝜔𝑝 = √4𝜋𝑛𝑒𝑒2 𝑚⁄  and the ‘𝑝’ subscript denotes electron plasma, 𝑛𝑒 is the elec- 56 

tron plasma density, ‘𝑒’ is the electron charge, and m is the electron mass. Following the 57 

above frequency equation where 𝜔0 is the incident wave and 𝜔1 is the scattered wave, 58 

whilst also conserving wave number (or momentum) such that 𝒌𝒑 = 𝒌𝟎 − 𝒌𝟏.  59 

Similarly, Rosenbluth and Liu derived the process of exciting plasma waves using 60 

the beat wave of two lasers such that frequency difference was equal to the plasma fre- 61 

quency following Equation 1 [13,14]. This is beat wave (BW) excitation of plasma waves. 62 

When the two lasers are co-propagating, the Forward Raman Scattering (FRS) mechanism 63 

becomes significant and electrons can then be accelerated by the plasma waves [2,11,14– 64 

16]. We classify this as Beatwave Acceleration (BWA). If laser fields for the pump 𝑬𝟎 65 

(higher frequency) and seed 𝑬𝟏  (lower frequency) are near the relativistic range of ∝ 66 

 𝑚𝜔0𝑐/𝑒 then the ponderomotive force created by the beatwave of the two lasers drives 67 

an electrostatic longitudinal plasma wave EL such that: 68 

𝑒𝐸𝐿  =  𝛻 (
𝑒𝑬𝟎⋅𝑬𝟏

𝑚𝜔0𝜔1
 ) =  𝑒 (

𝑚𝜔𝑝𝑐

𝑒
) 𝑒𝑖 𝑘𝑝𝑥. (2) 

The phase velocity of this electrostatic wave (plasmon) is thus: 69 

𝑣𝑝ℎ =
𝜔𝑝

𝑘𝑝
=

𝜔0−𝜔1

𝑘0−𝑘1
 . (3) 

In the limit of highly underdense plasma 𝜔𝑝 𝜔0⁄ ≪ 1: 𝑣𝑝ℎ =
𝜔𝑝

𝑘𝑝
≈ 𝑐. Here we use the dis- 70 

persion relation for an electromagnetic wave (photon) in a highly under dense plasma 71 

[17]: 72 

𝜔 = 𝑐𝑘 √1 − 𝜔𝑝
2 𝜔2⁄⁄  . (4) 

With this one can see that the phase velocity of the plasmon wave matches the group 73 

velocity of a photon when 𝜔0, 𝜔1 ≫ 𝜔𝑝:  74 

𝑣𝑔 =
𝜕𝜔

𝜕𝑘
=

𝑐

𝜔
√1 − 𝑛𝑒 𝑛𝑐⁄  , (5) 

where nc is the critical density of a laser. In the rest of this paper, nc refers to the critical 75 

density of the lowest frequency wave (seed).   76 

Therefore, in a highly underdense plasma the laser frequency 𝜔 ≫ 𝜔𝑝 and both the 77 

laser phase velocity and group velocity reduce to 𝑣𝑝ℎ  ≈  𝑣𝑔  ≈  𝑐. This is shown in Figure 78 

1, where the 2D Fast Fourier Transform (FFT) of the transverse and longitudinal electric 79 

field of the laser beatwave PIC simulation in an underdense plasma (𝑛𝑒 = 0.005 × 𝑛𝑐) is 80 

plotted and shows the dispersion. 81 

 82 
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(a) (b) 

Figure 1. The 2D Fast Fourier Transform (FFT) of the (a) transverse (𝐸𝑦) and (b) longitudinal (𝐸𝑥) 83 
electric field in a 1D PIC simulation of highly underdense laser BW acceleration normalized to the 84 
normalized to the plasma frequency (𝜔𝑝) and plasma wave number (𝑘𝑝  =  𝜔𝑝/𝑐). 𝜔0 and 𝜔1 are the 85 
two copropagating laser frequencies of the beatwave, indicated by the orange dotted lines in (a). 86 
The diverging color indicates the intensity of the fields in logscale. The speed of light dispersion 87 
(slope) is indicated by the lime green dotted line.  88 

The laser beatwave excites longitudinal electrostatic wakefields with a phase velocity 89 

near 𝑐 in low density plasma. A high phase velocity, much larger than the thermal veloc- 90 

ity, allows the plasma wave to be stable and coherent against thermal plasma instabilities 91 

and allows the lasers to drive the plasma wave until saturation. Conventionally, the 92 

strength of the plasmons derives from the ponderomotive force described by Tajima and 93 

Dawson, which gives us a maximum electrostatic field of [14]: 94 

𝐸𝐿,𝑚𝑎𝑥  =  𝐸𝑤𝑏 =
𝑚𝜔𝑝𝑐

𝑒
 , (6) 

which is the well known electrostatic wavebreaking field in the cold plasma approxima- 95 

tion.  96 

With the wake waves’ high phase velocity, far away from the bulk thermal velocity 97 

of the plasma, the strength of these wakes will have to grow large enough to be able to 98 

trap electrons from the fringes of the thermal distribution and accelerate them. If the am- 99 

plitude of the wake waves are not strong enough, electrons will need to be externally in- 100 

jected at the high enough energies in order to be trapped. The range of velocities (energies) 101 

that the excited wake waves can trap and accelerate electrons is described by the trapping 102 

width velocity [18]: 103 

𝑣𝑡𝑟𝑎𝑝 = √𝑒𝐸𝐿 𝑚𝑘⁄  , (7) 

where 𝐸𝐿  is the amplitude of the wake wave and 𝑘 is its wave number. Thus, because 104 

𝑣𝑝ℎ  ≫  𝑣𝑡ℎ the wave number 𝑘 is small, making the trapping width small. Wakes cannot 105 

functionally trap and accelerate electrons from the bulk plasma thermal distribution. This 106 

again reinforces that the laser and wakes are stable from thermal plasma instabilities. Fig- 107 

ure 2 shows the electric field and phase space of this highly underdense BW simulation. 108 

One can see that only at relativistic laser intensities (𝑎0 ≥ 1) is the electrostatic wake am- 109 

plitude driven large enough to trap a small population of electrons from the tail end of 110 

the thermal distribution and accelerate them. 111 
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 112 
Figure 2. Electron phase space plot with electric fields of a 1D PIC simulation at 150 113 

fs. The momentum is normalized to electron mass times the speed of light (c) on the left 114 

most y-scale vs the position in the horizontal axis. The sequential color scale indicates the 115 

population density of electrons in that particular phase space point where bright orange 116 

indicates a large amount and purple or dark colors indicate small populations.  The elec- 117 

tric fields are indicated by the transverse y- (red) and longitudinal x- (blue) lines repre- 118 

senting the laser and plasmon fields respectively. This simulation used an equivalent of 119 

𝑎0 = 1, beatwave laser wavelengths of 0.5 µm and 1 µm with 100 fs pulswidth and 𝑛𝑒 = 120 

 0.005 × 𝑛𝑐. 121 

 122 

In the relativistic regime, the saturation due to relativistic mass and detuning effects 123 

gives the saturated electrostatic field to be [2,13]: 124 

𝐸𝐿 =
𝑚𝜔𝑝𝑐

𝑒
 (

16

3
𝑎0𝑎1 )

1

3
 , (8) 

where 𝑎0,1 =
𝑒|𝑬0,1|

𝑚𝜔0,1𝑐
 is the normalized laser vector potentials for the pump, indicated by 125 

the 0 subscript, and the seed, the 1 subscript. The maximum acceleration energy of 126 

trapped electrons is:  127 

𝑊𝑚𝑎𝑥 = 2 𝑎0 𝛾2𝑚𝑐2  ∝  𝑎0
2 (

𝜔0

𝜔𝑝
)

2

 , (9) 

where 𝛾 is the Lorentz factor. For non-relativistic (nr), low intensities (𝑎0  <  1), in an un- 128 

derdense plasma (𝑛𝑐 >> 𝑛𝑒) we have no factor 2𝛾2 (due to the relativistic dynamics of the 129 

phase velocity of the wake for the relativistically extended dephasing length).  If we as- 130 

sume in this case that the dephasing length is simply 
𝜋 𝑐

2 𝜔𝑝
 we obtain the low intensity max- 131 

imum electron energy, while the ponderomotive force in the nonrelativistic regime is pro- 132 

portional to 𝑎0
2, which may lead to an expression such as 𝑊𝑚𝑎𝑥,𝑛𝑟 =

𝜋

2
𝑚𝑣𝑝ℎ

2 𝑎0
2 (

𝜔0

𝜔𝑝
). This 133 

type of energy would apply if the wakefield with nonrelativistic amplitude is excited but 134 

remains as a single wave.  As we will see below, however, in the high density regime of 135 

wakefields (near the critical density), we observe that a series of wakefields with different 136 

phase velocities tend to be excited.  137 

Nicks et al showed electron energy scaling with respect to laser intensity (1 > 𝑎0 ≥ 138 

0.1) for 0.1𝑛𝑒 and 0.3𝑛𝑒 in Figure 5a,b [7]. Nicks et al showed that a somewhat discontin- 139 

uous maximum energy gain of electrons as a function of 𝑎0  (around 1) is observed. This 140 

arises from the transition between the nonrelativistic wakefields dynamics (𝑎0 < 1) and 141 

the relativistic one (𝑎0 ≥ 1) .  142 

3. Near Critical Density BWA  143 

When 𝑛𝑒 is near the critical density, additional physics comes into play. With lower 144 

laser intensities, low phase velocity (which means a density very close to the critical den- 145 

sity) or external electron injection mechanisms are needed to allow for electrons to interact 146 
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with the wakefields and be accelerated. We show that near critical densities allow for the 147 

excitation of low phase velocity plasmons and introduces the opportunity to pick up elec- 148 

trons in the bulk which would not be possible in the conventional underdense operation 149 

of LWFA. This high density, low intensity LWFA scheme makes it suitable for many ap- 150 

plications.  151 

For many industrial and medical applications, electron energies of greater than keV 152 

are required with low laser intensities of ≤ 1014 W/cm2 (corresponding to 𝑎0 < 0.01 for a 1 153 

µm laser). For a 1 µm laser, the critical density is approximately 1021 cm3 which is about 154 

one order of magnitude less than a conventional solid. This high density allows the BW 155 

accelerator to be done in ambient pressure rather than vacuum. Thus, our study will focus 156 

on using a 1 µm laser with plasma densities of approximately 𝑛𝑒 ≈ 0.9 × 𝑛𝑐 ≈ 0.9 ⋅ 157 

1021 cm−3.  158 

The excitation of low phase velocity plasmons with much lower laser intensities 159 

lends itself to the Enhanced Raman Forward Scattering (ERFS) method [19]. In the ERFS 160 

method, the laser intensities need not be equal as in the conventional BW case. Fisher and 161 

Tajima showed that ERFS allows for the lower frequency seed (𝜔1) laser’s intensity to be 162 

10% of the higher frequency pump (𝜔0) laser’s intensity. In this case, the lower frequency 163 

laser seeds the growth of the plasma wave but there are also other seeding methods such 164 

as pulse shaping and electrostatic plasmon seeding. The smaller seed intensity further 165 

allows the usage of modern table top laser technology.  166 

We now turn to the exploration of low intensity, non-relativistic BW acceleration us- 167 

ing the EFRS method. To represent a thin target of density 0.9×1021 cm3 in the simulation, 168 

the plasma is set to be between 1-20 µm thick (with ions left to be infinitely heavier and 169 

stationary). Figure 3 shows the transverse and longitudinal field spectrum for 20 µm thick 170 

plasma. Figure 3a is similar to Figure 1a except that the seed frequency is now just above 171 

the plasma frequency (𝜔1 ≈ 1.1 𝜔𝑝). Additionally, the lasers propagate freely in vacuum 172 

before hitting the target. The free space propagation is clearly shown by the spectrum 173 

points that align with the speed of light in vacuum (lime green). In Figure 3b, one can see 174 

that there is excitation at 𝜔𝑝 with a broad range of wavenumber. This is due to nonlinear 175 

parametric processes and is allowed by the high density plasma (near critical) so that their 176 

phase velocities are low. The allowed group velocity of the photons is small and so the 177 

ponderomotive force can push electrons whose velocities may come in resonance with 178 

multiple of small phase velocity plasma waves. This allowed wide range of the phase ve- 179 

locities in nonrelativitic wakefields is the reason why we see this wide spectrum of plasma 180 

waves. 181 

 182 

  

(a) (b) 

Figure 3. 2D Fast Fourier Transform (FFT) of the (a) transverse (Ey) and (b) longitu- 183 

dinal (Ex) electric field in a 1D PIC simulation of BW acceleration near the critical density 184 

 185 
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Figure 4 shows the phase space and electric field components for this simulation us- 186 

ing a laser intensity of 2.5 x 1014 W/cm2 (𝑎0 = 0.007) with a pulse width of 2 ps. One can 187 

see that at 2 ps, the tail end of the laser pulses, the longitudinal plasma wave amplitude 188 

has grown larger than the pump laser’s amplitude. At 2.5 ps, the laser has left the simula- 189 

tion and one can see the strong plasma waves continue unimpeded and are able to accel- 190 

erate electrons to keV energies.  191 

 192 

  

(a) (b) 

Figure 4. This is a figure Phase space distribution and transverse and longitudinal 193 

electric fields for a 1D 10 µm plasma target at (a) 2 ps and (b) 2.5 ps. The EFRS method is 194 

used with 𝑎0 = 0.007  (2.5 x 1014 W/cm2) and 𝑎1 =  0.004  (9.7 x 1013 W/cm2) and 𝑛𝑒 = 195 

0.9 × 𝑛𝑐 , 𝜆0 ≈ 0.5 µm and 𝜆1 = 1.0 µm, and the pulsewidth is 2 ps. 196 

 197 

Figure 5 shows the electron energies with respect to different simulations. Figure 5a 198 

shows the electron energy distribution after 2.5 ps for varying thicknesses of the plasma- 199 

target. One can see that that below 5 µm, electrons are just barely accelerated above keV 200 

energies. This is most likely because the main plasma wave in the mix of wakefields is the 201 

one with a phase velocity near c so that the main plasma wavelength corresponds to ap- 202 

proximately 1 µm, this is confirmed by Figure 4. Thus, for small thicknesses there is not 203 

enough wake waves to accelerate electrons. However, there does not seem to be more 204 

enhancement in the electron energy spectrum as the plasma thickness is increased.  205 

 206 

  

(a) (b) 

Figure 5. (a) The energy distribution of thin plasma target simulation after 2.5 ps with 207 

change of thickness. The intensity of the pump wave 2.5 x 1014 W/cm-2 and the seed inten- 208 

sity was one-tenth of that (𝑎0 = √10 · 𝑎1). Pulsewidth of 2 ps. (b) Maximum kinetic energy 209 
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(y-axis) of an electron found in simulation after 2.5 ps with respect to thickness (x-axis) 210 

given different laser parameters: (blue) 1.3 x 1014 W/cm-2 pump (𝑎0  =  0.005) with a pulse- 211 

width of 2 ps, (yellow) 2.5 x 1014 W/cm-2 pump (𝑎0 = 0.007) with a pulsewidth of 1 ps, 212 

(green) 2.5 x 1014 W/cm-2 pump (𝑎0 = 0.007) with a pulsewidth of 2 ps. 213 

 214 

In order to make this acceleration scheme more applicable, lower laser intensities 215 

than 2.5 x 1014 W/cm2 are chosen. Figure 5b shows the maximum kinetic energy found in 216 

the simulation after 2.5 ps for three different laser parameters: 1.3 x 1014 W/cm2 with 2 ps 217 

pulsewidth, and 2.5 x 1014 W/cm2 with 1 ps and 2 ps pulsewidth. One can see that the 218 

intensity allows for higher electron energies, which is expected. In addition, increasing 219 

the pulswidth to deliver more energy also increases the maximum kinetic energy that the 220 

electrons can achieve. Below 1.3 x 1014 W/cm2 (𝑎0 < 0.005), we saw that the plasma waves 221 

continued to grow beyond 2.5ps.  222 

4. Applications to Medicine 223 

      As we have found, the high density operation (near the critical density) LWFA 224 

opens an avenue to make very compact electron acceleration (though electron energies 225 

are modest such as 10’s keV) with modest laser intensity.  The near-critical density exceeds 226 

the usual gaseous plasma density. The opportunity of using carbon nanotubes (and pos- 227 

sibly other nanomaterials) to match this regime of density with changing its occupation 228 

ratio (such as the tube diameter) introduces an added flexibility and value of this regime 229 

operation [8,20]. We no longer need the vacuum to hold gas plasma. Also, this brings in a 230 

flexible density ramping, if desired or necessary, for additional control in the acceleration 231 

process. The size of the target in this high density LWFA further reduces the size of the 232 

accelerator from even the gaseous LWFA, which is already far smaller than the conven- 233 

tional accelerators. 234 

Additionally, near critical density LWFA lends itself to low intensity schemes such 235 

as EFRS. This allows the seed laser intensity to be 10% of the pump laser’s and still achieve 236 

10’s keV electron energies.  237 

Meanwhile, if and when we can use an electron accelerator so tiny that it can sit in 238 

front of the tumor of a patient (such as at the tip of an endoscope), the electrons for radi- 239 

otherapy purpose need not to have MeV of energies, as they do not have to penetrate 240 

patient’s body.  In this case, the needed electron energies may be as low as 10’s keV.  The 241 

penetration depth of such electrons is short and reaches only the tissues that is facing the 242 

accelerator at the tip of the device such as an endoscope. This study shows that our present 243 

regime of laser intensity and operation are within the reach of the fiber laser technology, 244 

see [21]. Accordingly, this introduces a new possible way to operate an endoscopic electron 245 

radiotherapy using fiber laser. That is, an endoscopic radiation therapy. The surgeon 246 

would enter internal part of a patient with an endoscope that has attached the HD LWFA 247 

at its tip. When he/she sees a tumor, he/she can turn on the HD LWFA at its suspected 248 

tumor. It could also be used to spray electrons after the surgical removal of a macroscopic 249 

tumor by endoscope, to make sure the remaining tissue can be devoid of active tumors (it 250 

may also be delivered as part of an acupuncture needle).   251 

Such electrons may be used to address other therapy such as allowing for handheld 252 

radiation therapy device that can directly target superficial skin cancers such as melanoma 253 

[22–25]. Further, we could also employ a vector medicine (with high Z) that can guide 254 

itself toward the targeted tissue (such as cancer cells) that attracts and absorbs preferen- 255 

tially electrons to the vector molecules with its high Z distinction [26]. 256 

 257 

5. Conclusions 258 

To summarize, we used the well benchmarked 1D3V relativistic PIC code EPOCH 259 

and showed the dynamics of LWFA and BWA in underdense plasmas and near critical 260 
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density plasmas. In Section 2, conventional LWFA was discussed. Conventional LWFA 261 

relies on an high laser intensities and underdense plasmas so that the group velocity of 262 

the laser (≈ 𝑐) can excite longitudinal plasma waves with similar phase velocity. Thus, a 263 

robust and coherent plasma wave train is excited with immunity from thermal plasma 264 

instabilities. It is conventional wisdom that lower plasma density allows for more stable 265 

wake waves and therefore larger electron energy accelerations as shown in Equation 9 [4]. 266 

 In Section 3, we studied a low intensity EFRS scheme to accelerate electrons to keV 267 

energies using low intensity lasers (approximately 1015 W/cm2) near the critical density. 268 

At the near critical densities, we have shown that using laser BW with the ERFS method, 269 

nonlinear processes are excited. One of these processes is the growth of a multiple small 270 

phase velocity plasma waves rather than the single large phase velocity wakefield, shown 271 

in Figure 3. This ensemble of plasmon waves with low phase velocities allows for efficient 272 

trapping of electrons from the bulk thermal distribution.  273 

The EFRS scheme in a thin target has two advantages: the use of low intensity lasers 274 

and microscopic acceleration length. The microscopic acceleration length is beneficial in 275 

many industrial and medical applications as discussed in Section 4.  276 
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